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Abstract

This thesis is devoted to a detailed study of asymptotics and inequalities related to
the partition function from analytic and combinatorial aspects.

In the first part of this thesis, we present a short and concise discussion on the evo-
lution of respective developments and the state-of-art.

The second part of the thesis focuses on to derive an infinite family of inequalities
associated to the partition function and its consequences. We start with deriving
an infinite family of inequalities for the logarithm of the partition function that in
turn shows its full asymptotic expansion. Applications of these inequalities help us
to construct a unified framework to prove multiplicative inequalities for the parti-
tion function which in turn reveal combinatorial properties like log-concavity, strong
log-concavity, Bessenrodt-Ono type inequality, and its variants, among many others.
Furthermore, we also obtain a full asymptotic expansion of (—1)""'A" log p(n) which
extends a result of Chen, Wang, and Xie. We also discuss the limitations of such an
infinite family of inequalities for log p(n) in comparison to getting a similar family
for p(n). Crossing this barrier, we obtain the full asymptotic expansion for the par-
tition function along with explicit computations on the error term so as to obtain an
infinite family of inequalities for p(n) which leads to the completion of works done by
Wright, Szekeres, and O’Sullivan. These new inequalities for p(n) and the proof of
getting such inequalities have manifold applications. First, we show how one can fol-
low the proof systematically to obtain a similar family of inequalities for the shifted
value of the partition function, denoted by p(n — ¢) with ¢ a non-negative integer,
which finally settles all the conjectures of Chen on the partition function inequalities
arising from the invariants of a quartic binary form. Second, we prove higher order
shifted Laguerre-Pdlya inequalities for p(n) that confirms a conjecture of Wagner.
Third, we get the full asymptotic expansion of the finite differences for p(n) which
completes the work of Odlyzko. Consequently, this helps to work out on asymptotic
enumeration of ranks and cranks of partitions. Fourth, we partially resolve a conjec-
ture of Andrews and Merca on partition function inequalities arising from truncated
theta series. In the final chapter of this part, we obtain the bounds of the error



term after truncation of the asymptotic expansion of the modified Bessel function of
non-negative order which extends and simultaneously refines a result of Bringmann,
Kane, Rolen, and Tripp. We also discuss the importance and novelty of the result
in the context of asymptotic enumeration of Fourier coefficients arising from certain
periodic meromorphic functions, which admit a Hardy-Ramanujan-Rademacher type
series expansion.

The third part of this thesis concentrates on proving inequalities related to the par-
tition function by applications of elementary combinatorial techniques. Avoiding the
analytic approach, we show the positivity of the second-order shifted difference for
integer partitions and overpartitions by getting a combinatorial description in the
terms of restricted partitions and overpartitions. This in turn provides a combina-
torial proof of the monotonicity of ranks and cranks of partitions. Inequalities for
the partition function by imposing certain restrictions on its parts and counting the
parity of the length of parts is the key topic in the last chapter of this thesis.
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Kurzfassung

Diese Arbeit ist einer detaillierten Untersuchung Vou Asymptotik und Ungleichun-
gen im Zusammenhang mit der Partitionsfunktion unter analytischen und kombina-
torischen Aspekten gewidmet.

Im ersten Teil dieser Arbeit wird eine kurze Diskussion iiber die Evolution der
entsprechenden Entwicklungen und den aktuellen Stand der Technik gegeben.

Der zweite Teil der Arbeit konzentriert sich auf die Ableitung einer unendlichen Fam-
ilie von Ungleichungen, die mit der Partitionsfunktion und ihren Konsequenzen ver-
bunden sind. Wir beginnen mit der Ableitung einer unendlichen Familie von Ungle-
ichungen fiir den Logarithmus der Partitionsfunktion, die ihrerseits ihre vollstandige
asymptotische Entwicklung zeigt. Anwendungen dieser Ungleichungen helfen uns,
einen einheitlichen Rahmen zu konstruieren, um multiplikative Ungleichungen fiir
die Partitionsfunktion zu beweisen, die wiederum kombinatorische Eigenschaften wie
log-Konkavitat, starke log-Konkavitat, Ungleichungen vom Bessenrodt-Ono-Typ und
ihre Varianten, neben vielen anderen, aufzeigen. Dariiber hinaus erhalten wir auch
eine vollstandige asymptotische Erweiterung von (—1)""1A" log p(n), die ein Ergeb-
nis von Chen, Wang und Xie erweitert. Wir diskutieren auch die Grenzen einer
solchen unendlichen Familie von Ungleichungen fiir logp(n) im Vergleich zu einer
dhnlichen Familie fiir p(n). Nach Uberwindung dieser Schranke erhalten wir die
vollstandige asymptotische Erweiterung fiir die Partitionsfunktion zusammen mit
expliziten Berechnungen zum Fehlerterm, um eine unendliche Familie von Ungle-
ichungen fiir p(n) zu erhalten, die zur Vervollstdndigung der Arbeiten von Wright,
Szekeres und O’Sullivan fithrt. Diese neuen Ungleichungen fiir p(n) und der Beweis
fiir den Erhalt solcher Ungleichungen haben vielfaltige Anwendungen. Erstens zeigen
wir, wie man dem Beweis systematisch folgen kann, um eine @hnliche Familie von
Ungleichungen fiir den verschobenen Wert der Partitionsfunktion zu erhalten, die mit
p(n — ¢) bezeichnet wird, wobei ¢ eine nicht-negative ganze Zahl ist, die schlielich
alle Vermutungen von Chen iiber die Ungleichungen der Partitionsfunktion, die sich
aus den Invarianten einer quartischen binaren Form ergeben, klart. Zweitens be-
weisen wir verschobene Laguerre-Pdlya-Ungleichungen hoherer Ordnung fiir p(n),

il



die eine Vermutung von Wagner bestatigen. Drittens erhalten wir die vollstandige
asymptotische Entwicklung der endlichen Differenzen fiir p(n), was die Arbeit von
Odlyzko vervollstandigt. Dies hilft, die asymptotische Aufzahlung von Rangen und
Verzweigungen von Partitionen zu erarbeiten. Viertens losen wir teilweise eine Ver-
mutung von Andrews und Merca iiber Ungleichungen von Partitionsfunktionen, die
sich aus abgeschnittenen Thetareihen ergeben. Im letzten Kapitel dieses Teils er-
halten wir die Schranken des Fehlerterms nach Abschneiden der asymptotischen Er-
weiterung der modifizierten Besselfunktion nichtnegativer Ordnung, die ein Ergebnis
von Bringmann, Kane, Rolen und Tripp erweitert und gleichzeitig verfeinert. Wir
diskutieren auch die Bedeutung und Neuartigkeit des Ergebnisses im Zusammenhang
mit der asymptotischen Aufzdhlung von Fourier-Koeffizienten, die aus bestimmten
periodischen meromorphen Funktionen entstehen, die eine Reihenentwicklung vom
Typ Hardy-Ramanujan-Rademacher zulassen.

Der dritte Teil dieser Arbeit konzentriert sich auf den Nachweis von Ungleichungen
im Zusammenhang mit der Partitionsfunktion durch Anwendung elementarer kom-
binatorischer Techniken. Unter Vermeidung des analytischen Ansatzes zeigen wir
die Positivitat der verschobenen Differenz zweiter Ordnung fiir ganzzahlige Parti-
tionen und Uberpartitionen, indem wir eine kombinatorische Beschreibung in Form
von beschriankten Partitionen und Uberpartitionen erhalten. Dies wiederum liefert
einen kombinatorischen Beweis fiir die Monotonizitat von Rangen und Verzweigun-
gen von Partitionen. Ungleichungen fiir die Partitionsfunktion durch Auferlegung
bestimmter Beschrankungen fiir ihre Teile und das Zahlen der Paritat der Lange der
Teile ist das Hauptthema im letzten Kapitel dieser Arbeit.
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Prologue






Chapter 1

Introduction

1.1 Contributions of this thesis

A major portion of this thesis is devoted to a rigorous and comprehensive study
of inequalities related to the partition function from an analytic aspect. We also
address inequalities for a certain class of restricted partition functions that are of
combinatorial flavor.

Following the usual notation, p(n) denotes the total number of partitions of n. Let
us begin with the Hardy-Ramanujan-Rademacher formula [124] for p(n) which reads

V12 K Aun) i 3
= 1 — n(n)/k 1 —p(n)/k R N
p(n) 24n—1; Vk < u(n))e +< +u(n)>€ + Baln, ),
(1.1)
and an error bound due to Lehmer [98] that states
TENT23 | 0 N N3 p(n) 1 N \2

R ,N‘ inh A 2 (L) 1.2
e 0| < =5 [(u(n)> 5 () -

where u(n) = §v/24n — 1. After truncating the series (1.1) at N = 2 and applying
(1.2) Chen, Jia, and Wang |37, Lemma 2.2] proved that for all n > 1206,

p(n) p(n)
VIR L 1)y Y2 ] —]. a3
24n — 1 1 24n — 1 p(n) — uin)

This is the starting point of our journey to derive the asymptotics and inequalities

discussed in Chapters 37}




In Chapter |3| we generalize (1.3)) as follows: for all n > N(w),
V12er™) 1 1 V12et™) 1 1
‘ (1— = ><p(n)<—e 1—— + (14)
o

24n — 1 24n — 1 u(n) — p(n)®

where N(w) is given explicitly in Theorem Applying the logarithmT] on both
sides of ([1.4}), we obtain an infinite family of inequalities for log p(n) as given below.
For w € Z~ with [w/2] > vy and n > g(w), we have

Py(w—1) — W(%)w < logp(n) < Po(w —1) + W(%)w (1.5)

where

U
2 u
P.(U) := —10g4\/§—10gn+m/?n+ E %,
u=1

with 70, 71, 72, @ and the sequence (g, ),>1 are computed explicitly in Theoremm
As an application of ([1.5)), we obtain (cf. Theorem |3.7.6|) for all n > 120,

1 p(n)

T 7r
1—|————)<un:: <<1+—>.
( V/24n3/2 n? p(n —1)p(n+1) \/24n3/2

From the last inequality, we can conclude two facts: (i) (p(n))n>26 is log-concave,
and (ii) that the rate of decay of the quotient w,, is indeed m which leads to a
completion of the study in this direction |39, eq. (1.2)-(1.4), Sec. 2].
Chapterpresents a couple of examples on inequalities related to log p(n) as applica-
tions of . First, we obtain a similar inequality in Theorem for log p(n + s)
for s € Z>¢ as in (|1.5). The inequalities for log p(n + s) and its generalization for
> ;logp(n + s;) in Theorem help us to study the following aspects.

1. To prove inequalitiesﬂ of the following form:

2

(1.6)

L(T,S) := Hp(n +8;) > Hp(n +r;) == R(T,T), (1.7)

where T' > 1, and ($;)1<i<7, (7i)1<i<T are non-negative integers by an algo-
rithmic approach, see Section .5l One can also decide the rate of decay of
the quotient L(T,8)/R(T,T) as shown in (L.6). Moreover, provides an
unified framework to prove log-concavity, strong log-concavity [53}, Sec. 5], and
Bessenrodt-Ono type inequalities [26] for p(n), see Remark

!Throughout the thesis, the logarithm is taken with respect to the base e; i.e., natural logarithm.
2Which we call multiplicative inequalities



2. To present both an upper and lower bound of (—1)""'A" log p(n) along with a
cut-off n(r) for n in Theorem [1.4.6]so that we can compute from which point on
the inequality holds for each positive integer r. This extends a result of Chen,
Wang, and Xie [39, Thm. 3.1, 4.1]. Moreover, we provide a full asymptotic

expansion of (—1)""*A"log p(n) in Theorem

We conclude Chapter 4] by discussing the limitations of applying inequalities for
log p(n + s) to other partition function inequalities, for example, higher order Turdn
inequalities. In Theorem , we obtain an infinite family of inequalities for [ [ p(n+
s;) directly from inequalities for ) logp(n + s;) by taking the exponential. But in
order to prove an inequality of the following form,

STTIwtn+si) 2> e+ 7). (1.8)

j=1 i=1 Jj=11i=1

a major difficulty is in the computation for bounds of error terms.
To remove this obstacle, we trace back to (1.4)). Instead of applying the logarithm

/12e(n)

on (|1.4), we compute the Taylor series expansion of ——— i — 1 <1 — W) This in

turn gives (cf. Lemma [5.3.19)
V12e#™) <1 1 >
i

24n — 1

B o g
— e EZO —\/_ (1.9)
where

_ t—2k
o) = 1 Z(t+1> t+1_ k (E) |
(—4v6)t =\ k) (t+1—2k)\6
Recently, O’Sullivan [112] obtained but it does not lead to proving inequalities
for the partition function because as it seems, no results on bounds for the error
term are available in the literature. To obtain both an upper and lower bound of the
error term Z g(t)/v/n', we need to estimate g(t) in the following way:
t>m

f&)—0(t) < g(t) < f(t)+u(t), with lim 9(t) =1, lim 4 =0, and lim u(t) = 0.

t=oo f(t) oo f(T) t=o0 f (1)

In Chapter |5, we resolve this problem by simplifying the deceptively simple look-
ing sum ¢(t) using the symbolic summation package Sigma due to Schneider [12§].



Finally, we obtain an infinite family of inequalities for p(n) that reads

eV (] 1\t L(w) emV2n/3 (] 1\t Uw)
s (;ga)(ﬁ) *W) <pln) < @9@(%) *W)’

(1.10)
given in Theorem

Applying a similar proof methodology as described in the last paragraph, in Chapter
[6l we derive inequalities for p(n — ¢) with ¢ € Z of the following form:

Vs (vl L(w, 0)
4n\/_ (th€< ) +W> <p(n—€)

t=

For the definitions of g(¢,¢), L(w, ), and U(w, ), we refer to Theorem [6.4.5)). Using
this infinite family of inequalities, we obtain the following results.

1. In Section [6.5 we confirm all the conjectures of Chen [36, eq. (6.17)-(6.18),
Conj. 6.15-6.16] on partition function inequalities arising from invariants of a
quartic binary form.

2. (p(n))n>o5 satisfies the higher order Turdn inequality.
3. (p(n))n>a22 is 2-log-concave.

Further applications of Theorem are discussed in Section

In Chapter [7, we study the asymptotic growth of coefficients of truncations of theta
series by applying Theorem and this leads to settling (partially!) Andrews
and Merca’s [10, Sec. 7] conjecture. Moreover, we also show that the conjecture of
Andrews and Merca is even true for the excluded case; i.e., n even and k odd.

The Chapter [8| focuses on deriving a family of inequalities for the modified Bessel
function of the first kind of non-negative order, denoted by I,(z) with v a non-
negative integer or a half-integer, and = a real number > 1. A natural question is
why do we need such an infinite family of inequalities for I,,(x)? Among many others,
our attention is on the appearance of I,(x) in Hardy-Ramanujan-Rademacher type
series expansions for Fourier coefficients of certain classes of Dedekind eta quotientsﬂ;

3For a definition, see [117, Definition 1.63]



see for example |41, Thm. 1.1] or [138, Thm. 1.1]. These coefficients are quite often
entangled with combinatorial features that emerge from the question of whether
a real polynomial associated with such sequences has roots all real. For example,
consider the Jensen polynomial of degree d and shift n for a sequence (a(n)),>o of
real numbers, defined as

d
JE(x) = Z (d)a(n + j)a.
=0 N

To solve problems like log-concavity, higher order Turan inequalities for a sequence,
say ag(n), arising from the Fourier expansion of a periodic meromorphic function,
say a Dedekind eta quotient f(¢), we would like to estimate ay(n) by computing a
precise estimation of the associated Hardy-Ramanujan-Rademacher type series, say
S¢. Now, in order to provide such a precise estimate for the main term obtained
after truncating the series Sy to a finite number of terms, inequalities for I, (s (z)
are needed, where the index v(f) is depending on f. For example, in order to prove
log-concavity of the colored partition function py(n)f] Bringmann et. al. [32, Lemma
2.2 (4)] estimated the error term by truncation of the asymptotic expansion of I, (z)
at N = 3, which plays a key role in their proof of the conjecture [32, Conjecture 1].
Recently, Dong, Ji, and Jia [57] proved log-concavity and other associated inequalities
for broken k-diamond partitions Ag(n)f| (with & = {1,2}). But in order to prove
the higher order Turdn inequalities for Ag(n), Jia [81, Thm 2.1] estimated the error
term obtained after truncation at N = 5 and obtain a similar inequality. The
above examples indicate that to prove real rootedness of J&"(z) (k > 2) and Jz’:(x)
(k € {1,2}) for d > 4, we need the truncation point N higher than 5; i.e., as
d increases, the choice of truncation N(d) also increases. This is one of the key
motivations to compute bounds for the absolute value of the error term for truncation
of the asymptotic expansion of [,(x) at any point N. Section presents the case
when v is non-negative integer, Section[8.4]treats the case when v being a half-integer.
For both cases, our Theorems [8.3.9] and [8.4.6] extend the results of Bringmann et. al.
and Jia.

In Chapter [0} we provide a very simple combinatorial proof of a result due to Gomez,
Males, and Rolen which states that

A(p(n)) := p(n) = 2p(n — j) + p(n — 2j) > 0. (1.12)
We prove the analogous inequality (1.12]) for the overpartition function ]_)(n) also

4Defined in |32 p. 2]
°For definition, see [57, p. 1]
6See the definition [46, eq. (1.1)]



(see Theorems [9.1.5] and [9.1.9)).

In Chapter [I0, we develop a coherent and systematic procedure to construct a map
from its domain set to the range by decomposing the map into successive injective
maps so that we can almost exhaust the domain set but on the range, we have a
bigger portion left which is not being mapped. This fundamental principle helps us
prove the results of parity bias in parts of partitions and settle a conjecture due to
Kim, Kim, and Lovejoy. We further show a couple of similar phenomena for a certain
class of restricted partition functions.

Motivations and the history of all the inequalities related to p(n) discussed in the

previous paragraphs are given in detail in Sections 2.7

1.2 How to read the thesis

This thesis is comprised of several chapters which are connected but, to relate the
interest of readers, we provide a road map to read the thesis.

A more detailed version of the abstract of the thesis including its purposes and
novelty is given in Chapter [, For readers interested in the history of asymptotics
and inequalities related to the partition function, we refer to Chapter [2| Inequalities
and asymptotics related to the logarithm for the partition function can be found in
Chapter [3] and its applications in Chapter [d] The reader can easily follow up on the
materials covered in Chapter [5] without having a look at Chapters [3]and [d] Chapter
is essential to follow Chapter [6] Chapter [7]can be read independently after Chapter
[6l Chapters can be followed without looking at its previous chapters.

1.3 Connection to (joint) articles by the author

Chapters in this thesis are excerpted from the papers written by the author with
his collaborators or by himself alone. We associate all the chapters with their corre-
sponding articles by using the format “Chapter — Article listed the bibliography:”

e Chapter [3|is essentially (up to minor modifications, cf. [22]):

K. Banerjee, P. Paule, C. S. Radu, and W. H. Zeng. New inequalities for p(n)
and logp(n). Ramanujan Journal, (2022). https://doi.org/10.1007/s111
39-022-00653-6.

e Chapter [4] is essentially (up to minor modifications, cf. [13]):


https://doi.org/10.1007/s11139-022-00653-6
https://doi.org/10.1007/s11139-022-00653-6

K. Banerjee. A unified framework to prove multiplicative inequalities for the
partition function. Submitted for publication, (2022). https://www3.risc. jk
u.at/publications/download/risc_6614/inequalityproductform.pdf

Chapter [5 is essentially (up to minor modifications, cf. [21]):

K. Banerjee, P. Paule, C. S. Radu, and C. Schneider. Error bounds for the
asymptotic expansion of the partition function. Submitted for publication, (2022).
https://arxiv.org/abs/2209.07887

Chapter [f] is essentially (up to minor modifications, cf. [16] [14]):

K. Banerjee. Invariants of the quartic binary form and proofs of Chen’s con-
jectures for partition function inequalities. Submitted for publication, (2022).
https://www3.risc.jku.at/publications/download/risc 6615/Chen.pdf

K. Banerjee. Higher order Laguerre inequalities for the partition function and
its consequences. In preparation, (2022).
Chapter |f| is essentially (up to minor modifications, cf. [19]):

K. Banerjee and M. G. Dastidar. Inequalities for the partition function arising
from truncated theta series. Submitted for publication, (2022). https://www3
.risc.jku.at/publications/download/risc_6622/AndMer.pdf

Chapter [8 is essentially (up to minor modifications, cf. [15]):

K. Banerjee. Inequalities for the modified Bessel function of first kind of non-
negative order. Journal of Mathematical Analysis and Applications, 524 (2023),
p. 127082.

Chapter |§| is essentially (up to minor modifications, cf. [17]):

K. Banerjee. Positivity of second shifted difference of partitions and overparti-
tions: a combinatorial approach. Enumerative Combinatorics and Applications
3:2 (2023).

Chapter (10| is essentially (up to minor modifications, cf. [18]):

K. Banerjee, S. Bhattacharjee, M. G. Dastidar, P. J. Mahanta, and M. P.
Saikia. Parity biases in partitions and restricted partitions. Furopean Journal
of Combinatorics, 103 (2022), p. 103522.


https://www3.risc.jku.at/publications/download/risc_6614/inequalityproductform.pdf
https://www3.risc.jku.at/publications/download/risc_6614/inequalityproductform.pdf
https://arxiv.org/abs/2209.07887
https://www3.risc.jku.at/publications/download/risc_6615/Chen.pdf
https://www3.risc.jku.at/publications/download/risc_6622/AndMer.pdf
https://www3.risc.jku.at/publications/download/risc_6622/AndMer.pdf
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Chapter 2

Preliminaries

2.1 Approximations, asymptotics, and inequalities

“All exact science is dominated by
the idea of approximation.”

Bertrand Russell

The problem of approximation of a given number or a sequence or a function
is one of the oldest challenges of mathematics. Since the discovery of irrationality,
considerations for the theory of approximation had become necessary. The formula
for approximating the square root of a number, often attributed to the Babylonians,
is a case in point. Mathematical formulae were developed to assist in approximating
mainly transcendental functions and initially, the representations primarily relied on
Taylor’s formula and some interpolation formulae developed by Newton. Probably
the first application of this subject outside the regime of mathematics is due to Eu-
ler who tried to solve the problem of drawing a map of the Russian empire with
exact latitudes. After Euler, Gauf, Laplace, Fourier, Cauchy, Chebyshev, Lagrange,
Poisson, Fejér, Weierstrafl, Runge among many others expanded the theory of ap-
proximations while working on several problems in different directions.

Asymptotic analysis is a branch of mathematical analysis that provides a rigorous
foundation to understand the language of approximation. Let us start with a well-
known asymptotic result, Stirling’s formula:

lim o =1. (2.1)

n—oo \/2mnne "

11



This formula was first discovered by de Moivre in the following form [45]:

) n!

S e = (2.2)
and he gave a rational approximation of log C' and Stirling’s contribution was to de-
rive explicitly C' = v/2m. Now, the question naturally arises what is the significance
of when one can easily compute n! theoretically? The point is, as n became
larger, we do not know how the function n! really behaves. Thanks to Stirling’s
approximation, we have now the information that n! has exponential growth; i.e., in
other words, we perceive the “unknown” function n! in terms of our known and famil-
iar functions. Before moving forward, we state another deep and famous asymptotic
formula. Let x be a positive real number and m(z) denotes the number of primes
not exceeding x. Based on the tables by Felkel and Vega, Legendre conjectured in
1797-1798 that

m(z)

lim ———2 =1, (2.3)

T—00 z
Alogx+B

where A and B are unspecified constants and later in 1808, he proposed that A =1
and B = —1.08366. The prime number theorem, originally conjectured by Gauf,
and independently proved by Hadamard [74] and de la Vallée Poussin [52], states

that
lim &)
el (a:/ log :z:)

For a proof of the prime number theorem without using the Riemann zeta function,
we refer to Selberg’s proof [131].

We observe that — are all limit formulas and therefore, they have little value
for numerical purposes. For example, we can not draw any concrete numerical con-
clusion about n! from as it merely says for large n, n! behaves like v/2mnn"e™".
The limit

=1. (2.4)

f(n) —1 as n— oo

tells that for every e > 0, there exists N (¢) such that for all n > N(e), |f(n) —1| <.
Here two key factors are suppressed; (i) the order of magnitude of € and (ii) exact
information about N(e). We can remove the factor (i) by allowing the Bachman-
Landau O-notation]]] [94]. The big-O notation is defined in the usual way: f(n) =
O(g(n)) means that there exists an absolute constant C' such that |f(n)| < Cg(n)

'Here O stands for “Ordnung”, which means “order of” in German.
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as n — 0o. For example, if we say f(n) — 1 = O(1/n), this implies that
C
|f(n)—1] < — as n— oc.
n

Now we have at least the growth of €, but still factor (ii) remains open because we
have no control over the constant C' so as to comment explicitly on the cut-off value
N(e). So, whenever we have an inequality of the following form, say

) —1]< 2,

n

then we can study the cut-off value for n in a systematic way. We say that f(n) is

asymptotically equivalent to g(n) as n — oo, if the quotient f(n)/g(n) for n — oo

tends to unity, denoted by f(n) ~ g(n). Our next goal is to understand the growth
n—oo

of f(n)/g(n) —1 as n — oo in the following manner:

f(n) _ 1
L= O<W>’

b ¢ | 1
s Sy = G 2

where x(n) is an increasing function in n with x(n) — oo as n — oo, the ¢; are con-
stants, and the truncation point k chosen at will. Equation ([2.5)) gives the asymptotic
expansion of the sequence f(n) of order k; i.e.,

fln) ~ gn)y —, (2.6)

n—00 P X(n)l

with ¢y = 1. One of the earliest instances to get a full asymptotic expansion for a
smooth function is the Euler-Maclaurin summation formula, independently discov-
ered by Euler [61] and Maclaurin [102]. It states that if m and n are natural numbers
and f(x) is a real or complex-valued smooth function over the interval [m,n], then

[N/2]
/ f(z) do + "t J(n )+ f(m) + Y (B—Qk(f(%_l)(n) - f(%_l)(m)> + Ry,
=1

2k)!
(2.7)
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Ntk t
where By denotes the Bernoulli numbers defined by ; BkH =S5 f9(z) de-
notes the j-th derivative of f with respect to x, and
" P,
N = (—1)N+1/ F () J]VV(‘I) dx, (2.8)

with Py(z) = By (z—|z]) is the periodic Bernoulli function defined by the Bernoulli
polynomial By(z) recursively defined by By(z) = 1, for all N > 1, By(z) =
1

NBy_1(x) and / By(z) de = 0. Here we quote three famous examples as ap-

0
plications of ([2.7]).

1 1 <~ By

2 S 0B 0= o (EL

k=1 k=1

where v is the Euler-Mascheroni constant.
w1 1 1 1

- ~ =4 — - — — ... E2
; k? nmoo 6 n * 2n?  6n3 + 30n° (E2)
logn! ~ nlog( ) —logn + log v2 Z Bk“ (S1)

We note that from none of the above three examples, we can get information about
the order of growth of the respective error terms because until now, we have not
provided any information about the size of the error term Ry . Using Lehmer’s
estimate [97] on maxima of Bernoulli polynomials, it readily follows that

Rl < 553 [ @) an

where ¢ denotes the Riemann zeta function.

In the literature on asymptotic analysis, it seems that computations of the error
bound have been largely ignored. To illustrate this statement, we go back to (2.6)).
We can retrieve , each step given in the scheme along with an estimation
of the cut-off , if we consider the following procedure from the inequality aspect:

Cll f(n) i or all n
<” x(n)) <) < (” X(n)> foralln =M,
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“ 0,2 f(n> ‘ C—2 or all n
(1 T x<n>2) g < (1 T x<n>2) oraltln = e

- Ck B f(”) - Ck ENri
Zx(n)k+x(n>M+l < ) < Zx(n)’f+x(n)M+1 for all n > Npsqq.
k=0 k=0

(2.9)

As an example, we refer to Nemes’ [109] error bound computation for the asymptotic
expansion of n!. All the results on inequalities in Part [[T follow the theme presented

in (2.9). For a more detailed study on asymptotic analysis, we refer the reader to
[51].
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2.2 The partition function

In the history of the literature on partitions, Leibniz seems to be the first person
to talk about integer partitions. In a 1674 letter [100, p. 37| he asked J. Bernoulli
about the number of “divulsions” of an integer. In modern terminology, “divulsion”
is rephrased as the number of partitions of a positive integer. Leibniz observed that
there are three partitions of 3 (3,2+1,1+1+1), five partitions of 4 (4,3+1,2+42,2+
1+1,14+14141), seven partitions of 5 and eleven partitions of 6 and consequently
it leads to a problem which is still open: are there infinitely many integers n for
which the total number of partitions of n is a prime? Keeping this question aside,
let us define the partition function.

Definition 2.2.1. A partition of a positive integer n is a finite non-increasing se-
quence of positive integers my, T, ..., such that Y ., m = n. The m; are called
the parts of the partition. The partition (my, s, ..., m.) will be denoted by 7, and we
shall write T = n to denote that 7 is a partition of n. The partition function p(n)
is the number of partitions of n. The set of all partitions of n is denoted by P(n).
Following the standard convention, we define P(0) = {} and p(0) = 1.

Euler undertook a rigorous and systematic investigation of the theory of parti-
tions. Ph. Naudé |62] wrote a letter to Euler asking about the number of partitions
of n with the total number of parts in each partition being m. Precisely the question
of Naudé was: what is the total number of partitions of 50 into seven distinct parts?
It is quite unlikely to get the total number by writing down all the partitions of 50
into seven distinct parts. To avoid this, Euler introduced the generating functions.
Let py,(n) denote the number of partitions of n into m parts. Then following Euler’s
observation, we get

S puln)zmg" = [[(1+2¢5) = (1420) [[(1+(zq)¢") = (1+20) Z oo (1) 2",
k=1 k=1

m,n>0

Comparing the coefficients of 2¢"™ on both sides of the above identity, we find a
beautiful recursive formula

Pm(n) = pm(n —m) + pp_1(n —m),

which gives p7(50) = 522. Euler proceeded further to obtain a generating function
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for p(n). Euler’s computation can be put in the following way:

Zp 1+q +q1+1+q1+1+1+ )

(1+q2+q2+2+q2+2+2+'”>
X(1+q3+q3+3+q3+3+3+_”>

(2.10)

H1+q +qn+n+qn+n+n+'“)

||:]8

In order to simplifying the computations for p(n), Euler realized that a power series
expansion for []°7 (1 —¢") is essential. His empirical discovery leads to the following
identity which is now known as Euler’s Pentagonal Number Theorem.

o0 o0

[[a-g9= > (—nrgnnr (2.11)

n=1 n=—00

This identity was proved by Euler himself many years after the discovery. A modern
exposition of Euler’s proof and the importance of the theorem is beautifully described
in Andrews’ article |7]. Putting (2.10)) and (2.11)) together, we see that

(Zp(n)qn> ( >, (—1)”61”(3"‘”/2> =1, (2.12)

n=—oo

and comparing the coefficients of ¢ on both sides of the last identity, Euler found
the following recurrence for p(n): p(0) = 1, and for all n > 1,

p(n) —p(n—1) =p(n—2) +p(n —5)+pn—7) —---=0.

After Euler, the theory of partitions propagates through the works of great partition
theorists like Sylvester, Cayley, Jacobi, MacMahon, Hardy, Ramanujan, Rademacher,
Gordon, and Andrews among many others. The reader can consult Andrews’ mon-
umental treatise [8]. In addition to that, the entire history of partitions up to 1918
is documented in [55], and for a survey article, we refer to [72].
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The counting problem for p(n) (for large values of n) has been one of the most pre-
dominant themes in the literature on integer partitions. The question is how fast does
p(n) grow. First of all, we point out a simple fact that states: (p(n)),>1 is a strictly
increasing sequence. For a partition 7 - n — 1, define a map ¢ : P(n — 1) — P(n)
by ¢(m) = (m,1); i.e., insertion of 1 as part in 7 that yields a partitions of n and it
is clear that ¢ is an injective map and P(n) \ ¢(P(n — 1)) is the set of all partitions
of n where 1 is not a part (also known as non-unitary partitions of n). One can
also prove this by using Euler’s generating function for p(n) . Let us formulate
the problem of counting p(n) in terms of counting partitions of n subject to the
condition that each partition has at most k parts. Let p<x(n) denotes total number
of such partitions of n. Observe that for k = n, p<x(n) = p(n). Cayley [34] and
Sylvester [139] gave a number of formulas for p<x(n) with small values of k, which
was anticipated by Herschel [77]. For example, p<o(n) = [(n+ 1)/2]. But still, the
question on growths of p(n) remains unanswered. We will come back to this question
and a surprising answer in Section
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2.3 A brief introduction to modular forms

Elementary trigonometric functions play a great role in mathematics and mathemat-
ical physics since antiquity. Among many discoveries, one of the more remarkable
ones was due to Euler which states that e = cosx + isinx, where i is an imag-
inary number (termed by Descartes) satisfying > = —1, and consequently, we get
e™ + 1 = 0. Fourier made important contributions to the study of trigonometric
series, after preliminary investigations by Euler, d’Alembert, and D. Bernoulli. In
1807, Fourier introduced a series, what is nowadays known as the “Fourier series”,
for the purpose of solving the heat equation in a metal plate. Roughly we can say
that a Fourier series is an infinite sum that represents a periodic function as a sum
of sine and cosine functions. Both sine and cosine function are periodic with period
27; i.e., sin(x + 27) = sinz and trivially, sin(x + 27k) = sinz for all k£ € Z. In group
theoretic language, this translates to the fact: sin 27z is invariant under the action
of the abelian group (Z,+). Therefore, the question arises which class of functions
are invariant under the action of a non-abelian group? Before giving an example of
such a class of functions, let us introduce a few preliminary definitions.

Define the set of complex numbers by C and the complex upper half plane by
H:={r € C:Im 7 > 0}. Let My(Z) be the set of 2 x 2 matrices with integer
entries and define the general linear group of order 2 with positive determinant by

GLI(Z) == {(‘c‘ Z) € My(Z) : ad — be > 0}.

The non-abelian group (GL;(Z), ) acts on H in the usual manner; i.e., for v €

b
ar + 7 The full modular group is defined as

GLI(Z dreH, =
5 (Z) and T T p—s

SLo(Z) = {(‘Z Z) € GLI(Z) : ad — be = 1}.

The group SLy(Z) is generated by the two matrices S and T' [88, Prop. 4, Chap. III]

with
S = ((1) _01> and T:((l) 1)
Definition 2.3.1. Let k be an integer and a meromorphic function f : H — C is
called weakly modular of weight k over SLy(Z) if for all v = <Z Z) € SLy(Z) and
for all T € H,
f(yr) == (e + d)F f(1). (2.13)
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Note that for v = T, we have f(7+1) = f(7). From the theory of complex anal-
ysis, we know that such a periodic meromorphic function admits a Fourier expansion
f(r) = X,z ap(n)g”, where ¢ = €™ and ay(n) are called Fourier coefficients.
Moreover, if f satisfies and has a pole at 0o of order m € Zs, then the
Fourier expansion of f is of the form:

oo

f(r) = Z ar(n)q" and as(—m) # 0. (2.14)

n=—m

Definition 2.3.2. Let k be an integer and f be a meromorphic function on H.
Then f is called a weakly holomorphic modular form of weight k over SLy(7Z) if the
following hold:

1. f satisfies (2.13)) for all v € SLy(Z) and all T € H.

2. f has a Fourier expansion of the form (2.14)).

Ifk =0, then f is called a modular function over SLy(Z). We say that f is a modular
form if f is holomorphic on H := HU {ico}.

Now it is clear that the modular functions are invariant under the non-abelian
group SLy(Z). For a more detailed study on modular forms, we refer to |54} |117]. For
the results and definitions assumed here from complex analysis, we refer the reader
to [136]. We only need Definition [2.3.2] (which will be useful in Section so that
the thesis would be self-contained.
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2.4 Hardy-Ramanujan-Rademacher formula for p(n)

We return back to the question what is the growth of p(n)? In 1918, Hardy and
Ramanujan [76] found an asymptotic series for p(n). The simplest special form of
their result is the assertion that,

1
e™ 2n/3

p(n) ~ Y :

A few years later, Uspensky [144] independently arrived at (2.15)). Before jumping
over directly to the main result of their paper, it is worth pointing out how Hardy
and Ramanujan came up systematically with the asymptotic series for p(n). In |76,
eq. (2.11)], they proved that for some positive constants H and K,

as n — oo. (2.15)

H K
ZeV < p(n) < =2V (2.16)
n n

holds for all n > 1. From (2.16)), it became clear that p(n) has exponential growth.
So the obvious question arises what is the order of the exponential growth? In other
words, determine the constant C' such that

C = lim Ing(n).
n—00 \/ﬁ

The computation of C' = 7r 2/3 is given with details in |76, Sec. 3]|. Recall the
generating function of p(n - ) that states

Applying the Cauchy integral formula, we have
fla
p(n) = 9

; 1
2mt Jp q°*

n=0

dq, (2.17)

where the path I' encloses the origin and lies entirely inside the unit circle. Truncating
the generating function of p(n), we observe that each partial porduct fy(q) :=

HnN | 7= has a pole at ¢ = 1 of order N, a pole at ¢ = —1 of order | N/2], poles at

q= 627”/ 5 and ¢ = e*™/3 of order | N/3], and so on. Hardy and Ramanujan defined
the following auxiliary function

F(q) = %\/ﬁ > U(n)g
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where

d [ coshCM, —1
)= <)\—>

C =my/2/3, and A\, = \/n — 1/24. Now the behaviour of f and F' is similar inside
the unit circle and in the neighbourhood of ¢ = 1. Applying Cauchy’s integral
formula for f — F', they obtain the following error bound, namely:

1 d e Dun
p(n) = zﬂﬂ%< . ) + 0P, (2.18)

where D > (/2. Taking n — oo, gives . But how close the for-
mula (2.18) with real values of p(n)? For example, taking n = 61,62,63
gives 1121538.672, 1300121.359, 1505535.606, whereas the the correct values are
1121505, 1300156, 1505499. So the errors alternate in sign. To explain this factor,
the same principle is applied near the point —1 on the unit circle which contributes
to the next dominant term in the asymptotic series expansion for p(n); i.e.,

1 d 60/\" (—1)” d 6%0/\" Dym
pw_%ﬁ%( o )+ o %( o ) + 0P, (2.19)

where D > (/3. This process can be continued further by taking into consideration
the points on the unit circle where f has singularities. For example, the singularities
which are important after ¢ = —1 are ¢ = €™/ and ¢ = €*"/3, and so on. The
major obstacle to proceeding systematically is to construct the auxiliary functions
associated with the points ¢ = e?™/* of singularity lying on the unit circle. The
construction is as follows:

Vk
F =w F ,
h,k(Q) h,kﬂ_\/i C/k(Qh,k)

where wy,j; is a 24th root of unity, ¢nr = ge~ 2™k and for o being positive and

independent of n,

oy
®(g) = fla) =D > Furla)-

k=1 1<h<k
(h,k)=1

If then F}, 1(q) =Y chrng”, we obtain from Cauchy integral formula,
ay/n

1 [ 2(q)
p(n) - Z Z Chkin = 2_7”/ anrl dQ7 (220)
k=1 1<h<k—1 r
(h,k)=1
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where IT" is a circle of radius R < 1 and its center is the origin. By dissecting the
circle I' by means of Farey seriesﬂ and computing the bounds of the integral on the
right-hand side of , Hardy and Ramanujan finally proved that the error term
is of order O(1/n*). The final form of their formula for p(n) can be stated as follows.

Theorem 2.4.1. For all sufficiently large values of n,

1 l d yeCrn/k B
p(n) = %ﬁ;\/ﬂk(n)%< i >+O(n 4, (2.21)
where
N = avn and Ak(n): Z e—?ﬂinh/k-i-wis(h,k)
1<h<k
(h,k)=1
with -
— /|l IR phpyp 1
o0 =3 (5[5 -3) G - 15 -3)

To know in detail about the contributions of both Hardy and Ramanujan, we
refer to [101}, |132] where the reader might be enhanced to get different opinions from
the two eminent number theorists. We end this discussion by quoting further two
instances for verifying with the actual values of n. MacMahorﬂ computed
values of p(n) for 1 <n < 200. The actual values for

p(100) = 190569292 and p(200) = 3972999029388,

whereas if taking the first six terms of ([2.21]) for n = 100 and first eight terms of
(2.21)) for n = 200 gives

p(100) ~ 190569291.996 and p(200) ~ 3972999029388.004.

This proves the accuracy of the formula which is, needless to say, astounding and
beautiful. In [76, Sec. 6, 6.22], they remarked that it remains unanswered whether
the infinite series (by extending n — oo in (2.21)) is convergent or divergent and if
it is convergent, then whether it represents p(n). Lehmer [96] proved that is
divergent when N — oo.

2This gives birth of the celebrated “Circle Method”
3See the table |76}, p. 377-378]
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In the fall of 1936, Rademacher [124] improved the formula ([2.21)) so that a convergent
infinite series was found for p(n), namely,

(T (2 (e — 1))
p(n)=%\/§;ﬁflk(n)[%$ h<k(3( 24)> )Ln (2:22)

1/2
1
(= 4)

Rademacher [124] also proved that if the series (2.22)) is truncated after N terms,
the absolute value of the error is bounded by

2
27 6N111/2n/3’
9vV3N

which tends to 0 as N — oo. If we truncate the series (2.22) at N and compare it
with (2.21)), it clearly shows two significant differences between them:

1. In (2.21)), the parameters n and N are entangled whereas in (2.22)), we have
the complete freedom over n and N.

2. The exponential function in ([2.21)) is replaced by the sine hyperbolic function
in (2.22)) which made the series convergent.

Selberg [132, p. 705] came up with the same formula for p(n) around the same
time but never published his result when he came to know that Rademacher already
had it. Lehmer [99] made a significant improvement on the bounds of the absolute
value of the error term obtained by Rademacher before. After Rademacher’s con-
tribution in deriving convergent series for p(n), Hagis, Lehner, Zuckerman among
many others adapted his refinements using Ford circles [123] to get similar conver-
gent series for Fourier coefficients of certain weakly holomorphic modular forms and
related functions.
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2.5 Real rootedness of polynomials

“The one contribution of mine that
I hope will be remembered has
consisted in just pointing out that
all sorts of problems of
combinatorics can be viewed as
problems of location of the zeros of
certain polynomials and in giving
these zeros a combinatorial
interpretation”

Gian-Carlo Rota

The study of the roots of polynomials dates back to the Sumerians (third millen-

nium B.C.) and has deeply influenced the development of mathematics throughout
the centuries. This study has motivated the introduction of some fundamental con-
cepts of mathematics such as irrational and complex numbers, and Galois theory to
name a few, which has substantially influenced the earlier development of numerical
computing. In this section, we restrict ourselves to study on polynomials with non-
negative coefficients which have only real roots.
Let f(z) = >_,_, arz® be a polynomial of degree n with non-negative coefficients.
We say that f(z) is real-rooted if all its zeros are real. Real-rooted polynomials have
attracted much attention during the past decades. One of the earliest instances of
studying relations between the real-rootedness of a polynomial with its coefficients
dates back to Newton’s theorem stated below.

Theorem 2.5.1. [75, p. 52] Let p(z) = >_,_, axz”® be a polynomial of degree n with
ar € R for all 0 < k < n and all roots of p(x) are real. Then a,% > ag_1a,11 for all
1<k<n.

A positive sequence (ag)o<k<n satisfying
az > ap_1apq1 (2.23)

for all 1 < k < n is called logarithmically concave or log—concaveﬁ in short. For

example, the binomial coefficient ((Z))l chen 18 log-concave because
1) _(k+Dm-kty)
(kil) (kil) k(n — k)

4Also called “Turdn inequalities”, named after P4l Turdn [143] who found certain inequalities
for Legendre polynomials which was first published by Gébor Szeg6 [140] in 1948
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Stanley [135] and Brenti [31] have written extensive surveys of various techniques
that can be used to prove the real-rootedness of polynomials and log-concavity.
Now the question is why all of a sudden we use the terminology “log-concave” for a
positive sequence (ay)o<g<n satisfying ? To answer this question, let us define
the notion of log-concavity of a function. A strictly positive function f : R — R is
called log-concave if it satisfies the inequality

flte+ (1 =t)y) = fz) fly)™ (2.24)

for all z,y € R and ¢ € [0,1]. Observe that the sums and products of log-concave
functions are also log-concave. Now we show that a polynomial p(z) € R[z] whose
all roots are real is a log-concave function. A polynomial p(z) having all roots real
can be expressed as

d d

p(x) = a, H(x — ;)™ = ay sz(@ml,

=1

where p;(x) = = — o, Zle m; = n, and «; are the roots with multiplicity m; for all

1 < i <d. Define o := lrga%i{ai} and so for all z > «, p;(z) >0 forall 1 <i:<d

and consequently, p(z) > 0. To show that p(z) is log-concave function for x € R\ «,
it remains to show that p;(z) is log-concave. By the weighted AM-GM inequality,
we have

tr+(1—t)y —a; =t(x —ay) + (1 —t)(y — ) > (2 — )" (y — )",

and therefore each p;(z) is log-concave. So, the polynomial p(z) is log-concave.
According to the assumption in Theorem m the polynomial p(z) = Y ;_, axz”
has only real roots and we have already shown that such a polynomial is a log-
concave function. Now Theorem tells that the coefficient sequence (ax)o<k<n of
p(x) satisfies the inequality a2 > aj_jagy for all 1 < k < n and such a property is
called log-concave because the polynomial p(z) is a log-concave function.

The notion of log-concavity can be further generalized in the following way. Consider
the operator £ defined on a sequence A := (a,,)n>0 C Rog by L(A) := Ay := (by)n>0
with

bg = ag and b, = ai — Up_10yy1, for n > 1.

Hence a sequence A is log-concave if and only if £(.4) is a non-negative sequence.
A sequence is k-log-concave if j-fold applications of £ on A, denoted by L7(A),

is a non-negative sequence for all 0 < j < k. A sequence is called infinitely log-
concave if it is k-log-concave for all £ > 1. Brandén [29] proved that the sequence
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of binomial coefficients ((Z)) is infinitely log-concave for all n > 0 which was

0<k<n
conjectured by Boros and Moll [28]. Considering the application of £ on a polynomial
p(z) = > p_, axx® in the following way
L(p) = Z(ai — ap-1p41)2",
k=0
Bréandén [29] proved the following generalized version of Theorem [2.5.1]

Theorem 2.5.2. If p(z) = Y ;_,axz” is a polynomial with real and non-positive
zeros only, then so is L(p). In particular, the sequence (ag)o<kp<n 1S infinitely log-
concave.

This theorem was independently conjectured by Fisk [63] and MacNamara-Sagan
[106]. Similar notions for higher order log-concavity were given by Craven and Csor-
das [48, 47].

Now let us look back at the premises of Theorems [2.5.1]and 2.5.2] To be precise,
in both Theorems [2.5.1] and [2.5.2] we assumed that all those polynomials are real-
rooted. But here two questions turn up. (1) How do we know a priori whether a
p(x) € R[x] of degree n has all roots real or not? (2) What is the importance of
studying the previous question in mathematics? First, we proceed with the second
question. Let p;(z) := a,12 + a, be a polynomial of degree 1 with its coefficient
sequence (an)n>o of real numbers. Then p;(z) has always one real root. Consider
the polynomial py(z) := a,.92* + 2a,,17 + a,, of degree 2 with coefficients (ay,),>0
of real numbers and observe that p,(z) has two real roots if and only if the sequence
(an)n>o is log-concave. The necessary and sufficient condition for real-rootedness of
the polynomial p3(z) := 437> + @py2®? + apy 17+ a,, is that the coefficient sequence
(@n)n>o satisfies the following inequality

4(ai+1 - anan-ﬁ-?)(ai-i-z - an+1an+3) > (an+1an+2 - anan+3)27 (2'25)

and we say (an)n>o satisfies the higher order Turan inequalitiesﬂ The inequalities
(2.23]) and ([2.25]) share a deep connection with a certain class of functions, known as

0o On . . .
Laguerre-Pélya class. A real entire function’|(z) = Y%, —'xk is said to be in the
=Y n

Laguerre-Pélya class, denoted by ¥ (z) € LP, if it has the foﬂowing form

P (14 Z)esten 2.26
Y(x) = cxe }_[1 +$n e , ( )

5Sometimes it is also stated as “Turan inequality of order 2
6An entire function (analytic on C) is said to be real if it takes real values on the real axis
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where ¢, 3, x, are real numbers, a > 0, m is a non-negative integer, and the series
S>> @, is convergent. For example, consider the real entire function sinz. We
know that the sine function over C has the following infinite product representationﬂ

2

o0
. T
Slnx:xH 1-— 55 )
™n
n=1

2

Takingc=m =1, a = 3 =0, and x, = —7>n?, we have

N 2
. . _ 2,2
sinx =z lim H(l— )e @/mn®
N—oo 1 7T2n2
n=

with > >, (7n)™* < oo. This proves that sinz € LP. For a more detailed study
on LP class of functions, we refer to [125]. Pélya and Schur [130] proved that the
Maclaurin coefficient sequence (a,),>o of ¥(x) € LP is log-concave. Dimitrov [56]
showed that for ¢(z) € LP, its coefficient sequence (a,),>o satisfies the higher order
Turan inequalities, which was first observed by Pdlya and Schur [130]. Based on notes
of Jensen [80], Pélya and Schur [130] showed that the Riemann hypothesif]is equiva-

lent to say that (—1—1—4,22)[\(%—1—2) € LP, where A(s) = m/2D(s/2)C(s) = A(1—s),
and ¢ denotes the Riemann zeta function. In the language of roots of polynomials,

Pélya [121] proved that the Riemann hypothesis is equivalent to the real-rootedness
of the Jensen polynomial associated with the Taylor coefficients (7,),>0 defined by

d
(@) =3 gy (2.27)
=0

for all positive integers n, and d, where (7,),>0 is defined by

1 L - 7ﬂ 2n

The Riemann ¢-function is defined as £(s) := 1s(s — 1)m~*/?T'(s/2){(s). Recently,
Griffin, Ono, Rolen, and Zagier |69] proved that J;l’"(:v) has only real roots for all
positive integers d and for all sufficiently large n and based on this work, Griffin

et. al. [70] provided an estimate for the cut-off N(d) = ce? (for some positive real

"See [136, P. 142, eq. (3)]
8For a detailed and rudimentary discussion on the Riemann hypothesis, we refer to [136, Chap.
6-7]
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number c¢) so that for all n > N(d), J"(x) has all real roots. We put an end to this
discussion by introducing another family of inequalities called Laguerre inequalities.
A polynomial p(x) is said to satisfy the Laguerre inequality if

p'(x)* = p(a)p”(x) > 0. (2.28)

Laguerre [93] proved that if p(x) is a polynomial with only real zeroes, then p(z)
satisfies (2.28). In 1913, Jensen [80] found an nth generalization of the Laguerre

inequality
2n

Latpta) = 5 S () O 20 @2
where p™) () denotes the kth derivative of p(x). For n = 1, we get back (2.28).
Equivalence of the Riemann hypothesis in the context of higher-order Laguerre in-
equalities can be found in [49).

Finally, we conclude this section by discussing necessary and sufficient conditions for
the real-rootedness of a polynomial p(z). If p(z) is a polynomial of degree 2 or 3, then
non-negativity of the discriminant of p(z) (denoted by Disc,(p)) is enough to show
that p(z) has two real roots or three real roots respectively. But for a polynomial,
say p(x) of degree d > 4, Disc,(p) > 0 is not sufficient enough to prove that p(x) has
only real roots. On the other hand, if p(z) is real rooted, then Disc,(p) > 0. Let
p(x) := agz? + - - + ay be a polynomial of degree d and «y, ..., a4 are the roots of
p(x). Hermite [113] proved that p(z) has all roots real if and only if

So St ... Smoa
Sy Sy ... Sn
det , , . >0
Smfl Sm o e S2m72

forall2§m§d,WhereSk:a]f+'--+a§.
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2.6 State of the art: inequalities for p(n)

In this section, we present only those inequalities for the partition function which fit
into the discussions in Section 2.5l

Independently, Nicolas |111] and DeSalvo-Pak [53] proved that (p(n)),>2 is log-
concave. DeSalvo and Pak [53, Thm. 4.1-4.2] proved the following two companion

inequalities ( ) )
p(n—1 p(n
p(n) <1 + ﬁ) - p(n+1)

p(n—1) 240 p(n)
2(n) (1 (24n)3/2> 7ot D)

Chen, Wang, and Xie [39, Sec. 2| proved that for all n > 45,

for all n > 2,

and

foralln > 7.

p(n — 1) ” p(n)
p(n) (1+ mnw) Tt 1)

conjectured by DeSalvo and Pak [53] Conj. 4.3]. DeSalvo and Pak [53, Thm. 5.1]
also proved the strong log-concavity of (p(n)),>1 which states that for alln > m > 1,
we have

p(n)* > p(n —m)p(n +m).

By extending the partition function to a multiplicative function on partitions, Bessen-
rodt and Ono [26, Thm. 2.1] obtained for any two positive integers a and b with
a+ b > 8§, then

p(a)p(b) > p(a +b),

where equality holds only for {a,b} = {2,7}. Hou and Zhang 79, Thm. 4.1] proved
that for any positive integer r, there exists an integer N (r) > 0 such that (p(n))n>n()
is r-log-concave and consequently, proved that (p(n)),>221 is 2-log-concave. A de-
terminantal approach for proving 2-log-concavity for (p(n)),>2: was due to Jia and
Wang [82].

In 2019, Chen, Jia, and Wang [37, Thm. 1.3-1.4] showed that (p(n)),>o5 satisfies the
higher order Turan inequality and proposed that the Jensen polynomial associated

with p(n)
d

i) =3 (?)pm + i)t

=0
has only real roots for all d > 4 and n > N(d), where N(d) is a positive integer
depending on the parameter d. For fixed degree d and for sufficiently large n, Griffin,
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Ono, Rolen, and Zagier [69, Thm. 5] proved that J}‘f’”(m) has only distinct and real
roots and moreover, conjectured the minimal values for N (d) with N(d) ~ 10d* log d.
Later Larson and Wagner [95, Thm. 1.1 and 1.3] computed that N(3) =94, N(4) =
206, N(5) = 381, and proved that for all d > 1, N(d) < (3d)***(50d)*®. In [95, Thm
1.2], they proved a companion inequality related to the higher order Turdn inequality
for p(n), which states that for u, := p(n + 1)p(n — 1)/p(n)? and for all n > 2,

s
4(1 — un)(l — un—i—l) < <1 + m) (1 — Unun+1)2’

conjectured by Chen-Jia-Wang [37]. Wang and Yang [149, Thm. 2.1] initiated the
study on Laguerre inequalities for p(n). They proved that (p(n)),>1s4 satisfies the
Laguerre inequality of order 2. Wagner [145] proved that p(n) satisfies all the higher
order Laguerre inequalities of order m as n — oo and proposed a conjecture on
the (N (m))s<m<10 such that (p(n))n>n@m) satisfies the Laguerre inequality of order
m. Dou and Wang [58] gave an explicit bound (N(m))s<m<io and consequently,
confirmed the case m = 3 and 4 of Wanger’s conjecture.

Let us conclude with the real rootedness property of Jensen polynomials associated
with a broader class of sequences. The Hermite polynomial H,(x) is defined by the
generating function [69, eq. 3]

- H ( )td —t2tat 1+ t—i—( 2 2)t2 +( 3_ 6 )tg +
r)— = € = A xr — — r —or)— e
Zd:o al 2! 3!

Due to Griffin, Ono, Rolen, and Zagier |69], we have the following result.
Theorem 2.6.1. Let (a)n>0, (An)n>0, and (6n)n>0 be three sequences of positive

real numbers with 6,, — 0 and satisfying
n—oo

log(%> = Anj —625% 4+ 0(0%) asn — oo, (2.30)

n

for some integer d > 1 and all 0 < 7 < d. Then we have

. 5.4 Opx — 1
JL%(a—nJg’n< e )) = Hy(), (2.31)

uniformly for x in any compact subset of R.

Since the Hermite polynomials H,(z) has only distinct and real roots [141], the
onx — 1
eAn

normalized Jensen polynomial Jc‘f’" associated with the sequence (a,)n>0
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has also only distinct and real roots. Following [69, Thm. 7], while having a Hardy-
Ramanujan-Rademacher type series expansion for a weakly holomorphic modular
from, say f, we can choose a,, = as(n), where (af(n)),>o are Fourier coefficients of
f and consequently, determine an asymptotic expansion of the form

log<%> = Ay(n)j — 03(n)j* + 0(5?(71)) as n — 00.

For example, we can choose (as(n)),>o arising from the Dedekind eta-quotients f
considered by Sussman [138] and Chern [41].
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2.7 Modified Bessel function of first kind

The theory of ordinary differential equations is one of the frequently celebrated topics
in the history of mathematics. Among many others, one such equation is Bessel’s
equation over the real domain, defined by

2y 4+ zy + (22 — vy =0, (2.32)

where v is an arbitrary parameter. The solutions of this equation are termed the
Bessel functions. The theory of Bessel functions traces its root by sharing an intimate
connection with Riccati’s equation, named after Jacopo Riccati. Riccati investigated
certain curves whose radii of curvature are functions only of their ordinates and
subsequently came up with a non-linear first-order differential equation of the form

Y + ay® = ba”, (2.33)

where a and b are constants and « is not necessarily an integer. In 1694 John
Bernoulli came up with

y = 2% + 17, (2.34)
which is a particular form of , but was unable to solve it. James Bernoulli, the
older brother of John found a solution of in the form of an infinite power series
in z. This solution appears to be the earliest example in the mathematical paradigm
of a result reducible to Bessel functions. These functions sailed off its journey along
the line of physical problems primarily related to mechanics, astronomy, and the
conduction of heat appeared in works of D. Bernoulli, Euler, Lagrange, Fourier, and
Poisson among many others. Bessel functions of the first kind, denoted as J,(z),
are solutions of (2.32). For integer or positive real v, J,(z) is finite at z = 0 and
for negative non-integer v, J,(z) diverges as x — 0. The series expansion of J,(z)
around x = 0 is given by:

> (_1)m T\ 2m+v
Tolw) = Z m!l'(m+ v+ 1) (5) ’ (2.35)

m=0

where I' denotes the gamma function defined by:
['(z2):= / e "1 dt for z € C with Re(z) > 0.
0

Extending the function J,(z) for the complex arguments z introduces the theory
of modified Bessel functions denoted by I,(z) and K,(z) which are two linearly
independent solutions of

2y + 2y — (2 + %)y =0, (2.36)
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the so-called modified version of (2.32)). I,(z) is called the modified Bessel function
of the first kind and its series representation is

o0 ( %Z)V+2m

I(z) = mZ:o m!T(v+m+1)

(2.37)

By ratio test, one can easily show that the radius of convergence of the series on the
right hand side of (2.37)) is infinite. In 1854 Kirchhoff [86] established an asymptotic
expansion of [,(z): for fixed v € C,

e* 42 =1 (42 =1)(4*-9) -
I(2) ~ 1— —— = 9.
(2) 27rz< . + 21(82)2 |arg z| < 5 (2.38)

Inequalities related to I,(z) with z € Ry have been studied to prove its several
properties like monotonicity, Turan inequalities, etc. But estimation of error bounds
for the asymptotic expansion of I, ( - has not been found until the work of
Bringmann, Kane, Rolen, and Trlpp [32] appeared recently. Bringmann et. al. [32,
Lemma 2.2 (4)] proved that for v > 2 and z > (v + 1),

L,(x)\/27rx_1+4u2 -1 (=1 - 9)+(4y2 —1)(4v? — 9)(4v? — 25) - 318
ev 8z 12842 307223 6zt
(2.39)

Jia |81, Thm. 2.1] considered the truncation point N = 5 and proved that for all
v>2and x> os(v + 1),

%

1 1
. (—j+v—=+1)(+v+=--1)
Iy(x)\/ﬁ —Z(—l)ig 2 2

6$
1
V=3
7

P (22)
D2e™ " °

< - -

1T (v + 1) 2

=0

xv2 eVt
G et | (2.0)
2 22T (v + 3)

ﬁ( (21 + 1) >
=0 max{2”’§, 1}.
612V~ 226

For a more detailed study of the theory of modified Bessel functions, we refer the
reader to Watson’s monumental treatise [150].
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Part 11

Asymptotic inequalities
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Chapter 3

New inequalitites for the partition
function and logarithm of the
partition function

Let p(n) denote the number of partitions of n. A new infinite family of inequalities
for p(n) is presented. This generalizes a result by William Chen et al. From this
infinite family, another infinite family of inequalities for log p(n) is derived. As an
application of the latter family one, for instance obtains that for n > 120,

p(n)* > (1 + m — %)p(n — Dp(n+1).

3.1 On the asymptotic growth of p(n)

We denote by p(n) the number of partitions of n. The first 50 values of p(n) starting
from n = 0 read as follows,

1,1,2,3,5,7,11,15,22,30,42,56,77,101,135,176,231,297,385,490,
627,792,1002,1255,1575,1958,2436,3010,3718,4565,5604,6842,
8349,10143,12310,14883,17977,21637,26015,31185,37338,44583,
53174,63261,75175,89134,105558,124754,147273,173525.

A well-known asymptotic formula for p(n) was found by G.H. Hardy and Srinivasa
Ramanujan [76] in 1918 and independently by James Victor Uspensky in 1920 [144]:

-
p(n)~4n\/§e . (3.1)
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An elementary proof of was given by Paul Erdds [60] in 1942. At MICA 2016
(Milestones in Computer Algebra) held in Waterloo in July 2016, Zhenbing Zeng
et al. [133] reported that using numerical analysis they found a better asymptotic
formulaﬂ for p(n) by searching for constants C; ; to fit the following formula,

2 C() —1 C(10
1 = — —1 _1 4 : —=
og p(n) 7?\/;\/_ ogn —log(4v'3) + log n * NG
_ 1
Cha Calogn + Cao 4 (3.2)

* vnlog(n) n n
By substituting for n = 210,21 . 220 into (3.2) they obtained,

007,1 = 0, Cl,g - —04432 ey 01,,1 - O, 0271 = 0, 0270 = —00343 e

The OEIS [134] for A000041 shows that a similarly refined asymptotic formula for
p(n) was discovered by Jon E. Schoenfield in 2014, this reads

nf—

2 c c: c c,
1 o™ (5 Feot o2 s )

p(n) ~ 3 ,

where the coefficients are approximately

(3.3)

co = —0.230420..., ¢ = —0.017841..., ¢ =0.005132...,

c3 = —0.001112..., ¢; = 0.000957 ...,

Later Vaclav Kotesovec according to OEIS [134] for A000041 got the precise value
of ¢, c1,...,cy4 as follows:

1 2 1 V6 . 1
- - = _ —_— = —
36 w2 ' 6v6r 2w 2 2¢t

Co —

5 3v6 1 1 93
- + , C4 = — + .
16673 87 57672 247wt 806

To the best of our knowledge, the details of the methods of Schoenfield and Kotesovec
have not yet been published.

C3 =

In the literature, the Hardy-Ramanujan-Rademacher is also called an asymptotic for-
mula/approximation. However, it is built by an expression of substantially more complicated type.
For example, the log concavity of p(n) follows nontrivially from it, as shown in the work of DeSalvo
and Pak [53].
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In this chapter, using symbolic-numeric computation, we present our method to
derive (3.2)) together with a closed form formula for the C;; in (3.2). Namely we

show that
logp(n) ~ my/ n _ logn — log 4V/3 + i Ju
3 e \/n"

where the g, are as in Definition [3.5.1 By ~ in the above expression we mean that
for each N >1

N-1
/2
logp(n) =m ?n —logn — log4v/3 + ; \/g%u + ON(an/Q)_

In particular C;; = 0, if 7 # 0, and C;y = ¢;, otherwise. This result is obtained as
a consequence of an infinite family of inequalities for log p(n), Theorem (main
theorem). We also apply our method to conjecture an analogous formula to for
a(n), the cubic partitions of n, with a(n) given by

o0 [e.9]

ama =T (3.4)

— S (=gl —¢n)

In the OEIS, this sequence is registered as A002513. The first 50 values of a(n),
n > 0, are

1,1,3,4,9,12,23,31,54,73,118,159,246,329,489,651,940,
1242,1751,2298,3177,4142,5630,7293,9776,12584,16659,
21320,27922,35532,46092,58342,75039,94503,120615,
151173,191611,239060,301086,374026,468342,579408.

This sequence appears in a letter from Richard Guy to Morris Newman [73]. In
[38], William Chen and Bernard Lin proved that the sequence a(n) satisfies several
congruence properties. For example, a(3n + 2) = 0 (mod 3), a(25n + 22) = 0
(mod 5). An asymptotic formula for a(n) was obtained by Kotesovec |91] in 2015 as
follows:

emvn
~ &nb/4°
In [155] the fourth author investigated the combinatorial properties of the sequence
a(n) by using MAPLE.

We summarize some of our main results:

a(n)

(3.5)

Theorem 3.1.1. For the usual partition function p(n) we have

2 A4 ...
logp(n)rvm/?n—logn—logél\/_—Oﬁ , M — 0. (3.6)
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The proof of this theorem will be given in Section [3.6]

Conjecture 3.1.2. For the cubic partitions a(n) we have
0.79...
Vi

5)
loga(n) ~ my/n — Zlogn —log8 — n — oo. (3.7)

Theorem 3.1.3. For the partition numbers p(n) we have the inequalities
e”\/?@ 1 >< ()<e”\/?<1 1 )
wan v 2yn) TP S m U T Bk

The proof of this is given in Section [3.3]

This chapter is organized as follows. In Section |3.2| we present the methods used
in the mathematical experiments that led us Theorem and Conjecture
In Section [3.3] we prove Theorem by adapting methods used by Chen et al.
to fit our purpose. In Section we generalize an inequality by Chen et al. by
extending it to an infinite family of inequalities for p(n). In Section [.5 we introduce
preparatory results required to prove Theorem [3.6.6, In Section [3.6] we prove our
main result, Theorem [3.6.6] by using the main result from Section [3.4, Theorem
This gives an infinite family of inequalities for log p(n). Finally in Section
we give an application of the results in Section |3.5| which extends DeSalvo’s and Pak’s
log concavity theorem for p(n). In Section (the Appendix) we give additional
information on the method used to discover the asymptotic formulas. We remark
explicitly that to finalize the proof of Theorem [3.6.6, we use the Cylindrical Algebraic
Decomposition in Mathematica; the details of this are also put to Section [3.§

n>1.

3.2 Mathematical experiments for better asymp-
totics for a(n) and p(n)

Before proving our theorems, in this section we briefly describe the experimental
mathematics which led us to their discovery. Our strategy is as follows. If we
have sufficiently many instances of a given sequence, how can we find an asymptotic
formula for this sequence? Take the cubic partitions a(n) and the partition numbers
p(n) as examples.

We have

p(10) = 42, ..., p(100) = 190569292, ..., p(1000) = 24061467864032622473692149727991,
a(10) = 118, ...,a(100) = 16088094127, . . .,
a(1000) = 302978131076521633719614157876165279276.
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A plot of the two curves through the points (n,a(n)), resp. (n,p(n)), for n €
{1,...,1000} are shown in the Fig. |3.1] - and - . According to the Hardy-
Ramanujan Theorem (3.1 n and the asymptotlc formula of Kotesovec , the curves
are increasing with “sub-exponential” speeds. Thus, we may plot two curves using
data points (n,loga(n)) and (n,logp(n)) as in Fig. |3.1fc). One observes that the
new curves look like parabolas y = y/z. This is also very natural in view of,

log p(n \/7 -/n —logn — log 4v/3,

)
loga(n) ~m-v/n — 1 logn — log8. (3.8)

So if we modify further with (y/n,loga(n)) and (y/n,logp(n)) to plot the curves, we
get two almost-straight lines as shown in the Fig. [3.1{d).

This provides the starting point for finding the improved asymptotic formulas
for p(n) and . for a(n) from their data sets. We restrict our description to

the latter case. Motivated by (3.8 ., we compute the differences of loga(n) with the
N

estimation values a.(n) := £

A(n) :=loga.(n) —loga(n) = my/n — Zlogn —log 8 — loga(n).

Then we can plot curves from the data points (n, A(n)) in Fig. [3.2(a) and [3.2(b)
and (n,n-A(n)) and (n, /n-A(n)) in Fig. B.2|(c) and [3.2](d), in order to confirm the
next dominant term approximately. We can see in Fig. (d) that after multiplying
A(n) by y/n the curve is almost constant, confirming that the next term is % Also
multiplying A(n) by n, in Fig.|3.2{c) we see that the behaviour is like y/n as expected.
By using least square regression on the original data set (n,a(n)) for 1 <n < 10000,
we aimed at finding the best constant C' that minimizes

C
—loga(n)—l—a~\/_—B-logn—log’y—kﬁ,

where we fixed o = 7,8 = 5/4,7 = 8 according to (3.5)). As a result, we obtained
that C' =~ 0.7925.

In the Appendix, Section [3.8, we explain that the constants «, 3, can also be
found via regression analysis with MAPLE instead of getting them from directly.

2The fourth author of the paper [22] told the result to V. Kotesovec in May 2016 and got a reply
in January 2017 that the precise value of C' could be Pi/16+15/(8%Pi)=0.7931...
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Figure 3.1: In (a) p(n) is plotted and in (b) a(n) is plotted. In (c) the upper
curve is {(n,loga(n))|1 < n < 1000}, and the lower curve is {(n,logp(n))|l1 < n <
1000}. The two curves are like the parabola y = y/z. In (d) the two lines are for
{(/n,loga(n))|1 <n <1000} (upper) and {(v/n,logp(n))|1 < n <1000} (lower).
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Figure 3.2:  The curve in (a) is for (n,A(n)) where 1 < n < 10000, (b) is for
(n, A(n)) where 1 < n < 100. The curve in (c) is for (n,n - A(n)), and (d) is for
(n,v/n - A(n)) where 1 < n < 10000.
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3.3 An inequality for p(n)

We separate the proof into two lemmas. The first lemma is the upper bound for p(n)
and second lemma is the lower bound. In order to prove these lemmas we will state
several facts which are routine to prove.

Lemma 3.3.1. For alln > 1, we have

/2R

p(n) < ﬁ(l—%).

Proof. By [37, (2.7)-(2.8)] and with Ax(n) and R(n, N)|as defined there, we have,

p(n) = 24\2?1 kZN1 Af/%l) [(1 - an)>6”<’vm + (1—|— M(km)e_u(km] + R(n,N), n>1,

where

p(n) == %\/2471 —1.

We will exploit the case N = 2 together with A;(n) = 1 and As(n) = (—1)" for any

positive integer n. For N > 1, Lehmer [98] (4.14), p. 294] gave the following error
bound:

N2, N N3 . pn) 1 N \2
R, N)| < = [(M(m) sinh £ 4 = <W) } n>1, (3.9)
and for N =2 (cf. |37, (2.9)-(2.10))):
er(n)
p(n) = \Q/E_ : (1 - M(ln) +T1(n)>, n>1, (3.10)

where

rm = O (1200 (14 2o )

1\ (24n — 1)R(n, 2)
1 2u(n) ity
(1 u(n))e T e

3Note that in [37] R(n, N) is denoted by Ra(n, N).
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We first estimate the absolute value of T7(n); for convenience we denote subexpres-
sions by aq, by, ¢; and dy:

1 2 w(n) 1 2 3u(n)
|T1(n)|§—<1— )e_T+—<1+ )aT
V2 pu(n) RRZ p(n) .
—ar by
1N (24n — 1)R(n, 2)
+<1+—>e 2“(")+‘ .
w(n) /12e1(n)
=:c1 =:dy

The following facts are easily verified.

p(n)

Fact A. Foralln>1,a; <e 2 .

Fact B. Foralln>1, b < 6_@.

u(n)

Fact C. Foralln>1,c1 <e 2 .
Now,

36 u(n)?
b= i ent 1B 2)]
p(n)?e ™ 1292eF 12925
20 u(n) u(n)
pln)2e ) 123/~
< + .
2°/3 p(n)
ﬁ_/
=d —d

—12¥2¢7" (by (3.9))

p(n)

Fact D. Foralln>7,d] <e 2.
Fact E. For alln > 35, d; < e’%n).
By Fact [D] and Fact [E] we have
Fact F. d; = d; + d < 2¢"“5" for all n > 35.

Now, by Facts [A] [B] [C] and Fact [F] we conclude that for all n > 35,

u(n)

’Tl(TL)’ <ay+b+c+dy <de 2. (311)
By (3.11]), we have for all n > 35 that
1 p(n) 1 1 p(n)
l1————-5%¢ 2 <1——+Tin)<1l———+5 2. 3.12
w(n) aty IO <1 (812)
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K(n)

Fact G. Foralln >3, 1— ﬁ —5e 2 > 0.

Therefore from (3.10)), (8.12)) and Fact [G] we have for all n > 35,

/12em(n) 1 /12eH(n) 1 n
pn) = g (1= gy * 1) < Goog (=g 5
n — n n — n
ILL N——— /l, ~
=:€1 :;fl

Fact H. f; <1— ﬁ for all n > 23.

Fact I. ¢; < ﬁge”@ foralln > 1.

Therefore by Facts and (3.13)) we have for all n > 35,

p(n) < 4n1\/§e”\/2—2?<1 - %)

This completes the proof of the stated upper bound in Lemma |3.3.1

Lemma 3.3.2. For alln > 1,

1 2771( 1
e"Vis(1— —) < p(n).
5 NG p(n)
Proof. In the proof of [53, Prop 2.4], it is noted that for all n > 1,

M»

p(n) > Ty(n) <1 - To(n)

where

Tyny = Y12 (1- ﬁ)eu(m N ﬂ€>]

T 2dn—1

and R(n) is as in [53, (7)].
From the definition of T3(n) one verifies:

Fact J. Tx(n) > 0 for alln > 1.
The following bound holds for |R(n)| (see [53, (13)]),

0< |R(n)| < e’%\/?, n > 2.
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Hence by Fact [J]

2n

M) - T2<n)(1 e ?), — (3.15)

Tz(n) (1 ~ o)

Plugging the definition of T(n) into (3.15)) gives for n > 2,

p(n) > vi2 [(1 - L>eu<n> n (—1)”6@} (1 — 5V

24n — 1 w(n) V2 —_—
=
=:a2 ’
>—12e“\/? |:CL2 x M=V | (=) "5 % 24”] X dy
24n a;_’ V2
=:02 - 7
=:co
1 /2n
:4\/§n67r 23 (a,2b2 +62)d2.

We now bound as, by, co, and ds:

Fact K. ay > 1—:=>0 foralln > 1.

f

Fact L. b, > 1 — >0 foralln > 1.

\F
Fact M. ¢, > —ﬁﬁ for all n > 29.

Fact N. dy > 1 — 5~ >Of0ralln>631
By Facts [K] [J and |M| we have,

Fact O. a2b2+02>(1—%)(1— >0 for alln > 1.

2
37 /n ) — 225f
From Facts [O] and [N] we have for all n > 631,

(st + e2)ds > [ (1~ 5i

-

)( _37\/52 225\/‘}( ﬁ)j

=:I(n)

Fact P. I(n) > 1 — >0, foralln>1.

f

From all the above facts we can conclude that (3.14)) holds for all n > 631. Using
Mathematica we checked that (3.14)) also holds for all 1 < n < 630. This concludes
the proof of Lemma [3.3.2 O

Finally, combining Lemma [3.3.1] and Lemma [3.3.2] we have Theorem [3.1.3]
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3.4 A generalization of a result by Chen, Jia, and
Wang

In this section we have again that p(n) = §+/24n — 1; this should not be confused
with the real variable p which we will use below. Eventually, we will set the real
variable p equal to p(n). The main goal of this section is to generalize |37, Lem. 2.2]
which says that for n > 1206, we have

12¢#(") 1 1 12¢#() 1 1

VB 1y ey VRO Ly
24n — 1 p(n)  p(n)t 24n — 1 p(n) — p(n)'

Our improvement is Theorem [3.4.4f where we replace the 10 in this formula by k& and

the 1206 by a parametrized bound g(k). In order to achieve this, for a fixed k one

needs to find an explicit constant v(k) € R such that %e“/ 2> pF for all p € R with

i > v(k). One can show that

#(k) = min{h € RV,iex (4 > h = éeu/Q - )}

satisfies $€”™/2 = p(k)*. Theorem is crucial for proving our main result,
Theorem [3.6.6} presented in the next section. In Lemma we find such a constant
v(k) for all k > 7. In Lemma [3.4.2] we find a lower bound on (k). In this way, we
see that what is delivered by Lemma [3.4.1] is best possible in the sense that our v (k)

from Lemma |3.4.1] and the minimal possible (k) satisfies |v(k) — (k)| < %
forall k > 7.
Lemma 3.4.1. For k> 7 let
kloglogk
v(k) :=2log6 + (2log 2)k + 2k log k + 2k loglog k + 51(;%,
then
L 2 k
g€ > v(k)", k>T1. (3.16)
Moreover, if p > v(k) for some k > 7, then
1
i et >k k> (3.17)
Proof. Let f(u) := —log6 + u/2 — klogpu. By f'(n) = 1/2 — k/p, f is increasing

for > 2k. Hence the fact v(k) > 2k gives f(u) > f(v(k)), and (3.17) follows
from (3.16)) which is equivalent to f(v(k)) > 0, k > 7. We set

(k) = —1 + v(k) _ log6 | log2  loglogk  5loglogk
' 2klogk  klogk logk log & 2(log k)%~
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The positivity of f(v(k)) is shown as follows:
fv(k)) = —log6+v(k)/2 — klog(2klog k) — klog(1 + v(k))

_ —5’“21‘1’52‘;5 b klog(1 4+ (k)

k(% —ﬁ(k)) (by log(1 +z) <z for 0 < x)
:ﬁ(?)loglogk— 210g6—210g2—%>
> 2logk<310glogk—%—g—2> :ﬁ@loglegk—%).

The last inequality holds for all £ > 18, because for such k:
2log6 1 5Sloglogk

k 5 logk
It is also straight-forward to prove loglogk > 6/5 for all £ > 28. For the the re-

maining cases 7 < k < 27 the inequality (3.16|) is verified by numerical computation,
which completes the proof of Lemma [3.4.1} O

Lemma 3.4.2. For k > 7 let

7
< 2, and 2log2 < 5

2k logl
k(k) :=2log6 + (2log 2)k + 2klog k + 2kloglog k + le;;gk.
og

Then we have ]
66“(’“)/2 < k(k)".
Proof. Let f defined as in Lemma |3.4.1], then the statement is equivalent to proving
that L

f(k(k)) = —log6 + % — klogk(k) <0.
Setting
k(k)  log(6) N log 2 N loglogk loglogk

c(k) = —1 =
Fi(k) T oklogk  Flogk logk « logk | (logk)?

we observe that
f(k(k)) = —logb+ k(k)/2 — klog(2klog k) — klog(1 + R(k))

2k loglog k .
=———— — klog(1l
2logk klog(1l+ R(k))
kloglog k . 1D
- 55" _ 9
o k(R(R) = R(K)/2),
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because of log(1 4+ x) > x — 2%/2 for z € Ry.
In order to show f(k(k)) < 0, it would be enough therefore to show that 2 </%(l<;) -

%) > &2 below. We have

2log6logk + (log 2)klog k + kloglog k
k(log k)?
N (log6logk + (log 2)klog k + k(loglog k) log k + klog log k>2
k(log k)2 ’

which is equivalent to the inequality

1 loglog k
2logk<£6 + log 2 + %608 ) > (loglogk)2<
k log k

log 6 log 2 1 \2
T
kloglogk = loglogk log k
Since

log log k
log k

log 6 5
21ogk<%+1og2+ )>(210g2)10gk>110gk, k>3,

it suffices to show

log 6 log 2 1 )2

bt
~log k > (log log k)2 (
48 (loglog F) kloglogk = loglogk log k

which after division by (loglog k)? gives the equivalent inequality

5 logk log 6 log 2 1 \2
2 > ( + 1)
4 (loglog k)2 kloglogk  loglogk log k

Now note that % is increasing and the right-hand side of the above inequality is

decreasing for k > [e®’] = 1619. Evaluating both sides at k = ¢ gives %% > 2 for

2
the left, and (1 + e% + 10%2 + loiﬁ) < % for the right side. This proves the inequality

2¢¢?

for £ > 1619. For 7 < k < 1618 the result follows by numerical evaluation. O

Definition 3.4.3. For k > 2 define

g(k) =~ (w(K)? + 1),

272

where v(k) is as in Lemma[3.4.1]
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Theorem 3.4.4. For all k > 2 and n > g(k) such that (n,k) # (6,2) we have

12e#() 1 1 12 1 1
Vi2e <1— - ><p(n)<\/_—€(1——+—>. (3.18)
24n — 1 p(n)  p(n)* 24n — 1 p(n) — p(n)*
Proof. From [37, p. 8, (2.9)] we find that
/1Zer)

p(n) (1 _ ! + T(n)) forn > 1,

C 24n—1 p(n)
where T'(n) is defined in |37, (2.10)]. In [37, (2.22)] it is proven that

n)

T(n)] < 6e="5" for n > 350. (3.19)

e*s” for k > 7 and wu(n) > v(k), which is

By Lemma [3.4.1| we have that u(n)* <
equivalent to

1
6

- < %n)k’ for p(n) > v(k). (3.20)
Since pu(n) = §v24n —1, it follows that u(n) > v(k) if and only if n > g(k).
Furthermore for k£ > 7, we have g(k) > 350, this means that is satisfied for
n > g(k).

By (3.19) and (3.20)) we obtain that |T'(n)| < ﬁ for n > g(k) which proves that
statement for k& > 7. To prove the statement for k € {2,...,6} we use the statement
for k = 7 which says that for all n > [¢(7)] = 581 we have

12k 1 1 V12t 1 1
S ) < pln) (1- )
o

6e

24n—1 " pu(n)  pn)? S Ddn—1 (n)+u(n)7 '
However
V12em(1) 1 1 V12em(1) 1 1
) < 553 (1 “um "t u(n)7> S 2an 1 <1 O W) (321)

for k € {2,...,6} and n > 581. To prove for g(k) < n < 581 it is enough to
do a numerical evaluation of for these values of n with the exception n = 6
when k£ = 2. We did this using computer algebra. Analogously, we see that for
ke{2,...,6} and n > 581 we have

V12er™ 1 1 V126 1 ]
24n—1 <1 u(n) u(n)’“) 24n — 1 <1 T uln) > <p(n). (3.22)

(n)  pu(n)”
In the same way we prove (3.22)) for g(k) < n < 581.

O
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3.5 Set up

In this section we prepare for the proof of our main theorem, Theorem [3.6.6, which
is presented in Section [3.6] To this end, we need to introduce a variety of lemmas.

Definition 3.5.1. For y € R, 0 < y? < 24, we define

G()-——lo 1_2/_2 +1\/ﬂ 1_3/_2_1 + lo 1—L
Y= —loe 24) " 6y V™" 21 5 ENCTETY

and its sequence of Taylor coefficients by

> guy = Gly).
u=1

Definition 3.5.2. For 0 < y*> < 24 and i € {—1,1}, define

k
Z’ Y
%\/ 24—1y2

Gik(y) = G(y) +1log | 14— v
%\/24—?;2

Lemma 3.5.3. Let g(k) be as in Definition[3.4.3 Then for all k > 2 and n > g(k)
with (k,n) # (2,6) we have

2
—log4V/3 — logn + T/ ?n + G 1 x(1/v/n) <logp(n) <
2
—log4V3 —logn + ugy. En + G1.x(1/+/n).

Proof. Taking log of both sides of (3.18) gives
log E_1 4(n) <logp(n) < log Eyx(n)

where

] :
E;1(n) == log V12 — log(24n — 1) + pu(n) + log(l ) T )
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Now

V12 1 2n
E;x(n) =log TR logn — log (1 — %> /5 1(n)

—%\/%-I—log(l—ﬁ—i-ﬁ)

/2
= — 10g4\/§— logn +m ?n + R x(n),

where
1 7r 1 l
R; =—1 1—— ——=Vv24 1 1——— .
) = o (155 ) ) V28 v (1 5+ )
Finally one verifies that R, .(z) = G, x(1/v/). O
The quantity
2
o=
36 + 2

will play an important role in this and the next section.

Lemma 3.5.4. Let G(y) = Y .-, guy* be the Taylor series expansion of G(y) as in
Definition |3.5.1. Then

1 1 L
go 3nQ3ny,  93ntlgng, ( + a") n ( )
and for n >0,
1/2 ™ 1 C i (T2t
gons1 = V6 [( ) (n+ 1) intagnez - PnHignan(l + 2n)m <= ) ( 7 )

Proof. By using

. o\ —k/2
Y kp—1_—kpko —k/2 Y
(i) Seewen (- (4))
sV 24 —y? =1 V24

together with

—k/2

(-(8)) S ()

n=0
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we obtain

n—1

1 1 ( 1)“ uU—mn >
L= _ — ,n>1.
92 3n23nn — 32u7n2n+2u7r2n72u(2n _ QU) U
For n > 0,
1/2 T
_ n+1
9on+1 —\/6[(_1) (n + 1) 93n+33n+2

n

Z 1 (—1)" u—n—1/2 }
o 32u—n2n+1+2uﬂ-2n+1—2u(2n + 1— 2U) u ’

Inputting this into the package Sigma developed by Carsten Schneider [128], we
obtain (3.23) and ({3.24]). O

We need various additional facts about the Taylor coefficients g, of G(y).

Lemma 3.5.5. For0 <a <1,

3 < Z (j . 1/2) =)

Proof. First we note that (j_;/Q) = (—-1)/(" %) > (0. Hence

(50 -2 () - () -

Jj=1 Jj=1 j=0
- -1 1 a
< a| 2)—-1= 1< —
jgo ( ) l—a 2(1—a)

This proves the upper bound. To prove the lower bound note that the first term of
the sum is § and the other terms are all positive. O

Lemma 3.5.6. Let s, = (—1)"(;421) For n > 0 we have s,, > 0 and s, is a

decreasing sequence, that is s, > s,41 for alln > 0.

Lemma 3.5.7. Forn > 0 we have

V6

2723n3n0n (1 + 2n)

(0% \/6 7T2 c
| —) > Gons1 > — )
< -+ 5 = Jont+1 = 271'23”3”0[”(1 i 2n> (72 + 1+ 2(1 — O[))

o4



Proof. From Lemma [3.5.4] Lemma [3.5.5] and Lemma [3.5.6] we obtain
V6

a
_ 1 —) > Gonit.
27 28n3nan (1 + 2n) < Tg) =g
Again by Lemma [3.5.4] Lemma [3.5.5 and Lemma [3.5.6) we have:

V6 (W(_1)0+1(1/2>+ I+ oo )

Jon+1 =

~ 2m3n\72 04+1) " 2man(1+2n)
6 2a™(1+2
_ V6 <7T a™(1+ 2n) T4 —)
2723m3ran (1 + 2n) 72 2(1 — )

2.0 _

. V6 (wa(1+2 0)+1+L>‘
2723n3nan (1 + 2n) 72 2(1 — )

The last line is because o™ (1 + 2n) is a decreasing sequence of n for n > 0. [

Lemma 3.5.8. Forn > 1 we have

1 < < 1 <3a 1)
gngintipgn = 921 = Bnosnpan "o T 2)°
Proof. By Lemma the statement follows from

B 1 1 <1+1>_ 1 <3a” 1>
92 = 3n93ny,  93ntigny, ar) ~ 3n2ngnp\ 2~ 2)

0
Lemma 3.5.9. Define
\/6 2 o \/6 o
BT Y i = Y1),
H 27r<72+ Toa—ay) T TS
Then form >0 and 0 <y < e < 2v/6q,
_ 2 am+l S, S Ml s H1 1 2m+1
osm3mam(1 +2m)’ = 2 dreay” " 2 9sm3mam(1 +2m) | — <
n=m 3a-2
Proof. By Lemma we have
= = 1 1y & 1
2n+1 > 2n+1 > 2n
;gQWHy =~ M 7; 23n3nan (1 + 2n)y = 14+92m gt 23(n+m)3n+man+my
o [y2mL 1 . T 1 2
- 3mQm m 2 = 3mQmm €2 ’
23m3m (1+2m)1_3g.23 29m3mam(1+2m) 1 —
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and again by Lemma we have

, y2ntl 2l
n+ — < — .
T;ng”“y He z; 9ngnan(l+ 2n) — | 223m3mam(1 + 2m)
]
Lemma 3.5.10. Form > 1 and 0 < y < € < 2¢/6q,
3a—1 o 1 1
3m23m+1mam = Z g2ny 3m23m+1mam 1— ei
323«
Proof. By Lemma [3.5.8]
oo o0 o
1 1 1 1
2n 2n 2m 2n—2m
Z gony”™ 2 = 2 7;1 3”23”na”y =Y 2 ; 3”23”ma”y
1 1 1 1
- me 3m93m+1lyy am 1 y2 > _me 3m93m+1lyy am 1 €2
T 328 T 328a
Again by Lemma [3.5.8
3a —1 = 1 - | 1 )
2n n < m.
Z andl = 7;1 gn23nan? = 2 3mdmpam?
]
Definition 3.5.11. For 0 <y < e <1 define
Y —k B(e)*
B(y) = ——— and B}, :=€¢ "—————. 3.25
Lemma 3.5.12. I[f0 <y <e< 1, then
1 (1 ) < ’ k>
CUTToBl)) S 1=Badr? "

Proof. First note that for 0 < y < v/24 the function B(y) is increasing and also that

k
28 < 1t and B(y) < st = < 'yB(e). Hence
B k —k kB k
()" _ ey Ble) B

1 — Ble) 1 — Ble)
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Consequently,

B(y)* ) < (—1)"
log (1+ —— | <log (1+ Bexy")
=BGy, <" Z
— _ i LBQnkan I Z 1 L k)
L op ot on 417k
=1
< B2n+1 k(2n+1) < B2n+1 k(2n+1)
- ; on 1 °F Z
Be,kyk B€J€ k

— < .
1 — (Boay®)? = 1— (Beper)2”

Lemma 3.5.13. If 0 <y <e <1, then

B(y)*
1 (1 — —) > —— > 1.
T 1B/ T 1—B vk
Proof.
10g<1 - 1——B(y)) > 10%(1 — By E B > — ,?:1 By

Be,ky Be,k
- R kyk
1— Be,ky 1- Be,k:€

Lemma 3.5.14. For allk > 2 and 0 < e < % we have

6+ by - G*
(/24 — L)k

where by = # and again By as in (3.25)).

Proof. Define

=v24—€ I, :=1/24 - 1, us :=4.9, I, :=0, and u, := i
7 V7
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Forallk;22and0<e§%,wehave

I, <s<ug;and [, < e < u,.

The following conventions for the letters [ and u will be useful: [, denotes a lower

bound for the quantity a, and u, will denote an upper bound for the quantity a.
And again we use B(y) as defined in Definition [3.5.11]
Then

l. €
0=+—<Bl)=r <+
GUs 55 Gls

Let us define Ip := 0 and up := ==

lB<B(6)§uB:>1—uB§1—B(e)

1 1

<l-lp=1= =-1<

N 1—1Ip 1—B(e) ~ 1—up

1 1 1
and (Tus)F < D) < LT Hence
6" 6" 1
< =
Bhrk T (4.9)kr

1
By <
(T —lp)(Bug)k k=

: (1_UB)£%ls)k
() )

1 6F
6 7

Definition 3.5.15. Define

]
1
=14/24— 2
p 7
and for k > 0,
6k
Cp = ——.
© ()
Lemma 3.5.16. Let 0 < € < \% and By be as in (3.25). Then for k > 2,
Be,k
= (B2 <biB.) and
with

e,k
— " < b,B
1_Be,k€k > U2D¢k,

1
b1 =

1
L— L0y 7 1= LbCy’
and by as in Lemma|3.5.1/).
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Proof. We obtain, using Lemma

B. B, B,
k S 1,k S 17k = bQBe k>
1-— BQkEk 1— 7B€7k 1— 7()002 ’
and B B B
ek ek e,k
’ < k< k__ — B,
1= (Bepeb)2 = 1- B2, —1-Lp3c, "
]
Lemma 3.5.17. Let C}, be as in Definition then
Com < > 10 dC: < 09 ! > 14
m N2 ) m il 9 an m— - 3 m el .
2 gmgsmam 2=l 95 23m3mam(2m — 1)
Proof. We start with the first inequality:
252 \m (36 + 7)™ 6048 m
o= (22) o ) <1
2m = \ 1672 gmosmmzzm . \6012 + 16772/

To prove the inequality in the rewritten form, define ¢ :=
¢ < 1. Moreover, for m > 10,

601262% and note that

ml™ <1< logm + mlogl < 0.

Define f(m) := mlog¥ +logm. We have to show f(m) < 0 for all m > 10. We first
show that f(m) is decreasing for m > 10. This is equivalent to f'(m) =log(+ -+ <0
for m > 10. This is equivalent to showing tet/™ < 1 for m > 10. Now for m > 10 we
have fe!/™ < (e'/19. By numerics, fe!/1° < 1 and f(10) < 0. Since f(m) is decreasing
and f(m) < f(10) < 0 for m > 10, the first inequality is proven. Now for the second
inequality, first note that

o= (5) " = () "Gy =)

Hence we have to show

( 252 >m<7r 167) 69 1

— _ < _
16772/ \6V 7 25 23m3mam (2m — 1)
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which is equivalent to

6048 \m 414 [7 a4 [ 7
L B R P N ity LA WA L
(6012+ 167772> (@m=1) < o5\ 157 & Gm - DI <

414
< mlogl +log(2m — 1) — log<ﬁ\/ %) < 0.

-~

=:g(m)

257 \ 167

Now anolgously to the proof of the first case one observes that g(m) is decreasing
for m > 14 and that g(14) < 0, hence g(m) < g(14) < 0. O

3.6 An infinite family of inequalities for logp(n)
and its growth

After the preparations made in Section [3.5] in this section we prove our Main The-
orem, Theorem [3.6.6, which implies Theorem [3.1.1] as a corollary. Again we let

2

T
oa=—-7.
36 + 2
Definition 3.6.1. Let B, be as in Definition[3.5.11) and juy, pia as in Lemma[3.5.9
and v = % Moreover, let 0 < € < % For m,k > 1 we define
Be 1
Aq (2 = o km e
1,k‘( m) 1 — (Be,kﬁk)Qe + V3m23mmam’
By 1 1
Ai 2 = € k—2m
1,16( m) 1 — BE’]€€I<:6 + 3m3mtlmam 1 _ 3‘;?‘3& +
H1 1
28m3mam(1+2m) 1 — =7
Be i _ 2
A p(2m—1) = ———F __kmil
l,k( m ) 1 — (Be,k6k>2€ 23m—33m—1am—1(2m — ]_)’
By 1 1
A 2m—1) = —— _hamHd
1 1
3m—39Qm—1,m—1 _ €2
2 3m—tam=1(2m — 1)1 — 355
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Lemma 3.6.2. Let "2, g,y" as in Definition and G;x(y) as in Definition

. Moreover let 0 <y < e < % Then for k > 2m > 2, we have

2m—1 2m—1

> gay" — A_p(@m)y’™ < Goii(y) and Gy Z guy" + App(2m)y*™
n=1

and for k >2m —12>1,

2m—2

D gy = Ak(@m = 1)y < Gy(y)
n=1
and
2m—2
Gy Z Gy + Ay p(2m — 1)y
n=1

Proof. For k > 2m > 2, by using the Lemmas [3.5.9] to [3.5.12], we obtain

2m—1
1 2
G . 2m 2m+1
k(Y Z "+ T (B, kek)2y T 3mgmmman Y T maman (1 + 2m) Y
2m—1
B k 2m, 2m 1 2m
Z gny TR e 1— B kEk) Yy + V3m23mmamy
2m—1

=) gy + Ak (2m)y™
n=1

By using the Lemmas [3.5.9] to [3.5.10] together with Lemma [3.5.13] we obtain

2m—1 B 1 1
G, > n n__ &k k _ 2m
Le(y) > ; W =T B!~ grmriman 1= 2!
_ H1 1 s
23m3mam (14 2m) 1 — 2
2m—1
1 1
E K k—2m_ 2m 2m
Z gny ke Y T amo3m+1 m €2 Y
B 1€ 3m2 ma™ ] — T532
_ H1 1 y2m
23m3maom(1 +2m) 1 — %
2m—1
=) gy — A_(2m)y™n
n=1
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The statement for A_; ;(2m — 1) is proven analogously.

Lemma 3.6.3. We have for m > 10 that

1 2

A p2m) < —, A_1.2m) < —————

14(2m) 3m3mpmam’ 1k(2m) 3m23mmam
and for m > 14

2 7
A p(2m—1) < .
3m23m(2m — 1)a™’ 1(2m —1) 3m23m(2m — 1)am

A17k(2m — 1) <
Proof. For m > 10 we have,

Be,k k—2m 1 o
WG Y gsmam (by Definition [3.6.1])

(by Lemma [3.5.16])
1
M 4y (by Lemma [3.5.14)

(Wﬁ)k 3m23mamm

1
= bob1 Cre" 2™ 4+ v (using Definition [3.5.15)

3m 23mamm

Al,k(2m) =

< blngek_gm +v

k

3m23mamm,

< blbo

< bob1Coyp, _—
< 0pb1C2 +I/3m23mamm

(because f(k) := Cje* ™2™ is decreasing for all k > 2m)

1
< bob by L 3.5.1
001 S sm + e —— (by Lemma B.5.17)
1
— (bob >—
( oty 3m23mamm
1
< Zmpmgmm (by evaluating byb; + v numerically).
Similarly,
A,Lk(2m)
— Be,k‘ k—2m 1 1
— k m993m-+1 m €2
1 — Beye gmdmHlamm | — £
H 1 o
by Definit 3.6.1
23m3mam(2m+1)1_ % ( y Dellni 1on
1 1 1
2 7k;e + 2 3m23m@mm 1 . 62

24«
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i 1
by L 3.9.16
23m3mam(2m + 1) e? (by emma

T 24a
6 1 1 1
< b2b0 kek_gm 9 Am93m ym €2 +
(mB) 23m2¥mamm ] — =
H1 1
by L 3.5.14
25m3mam(2m + 1)1 — = (by Lemma 3.5.14)
1 1 1 L1 1
< b0b2'c2m+_m meom 1 + mamm 1
23m23mamm 1l — = 28m3mam(2m + 1) 1 — e
1 1 1 1
< bob =
002 G 3 31 — 1
1 M1 1

523m3mamm 1 — 1 (by Lemma ’

168«

= <bob2‘|—1 ! i (1+M1)>

< 2 (by evaluating bobs + ~———(1 + 111) numerically)
N TEE—— V 1mn —— numerica .
3moBm e, y evaluating 0gbs 51— 1 251 Yy

168

The statements for A; ;(2m — 1) and A_; ;(2m — 1) are proven analogously.

Definition 3.6.4. Forn,U > 1 we define

P,(U) := —log4v/3 —logn + ﬂ\/?—i- Zgu(l/\/ﬁ)“

Lemma 3.6.5. Let g(k) be as in Definition[3.4.5 and P,(U) as in Definition[3.6.4.

Ifm>1,k>2m and
< 6 fm=1,
" g(k), ifm >2,
then

1 1
— A_Lk(Qm)n—m <logp(n) — P,(2m — 1) < Ay 1(2m) (3.26)

nm’

Ifm>2k>2m—1, and n > g(k), then

1
<logp(n) = Po(2m —2) < Ayp(2m —1)——~.  (3.27)

1
n 2 n 2

— A_Lk(Zm — 1)
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Proof. We start with the inequality from Lemma Next we use Lemma |3.6.2
to bound G x(y). Finally we set y = \/iﬁ and obtain the desired result. ]

Theorem 3.6.6. Let G(y) =Y ", goy™ be as in Definition|3.5.1. Let g(k) be as in
Definition [3.4.3 and P, (U) as in Definition[3.6.4 If m > 1 and n > g(2m), then

1

P,(2m —1) — <1 < P,(2m —1 . (328
ifm>2andn > g(2m — 1), then
7
P,2m —2) — <1 <
(@m=2) = s @m — Dy < 08P
2

P,(2m — 2 .

@m =2+ 3 Smam @m — D172
(3.29)

Proof. We start by setting k = 2m in of Lemma , and k =2m — 1 in
(3-27). In this inequality we bound Ay x(m) resp A_j,(m) by using Lemma [3.6.3]
This gives for all m > 14 and n > g(2m — 1), and for m > 10 and
n > g(2m).

In order to prove (3.28) and (3.29) for the remaining values of m, firstly we will
prove that

if (3.28]) holds for m > 2 and all n > y > 1, then (3.28]) holds for m — 1 and all n > y.
(3.30)

In particular, if we subtract from the lower bound on log p(n) with parameter m in

(3.28]) the lower bound on logp(n) with parameter m — 1, we obtain f(2m,—4) —

g(2m — 2,—4), where

-1

flw,z) = :Z gu<%>u+m<%)w

u —2
and )
:L‘ w
gwa)i= e (=)

Similarly, if we subtract from the upper bound for m — m — 1 in (3.28) the upper
bound for m, we obtain g(2m — 2,2) — f(2m,2). Hence in order to prove (3.30)), it
suffices to prove

f(2m,—4) > g(2m — 2, —4) and f(2m,2) < g(2m — 2, 2). (3.31)
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Analogously, in order to prove that if (3.29) holds for all m > 3 and all n >y > 1,
then ([3.29) holds for m — 1 and all n > y, it suffices to prove

f@2m—1,-7)>g(2m —3,-7) and f(2m — 1,2) < g(2m — 3, 2). (3.32)

For proving ([3.31)) and (3.32), we shall prove

. [ —4, ifwiseven
fw, zo(w)) > glw — 2, x0(w)) with zo(w) := { 7 ifwis odd (3.33)
and
flw, yo) < g(w —2,y0) with yo > 0. (3.34)
From Lemma [B.5.7 and Lemma B.5.8 we have
Ly < Uy
(240) 50w =7 = (240) 51w
with ; ;
) =, ifwisodd | —pe, ifwisodd
bw = { —1, if wis even and = { 2u, if wiseven ’

where @1 and p9 are as in Lemma [3.5.9] and v as in Definition Consequently,

fw, z9) = gu(%>u+(245ﬁ<%)w
2 1 w2 1
(240)*27 ) (w — 2) <\/ﬁ> i (24a)*2 ) (w —

In order to prove (3.33)), it is enough to prove

Ew72 gwfl 1 Zo 1 T

w—2 " () (w—1)vi | (2da)wn  (24a)e(w —2)’

(3.35)

where

_Lw_lJ_Lw_QJ_{O’ if w is even
Gw = P 2 L1, ifwisodd”’

5 _[Ew_vu—ﬂ_{l, if w is even
vol2 2 1 12 ifwisodd”’



and

5 _[w—Q"_{w—ZJ_{O, if w is even
Yol 2 2 |1 U1, ifwisodd -

Inequality ([3.35) is equivalent to

<€ _ Zo > 1 > _ Zw—l L I Xy l
Y 24a) ) w—2 7 (24a)e(w—1)vn @ (24a)Pewn’

which is implied by

Lo Cuy—1 Lo
<€w_2 - (240)2 ) w 1— 2~ _((2404)% (w—1) * (2404)5ww> % (3.36)

since 0, = i, To < 0 and L % for all n > 1. Inequality (|3 is equivalent to

2

(w0 — 27 it + i)

. { @t * ) . Ni(w, 20).
<€w—2 - (24‘2(31110)

We checked with Mathematica that N;(w,zo(w)) < 1; see the Appendix, Section
3.8.9
Similarly to above, for yy > 0 one has,

ﬂ

w—1

wyo Z Gu ( ) Mﬁ(%)w

Upy—2 1 \w—2 Upy—1 1 \w—1
: (240)2° 1 (w — 2) <%> * (240) 2 1 (w — 1) (T)

I (L)
(2421w \y/n/
In order to prove ([3.34), it is enough to show

Ugy—2 1 \w—2 Unp 1 1 w1 ; L
(240)15 (w — 2) <%> T 2w 1) (ﬁ) + mfﬂ(f)

- Yo < 1 >w 2
(24a) 2 V(w —2) \Vn/
This last inequality can be rewritten as the following equivalent inequality,

Ugy—2 + Uy—1 L + Yo l < Yo
w—2  (24a)(w—1)y/n  (24a)Prwn = (24a)*(w —2)’
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which is implied by

((24y0?)aw - uw”) w 1— 2~ ((2404)2:(; — 1) * (24j§6ww> n (3.37)

since yo > 0 and \% > L Tnequality (3.37) is equivalent to

n’

2 U—
{(w % ((240‘)%(1“’*1) + Gy
n = 2
((241/3%“ - uw72>

We checked using Mathematica that No(w,yo) < 1 for all yg > 1; see the Appendix,
Section B.8.3l

We have checked with Mathematica that holds for m € {2,...,10} and
n € N such that

) w =: Ny(w, o).

g(2m —2) <n < g(2m). (3.38)
Now (3.28)) is true for m = 10 and n > ¢g(2m). Next, assume that (3.28) is true
for m = N with 2 < N < 10 and n > ¢g(2N). Then, as shown above, (3.28) is

true for m = N — 1 if n > g(2N). By (3.38), (3.28) is true for m = N — 1 if
g(2N —2) < n < g(2N). This implies that is true for m = N — 1 and
n > g(2N — 2). Hence the result follows inductively. The proof of is done
analogously.

O

Finally, we are put into the position to prove Theorem |3.1.1]

Proof of Theorem |3.1.1: We apply (3.28) in Theorem [3.6.6, with m = 1. Then

for n > 1, we have

on o1y 1 2 1

—log4v3 -1 = - ( )————

0g4v3 —logn +m 3 V6 144+27r vno 24an
on o1y 1 11
1 —log4v3 -1 Ve V(i + o) =+ 5
<logp(n) < —log4v3 —logn + 7 3 V6 144+27r \/ﬁ+24ozn

Noting that V6 (1 o > =0.44 ... finishes the proof. O
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3.7 An application to Chen-DeSalvo-Pak log-concavity
result
In 2010 at FPSAC [35], William Chen conjectured that {p(n)},>2 is log-concave
and that for n > 1,
pn)? < (14 )pln — pln + 1) (3.39)
DeSalvo and Pak [53] proved these two conjectures. Moreover, they refined

by proposing the following conjecture
9 s
p(n) < (1 + m)p(n — 1)p(n + 1), n > 45. (340)

Chen, Wang and Xie [39] gave an affirmative answer to (3.40). In this section, using
Theorem [3.6.6, we continue this research by obtaining the following inequality,

s 1 2 m )
<1 + m - ﬁ>p(n — l)p(n + 1) < p(n) < (1 + m)p(n — 1)p(n + 1)7

for a more precise statement see Theorem Note that the right inequality is
just , but we give here our proof in order to show that, alternatively, one can
obtain this from Theorem [3.6.6] In order to achieve our goal we also need to prove
the Lemmas to in this section. These lemmas deal with estimating the
tail of an infinite series involving standard binomial coefficients.

Proposition 3.7.1. For s > 1 and k > 0 we have
o 254+2k—2Y [s+k—1
(1) - CL CEE)

k‘ 4k (25—2)

s—1

()= ()

Proof. By simplifying quotients formed by taking each expression in k + 1 divided
by the original expression in k. O]

and

Lemma 3.7.2. For k,m >0 and s > 1,

(s—l—l—m+k>§(s—1+m>sk' (3.41)
s—1 s—1
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Proof. From

(s+m+k—1)

s—1+m+k\ (s—14+m+k)! (s—=1+m\(s+m)---
s—1 S (s—=Dlim+k) s—1
we have ™ < ¢ for each 0 < j <k —1; this is because

m—+j+1

stm+j<sm+j+1)em(s—1)+j(s—1) =

This proves (3.41)).

Lemma 3.7.3. Forn,s > 1, m >0, and n > 2s let

b () = 4./s s+m—1\ 1
T st m — 1 s—1 nm’
then
>
— bn(s) < Y ) o < bmals)
k=m
and

0< g;n (‘17_1) <_n—?k < b (5).

Proof. For s > 1:

;(k)@=

=m

i (—1)* (ﬁii’if) giﬁf) 1

k=m 4k (ss:l) §
=1 (IO

< Z 1F — (%—12) : nk

- 2v/s —1 s+k—1\1 ,

Z —- (using

— Vr(s+k-1)\ s—=1 /n

- 2V/s—1 = /s—1+k i
s+m—1 s—1 )nk

k=m

4" < 2n 4n
2y/n — \n NZZD

(m+1)- - (m+k)

0.

(3.42)

(3.43)

(by Proposition [3.7.1)

1 1
<
N3 Vs+k—1"Vs+m—1

1
(using — < 1 and

251 i(s—l—i—m—i—k) 1

/S+m_ 5—1 nm—i—k
o 2vys—1 1 s—1+m+k\ 1
T s+tm—1 nm s—1 nk’
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Now we apply Lemma to obtain,

’i(—%)l < 2v/s —1 l(s—l—i-m)isk
okl = e ™ _ nk
= k n vVs—1+mn s—1 —n
2vs—1 s=1+m\ 1 n < byn(s)
=_— - m,n S )
vVs+m—1 s—1 nmn —s ’
where the latter inequality is by n > 2s. This proves (3.42)). Moreover, the bound
we obtained also works for

1 CLE) ) 1
ZE (23—2) ﬁ?
k=m

s—1

because this term showed up along the way in the proof of the previous case. Hence
applying Proposition implies ([3.43)). O
Lemma 3.7.4. Forn,s > 1, m >0, and n > 2s let

2 —1
ate) = = (")

then .
— Bmn(s) < (;ﬁ£;<mm@> (3.44)
k=m
and o .
1<y (;) L < Bt (3.45)
k=m
Proof.

‘Z < ]j)_‘ :‘Z(—l)k (S—L_ﬁ 1 )m‘ (by Proposition [3.7.1])

k=m k=m
> [(s+k—1\1
< il
_;( s—1 )nk
L stEk—1+m\ 1
pm s—1 nk
k=
1 [(s—14+m\ e s*
<n_m( s 1 >§ﬁ (by Lemma|3.7.2),

and geometric series summation implies (3.44)). The proof of (3.45)) is analogous. [
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Finally, we need another similar lemma which is easy to prove.

Lemma 3.7.5. For m,n,s > 1 and n > 2s let

2 s™
Cmon(S) 1= s
Then
o (_1)k+1 sk 1 gk
—Cmn(s) < ];L P < Cmn(s) and — cpp(s) < —];ngﬁ <0
and
Cmn(8) = (1/2\ 5" cpn(s) Con(8) = (1/2\ (—1)Fsk
—_ ? R ) d . 3
Vm <Z(k>nk< v T < 2k )

=m k=m

< 0.

(3.46)

The following theorem was announced in the abstract; its proof is the goal of this
section. To arrive at the intermediate inequality , we need our main result,
Theorem [3.6.6] For the remainder of the proof, one spends some time on simplifying
in order to arrive at the desired form. In order to do, one needs the Lemmas

3.7.3| to which we have proven above in this section.
Theorem 3.7.6. Forn > 45,

2

p(n)? < (1 s Yol = pln 1),

and for n > 120

pn? > (1+ m _ %)p(n — Dp(n+1).

Proof. We set m = 3 in the first equation of Theorem which gives for all

n > [g(G)W that

2 1 11
Pn5_ —— — <] <Pn5 —
) = SGaay pr <108 < Bl + 550505
—il(n) —u(n)

using the notation from Definition [3.6.4] This inequality has the form

I(n) <logp(n) < u(n).
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By substituting n by n + 1 and multiplying by —1 into (3.47) we obtain
—un+1) < —logp(n+1) < —=l(n+1), (3.48)
and by substituting n by n — 1 and multiplying by —1 again into (3.47) gives

—u(n—1) < —=logp(n—1) < —I(n —1). (3.49)

Multiplying (3.47) by 2, and by adding (3.48]) and (3.49)), results in

2l(n) —u(n—1) —u(n+1) < 2logp(n)—logp(n — 1) —logp(n + 1) <

2u(n) —Il(n—1) —I(n+1). (3.50)
We define
Ai(n) :=log (1 + %) + log (1 _ %) |
w5 (S5 (05)
and for ¢ > 3

where g, is as in Definition [3.5.1] Then from (B.50)), by substituting {(n) and u(n)
according to their definitions, we obtain

7

7 1

—_— E Ai(n) < 2logp(n)—logp(n — 1) —logp(n + 1)
(240)7 - 3103 | &

< i At(n) + 8 i
(24a)3 n3’

which implies

7
3 1
B (24a)3 nd + tz:; Ai(n) < 2logp(n)—logp(n — 1) —logp(n + 1)
7
3 1
A kY
= ; t(n) + (24c0) n?
(3.51)
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Finally, we establish bounds for the A;(n). For t =1,

B 1 1,1 1 DM &
A1(n)—log(l—kﬁ)—klog(l—ﬁ)_————+kz: P _;W

Taking s =1 and m = 5 in Lemma [3.7.5) we have

1 1 4<A()< 1 1+2
n? 2n%t 5nd ! n? 2n*  5nd

which implies
1 2 1
- = - =< Ai(n) < ——. (3.52)

n? n?
For t = 2, note that

As(n) = — w\/?@% _ 4%3 +§: (1/2) > (1/2) 1y

k=5 =5

Applying Lemma (3.46)), with s = 1 and m = 5 gives

2n< 1 5 4 1><A()< Qn( 1 5 + 2 1)
-\ = (—— — - n) < —my/—|(— — —
3 4n?  64n*  5/5n° 2 3 4n?  64n*  5y/5n5/’

which implies,

T < As(n) < LI =
oAz = S g T e

Next we consider odd indices; i.e., for 1 <t < 3,

Agpia(n) = — —F21 (<%>2 + <2t2;1)4 + 005 C%) CD° g (_%> i),

(v/n)?-1 n? 12n4 “— k nk k) nk

where (a), :=a(a—1)...(a — k+1). Applying Lemma with s =t and m =5
gives

(3.53)

92t—1 <(%)2 <%>4 4t <t+4)i5) < Ayi1(n)

(v/n)2-1 n? i 12nt Vir4a\t—1

9211 (<2t_51>2 <2t2__1)4+ 8Vt (t+4)ni>

VP \" 2 iont Cird\i—1
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which implies

31 4o 1 591
464 29¢
e 2 < As(n) < —ns/j, (3.55)
4\/§ 7 gs 11795

Finally, we consider even indices; i.e., for 1 <t < 2,

s ((R), (B, &yt -3y

_ 2 2

waln) == P (S gt + (V) S 2 () )
k=5

Applying Lemma [3.7.4) with s = ¢t and m = 5, we obtain

_(ﬂJr (—t)4 _3(t+4)> ot < Agya(n)

n? 12t s\t —1)/) (Vn)*
< _<(71?2 * (1_22f * % C ’ 11)) (j%zt‘
From this,
2% < Aun) < 22, (3.57)
12‘24 < Ag(n) < —fgf;*. (3.58)

Now, substituting (3.52)) to (3.58) into (3.51)) gives,
L(n) < 2logp(n) —logp(n —1) —logp(n + 1) < U(n),

where
(—2-!—4—\;%+292+4\/693+1294+¥(;)g5—@)%
and
U(n) = %# - % + (2 — 591 — 8gs — 29g5 — 4094 — 1175 + @) #
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By using numerical estimations of the coefficient of 1/n°? and of the coefficient of

1/n? in the lower bound, and of the coefficient of 1/n°/? in the upper bound above,
we are led to

Ly(n) < 2logp(n) —logp(n — 1) —logp(n + 1) < Ui(n),

with
T 1 1 1 1 4 T 1 1 7
Lyi(n) :_ﬂW_EJFZW_E and  Uj(n):= —24—n3/2 _ﬁ_{—_ng’/z'
Next we observe that
1 7 2

and

L i A T fwalln> 2
—— - - >———+———>foralln :
n2 /24n3/2 4 nb/2 n3 n2 /24n3/2 -

Therefore, for n > 257,

2

™ ™

NTE % < 2logp(n) —logp(n —1) —logp(n+1) < \/2_;13/2 Tt (3.59)
Because of log(1 + z) < z for x > 0, we have
1og<1+m—%> < ﬁ—%, (3.60)
and because of x — % < log(1 + z) for all x > 0, we have
T i s
ot a8 < 10g<1 + m) (3.61)

Applying (3.60) and (3.61) to (3.59) gives
log (14— LY 2o 1 1)-1 1) < log(1+——
og( +m—ﬁ> < 2logp(n) —logp(n—1)—logp(n+1) < og( +m>,

which after exponentiation gives the desired result for n > 257. To extend the proofs
of the statements for n > 45, resp. n > 120, is done by straight forward numerics. [
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3.8 Appendix

3.8.1 Methods to discover the results

We will describe very briefly the mathematical experiments used in this research.

We want to point out that without these experiments, the theoretical results of this

chapter would never have been found. For this reason we feel that it is important

to give at least a brief sketch of what led us to the final formulas and how we were

led to conjecture special cases of related asymptotics. The final asymptotic formulas

can easily be derived from our main result, Theorem presented in Section [3.6]
In Section [3.3| we proved the inequality

W<1 — %) <p(n) < m(l — %),

which was found by mathematical experiments. Our proof uses methods similar to
those used in [53] and [37]. In our attempt to prove the following formula for the
asymptotics of logp(n),

2 0.44...
logp(n) ~ 4/ ?n —logn — log(4v/3) — N (3.63)
we first tried to prove the log-version of (3.62)). However, we soon realised that this
inequality is not sharp enough in order to prove (3.63)). We noted that the inequality
for p(n) in |37, Lemma 2.2] can be used instead. This formula says that for n > 1206,

\/ﬁeu(n) 1 1 \/ﬁeu(n) 1 1
T (1 -y u(n)w) < p(n) < m(l -t u(n)w), (3.64)

where p(n) := §v/24n — 1. We observed that after taking the log of both sides, with
some extra work, can be proven. When we saw the asymptotics , discov-
ered by Schoenfield and Kotesovec, we naturally wondered whether these asymptotics
can also be proven by taking the log of an appropriate inequality. We observed that
is enough also to prove these asymptotics, and we observed that can be

used to prove an even more refined asymptotic formula that takes the form

logp(n) ~ W\/?—logn—logél\/g—l—bl(%) +bg(%)2 +---+b9<%>9,

(3.62)
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where

™6 V6

by = ——v" — Y7~ (.44328...
! 2432 op 0.44328...,
1 3
= % 0.034324...
b T s~ 0034324
6 6 6
by — 6 V6 V6 ~ —0.028428....
2933 253w 2%¢3
1 1 9
bi = iz~ 553 — i~ —0.0080728...
by = 6 V6 V6 9v6 ~ —0.0033007...,
21334 21037 2673 5. 87D
1 1 3 9
by = - _ _ ~ —0.001174124716...
0 2934 28372 2674 ig6 ’
3
b — 5my/6 5v6 5v6 3v6 336 ~ —0.0004565L...
21935 214337'(' 2113ﬂ-3 27ﬂ-5 24771'7
1 1 29 4
by = - o3 323 —0.00017464....,

21434 2113271'2 2104 AL AL e

/6 35v6 356 V6 9v6 96
by = — mv6 _ 35v6  35v6  TV6  9V6 f~—0.000068757...,
22336 220347'(' 215337-[—3 2127T5 287'('7 2571'9

Of course we wondered whether one can get an even better formula. The only
obstacle that seemed to limit us was the 10 in the formula above. This led
us to look into the details of the proof of , and we observed that the 10 can
be replaced by a k. This then led us to the discovery of the complete asymptotics.
That is, we also got byg, b1, ..., etc. At this point we still were not fully satisfied.
Even though we observed that the formula could be generalised, it was not a
proper generalization because we could not say explicitly for which precise range of
n the generalized inequality for p(n) holds. We only could say that there is
some sufficiently big constant C(k) such that for all n > C(k).

We felt that this is not a proper generalization because gives C'(10) ex-
plicitly, namely C'(10) = 1206. After some work, we realized that we can obtain an
explicit expression for C'(k), which is very close to the optimal value, according to
mathematical experiments. This C'(k) is our g(k) of Section where we gave a
generalization of .

Because could be generalized, we suspected that also could be gen-
eralized. The difference between the two inequalities is that is in terms of
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with(combinat) ;
rt := proc (n) local rtn, k;

rtn := combinat:-numbpart(n);

for k to (1/2)*n do

rtn := rtn+combinat:-numbpart (k)*combinat:-numbpart (n-2*k)
end do;

rtn

end proc

Figure 3.3: Procedure for computing the number of cubic partitions of n.

v/n, while is in terms of u(n). We again took the log of both sides of the
generalized version of and aimed not only at getting a refined asymptotic but
rather a new type of inequality. This was achieved in Section [3.6f However, even
after we found a preliminary version of Theorem [3.6.6} still something was missing.
We wondered whether we can guarantee that this inequality is optimal in some sense,
and not overestimated. After various experiments, we got control in the form
and , where the error term in the inequality cannot be improved to a smaller
integer in the numerator—the same time keeping the statement unaltered. This is
the point where we stopped.

3.8.2 Discovery of Kotesovec’s formula (3.5) by regression
analysis

We used the procedure shown in Figure to compute the sequence a(n) defined in

(3.4). This procedure works fine for computing a(n) in the range 1 < n < 2'5. The

computation took 24 hours on a notebook computer with Intel Core i7 CPU.

To find the approximate relation between log a(n), /n and log(n), substitute the
values n = 2% 2F1 2k+2 into the target expression,

loga(n) ~ a-+/n — f-log(n) —log(v),
to obtain a system with three equations:

log, a(2%) = ag logy(e) - V28 — by - k — cx + &%,
log, a(281) = aplogy(e) - V2L — by - (K + 1) — ¢ + epy1,
log, a(212) = aplogy(e) - V2E+2 — by - (k +2) — ¢ + Epyo,
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and solve it successively for k from 1 to 13. Let (ag, bx, ¢x) be the solution of the above
equation system under the assumption € = €41 = g2 = 0 for all k € {1,...,13}.
The numerical values of the (ay, by, c;) are presented in Figure In the limit

k — o0,

Qg

Cr —

__ log, a(2")+log, a(2"+2)—21log, a(2+1)

(3-2v2)V2 logy(e)
by — log, a(2F)4logs a(2F12)—21og, a(2F+1
=

— Q,

V2-1
— log, (7).

20 logg (e)V 2k by
a(2k)

a; = 2.856681587,
az = 3.104034810,
az = 3.138359816,
ag = 3.134634608,
as = 3.133095462,
ag = 3.135881324,
ar = 3.138560309,
3.140063351,
3.140825268,

ag =

(1.9 f—

ajp = 3.141207944,

a11 =

3.141399944,

aje = 3.141496152,
a1z = 3.141544378,

by = 0.829251071,
ba = 1.124879G63.
by = 1.182896591.
by = 1.173992098,
bs = 1.168789090.
bg = 1.182107364,
bz = 1.200219526.
bg = 1.214590204,
bg = 1.224893620.,

bip = 1.232211776,
b1 = 1.237403601,
bia = 1.241082894,
b1z = 1.243690699,

L — {log, a(2"+!) — log, a(2")} — B,

c1 = 3.414213592,
o = 3136666941,
cq = 3.502681525,
cq = 3.516802205,
s = 3.530255300,
cg = 3.482400147,
c7 = 3.399441064,
cg = 3.310170500,
co = 3.251316705,
c10 = 3.105805627,
c11 = 3.151230012,
c12 = 3.115957155,

c13 = 3088371824,

Figure 3.4: Numerical values of the (ay, by, ).

The numerical values in Figure clearly support the precise values

5
a=7, B=- y=22=8

4
Note that we have used a sub-sequence a(2¥), k = 1,2,...,15. The regression anal-
ysis to obtain the numerical data for Fig. and Fig. [3.2| are rather routine, so we

will not list any further details here.
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3.8.3 Mathematica computations

We present Mathematica computations needed in the proof of Theorem [3.6.6] Note
that in order to complete the proof of Theorem [3.6.6| we needed to bound four terms
by 1; however, in each inequality proven with Mathematica as shown below, we
checked that each inequality holds in fact for bounds smaller than 1, namely %,

%, 2% and %. The Mathematica computations are based on Cylindrical Algebraic
Decomposition [44].
2

™
In[l]:= a :=

36 + w2
V6 ;72 a V6 a a 1
Inf2l:= (mul, mu2, nu) := (E (E + 1+ 72(1 — a))’ o (1 + 5), 35 — 5)
—pl —x 2

. . irs 2 <2w—1 + (24a)2w> 1

In[3]:= CylindricalDecomposition[{(2w — 2) < =,w>1,x > 4}, {w,x}]
(-1 +x)2 5 = =

outBl= w>1&&x>4

. . o). 2w — 3 1 x 2 1
In[4]:= CylmdrlcalDecomp051t1on[{<<X “o4a mu1> <2w — 2+ 24a(2w — 1) )) < 3 w > 2,x > 7}, {w, x}]

Outfdl= w>2&&x>7

(535 + tew)

2 1
In[5):= CylindricalDecomposition[{((2w —2) ) < 26’ w > 1,y > 1}, {w,y}]

Yy — 2nu
outs]= w>1&&y>1
. . e 2w — 3 2 nu y 2 1
In[6]:= CyllndrlcalDecomposm1on[{((y T24a mu2) (Zw —5 + 2da(2w — 1) )) < 26 w > 2,y >

1}, {w,y}]

oufpl= w>2&&y>1
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Chapter 4

A unified framework to prove
multiplicative inequalities for the
partition function

In this chapter, we consider a certain class of inequalities for the partition function

of the following form:
T T

[Ip(n+s) =[] ptn+r),

i=1 i=1
which we call multiplicative inequalities. Given a multiplicative inequality with the
condition that ZiTzl s £ Eszl ri" for at least one m > 1, we shall construct an
unified framework so as to decide whether such a inequality holds or not. As a
consequence, we will see that study of such inequalities has manifold applications. For
example, one can retrieve the log-concavity property, strong log-concavity, and the
inequalities for p(n) considered by Bessenrodt and Ono, to name a few. Furthermore,
we obtain the full asymptotic expansion for the finite difference of the logarithm of
p(n), denoted by (—1)""'A"logp(n), which extends a result by Chen, Wang, and
Xie.

4.1 Multiplicative inequalities for p(n)

A partition of a positive integer n is a weakly decreasing sequence (\j, Ao, ..., \,) of
positive integers such that A\ + Ay + --- + A\, = n. Let p(n) denote the number of
partitions of n. Hardy and Ramanujan |76] studied the asymptotic growth of p(n)
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as follows: .
m4/2n/3
n) ~—-=e
p(n) ~ 7
Rademacher [122, (124, [123] improved the work of Hardy and Ramanujan and found
a convergent series for p(n) and Lehmer’s [99, 98] study was on estimation for the
remainder term of the series for p(n). The Hardy-Ramanujan-Rademacher formula

as n — 0o. (4.1)

reads
vz XA (n k k
- p(n)/k 1 v —u(n)/k R N
(4.2)
where . ’ .
,u(n) — g\/m7 Ak(n> — Z e—2mnh/k+7rzs(h,k)
h mod k
(h,k)=1
with -
—~(u ypp L\ (hp yhup 1
=S5 2]-3) (- 2]-3)
(h: k) uzl(/f K 2><k: k12
and

T2 N2/ N ’ . opu(n) 1 N ’

A sequence {a, },>0 is said to satisfy the Turdn inequlaities or to be log-concave, if
ai — Qp_10p41 >0 forall n>1. (4.4)

Independently Nicolas [111] and DeSalvo and Pak [53, Theorem 1.1] proved that
the partition function p(n) is log-concave for all n > 26, conjectured by Chen [35].
DeSalvo and Pak [53 Theorem 4.1] also proved that for all n > 2,

p(n—1) (1 . 1) L _p(w) (45)
n ( ’ '

p(n) p(n+1)

conjectured by Chen |35]. Further, they improved the rate of decay in (4.5 and
proved that for all n > 7,

p(n—1) 240 p(n)
p(n) (H (24n)3/2> Z o+ 1) (4.6)
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see [53, p. 4.2]. DeSalvo and Pak [53] finally came up with the conjecture that the
coefficient of 1/n%? in (4.6 can be improved to 7/v/24; i.e., for all n > 45,

p(n = 1) p(n)

p(n) (1 ' mnsm) e

which was proved by Chen, Wang and Xie [39, Sec. 2]. Recently, the author along
with Paule, Radu, and Zeng [22, Theorem 7.6] confirmed that the coefficient of 1/n3/2
is m/4/24, which is optimal; i.e., they proved that for all n > 120,

(4.7)

. T 1
V24n3/2  n?

DeSalvo and Pak [53, Theorem 5.1] also established that p(n) satisfies the strong
log-concavity property; i.e., for alln > m > 1,

2

p(n)” > )p(n — p(n+1). (4.8)

p(n)* — p(n —m)p(n +m) > 0. (4.9)

Ono and Bessenrodt [26] extended by considering the border case m = n. This
leads to the unveiling of multiplicative properties of the partition function encoded
in the following theorem.

Theorem 4.1.1. 20, Theorem 2.1] If a and b are integers with a,b > 1 and a+b > 8,
then

p(a)p(b) > pla +1D), (4.10)
with equality holding only for {a,b} = {2,7}.

Let A be the forward difference operator define by Aa(n) := a(n+1) —a(n) for a
sequence (a(n))n>o. It is clear that the log-concavity property for p(n) is equivalent
to say that —AZ?logp(n — 1) > 0 for all n > 26. Equations and show the
asymptotic growth of —A%logp(n — 1). Chen, Wang, and Xie proved the positivity
of (—=1)""'A"log p(n) along with the estimation of an upper bound.

Theorem 4.1.2. (39, Thm. 3.1 and 4.1] For each r > 1, there exists a positive
integer n(r) such that for all n > n(r),

r—1 AT 4 1 1
0 < (—1)""'A"log p(n) < log (1 + %(§>r_1m>' (4.11)
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The above inequalities can be rephrased in the following form:

T T
[Ip(n+s) H (n—+1), (4.12)
=1 =1

which we call multiplicative inequalities for the partition function. Instead of ap-
plying the Hardy-Ramanujan-Rademacher formula and Lehmer’s error bound
but with different methodology for different inequalities for p(n) as done in [26,
53, 1111}, 139], we will see how one can prove all such multiplicative inequalities under
a unified framework so as to decide explicitly N(7T), such that for all n > N(T),

(4.12) holds. To prove (4.12), it is equivalent to show

Z logp(n + s;) > Z logp(n + 1), (4.13)

i=1 =1

and therefore, an infinite family of inequalities for logarithm of the shifted version
of the partition function is a prerequisite, see Theorems [£.3.9] and [4.3.13] As an
application of Theorem 4.3.9, we shall complete Theorem (see Theorems [4.4.6
and below) in the following aspects:

1. by improving the lower bound in (4.11]) to show that the rate of decay given
in the upper bound is the optimal one,

2. for each r > 1, computation of n(r) by estimation of error bound based on the
minimal choice of the truncation point w in Theorem [4.3.9

3. and a full asymptotic expansion for (—1)""'A"log p(n). This seems to be inac-
cessible from Theorem [£.1.2] because a key tool in the proof was on the relations
between the higher order differences and derivatives (cf. Prop. 3.5, [39]) due
to Odlyzko [114] which only contributes to the main term in the expansion;

. T (1) 1
e, —| = _
\/6 2/r—1 (n+ ]_)T_%

Even having Theorem [4.3.13|in hand, in order to decide whether (4.12)) holds or
not, there are two key factors that remain unexplained. First, an explanation of the
following assumption

T T
Z s; # ern for at least one m > Z>;. (4.14)
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and an appropriate choice of w, i.e., the truncation point as in Theorem Now
we move on to see how these two factors are intricately connected through a classical
problem in Diophantine equations known as the Prouhet-Tarry-Escott problem [55|
Chapter XXIV]. The problem originated in a different guise from a letter of Goldbach
[65] to Euler that dates back to 18 July 1750. The Prouhet—Tarry—Escott problem

asks for two distinct tuples of integers (s1, S, ..., sr) and (rq1,79,...,ry) such that
T T T T
Zsf:ZTf, forall 0 <k <m—1 and ZST#ZTT
i=1 i=1 i=1 i=1
We write (s, ...,57) = (r1,...,77) to denote a solution of the Prouhet-Tarry-Escott

problem. Recently, Merca and Katriel [108] connect the non-trivial linear homoge-
neous partition inequalities with the Prouhet—Tarry—Escott problem. In brevity,
we shall explain why the optimal choice of truncation point w = m + 1, with
(51,...,87) = (r1,...,r7) for a given in Section .

The rest of the chapter is organized as follows. In Section we state preliminary
lemmas and theorems from the work of Paule, Radu, Zeng, and the author [22]. Sec-
tion presents a detailed synthesis on derivation of inequalities for log p(n + s) for
any non-negative integer s that leads to the main result of this chapter, see Theorem
As an application of Theorem we provide a full asymptotic expansion
of (—1)"*A"log p(n) in Section .4} In Section [4.5, we work out the steps to verify

multiplicative inequalities for the partition function. Section is devoted to derive
T

an infinite families of inequalities for Hp(n + s;), given in Theorem [4.6.9, Finally

i=1
we conclude this chapter with a short discussion on the applications of Theorems

4.3.13 and [4.6.9

4.2 Set up

Throughout this section, we follow the notations as in [22].
Definition 4.2.1 (Def. 5.1, [22]). Fory € R, 0 < y* < 24, we define

G(y) == —log<1 - g—z) + Wgyﬂ (\/1 - g - 1) +log<1 . %\/%—ﬁ) (4.15)

and its sequence of Taylor coefficients by

Gly) = guy". (4.16)
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Lemma 4.2.2 (Lem. 5.4, [22]). Let G(y) = > oo, guy" be the Taylor expansion of
G(y) as in Definition |{.2.1. Then forn > 1,

1 1 1
o _ 1 _), 4.17
92 3n23nn 3n23n+1n < + am ( )

and for n > 0,

o 1/2 T 1 "N i+
92n+1:\/6[(_1) +1( )23n+33n+2_ O‘j( 2 )

n+1 23 H13nqn (2n + 1)m

Jj=0

Lemma 4.2.3 (Lem. 5.8, [22]). For n > 0, we have
V6 (W2

(0%
- ™ —> < gomis <
2r3nan(2n + )\T2 ol —a)) SO S

- V6 (1 + 9).
om2n3nan(2n + 1)\ | 2
(4.19)

Lemma 4.2.4 (Lem. 5.9, [22]). For n > 1, we have
1 1 a1
<< —— (222, 4.20
S < 9 < G (5 3) (4.20)

Definition 4.2.5 (Def. 4.3, [22]). For k € Z>, define

g(k) := i (% v(k)? + 1) :

log1
where v(k) := 2log 6 + (2log 2)k + 2klog k + 2k loglog k + 5k log ogk;'

log k
Definition 4.2.6 (Def. 6.4, [22]). For n,U € Z>;, we define

P,(U) := —log4v/3 —logn + W\/? + Zgu(l/\/ﬁ)“

Theorem 4.2.7 (Thm 6.6, [22]). Let G(y) = Y .o, guy" as in Definition |4.2.1]

Let g(k) be as in Definition [{.2.5 and P,(U) as in Definition [{.2.6. If m > 1 and
n > g(2m), then

1

3m3mampmp’

P,2m—1)— <logp(n) < P,(2m —1) + (4.21)

3m3mampmyy
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ifm>2andn > g(2m — 1), then
7

P.(2m —2) — 1
( m ) 3m23mamnm—1/2(2m _ 1) < ng(n) <
2
P,(2m — 2 .
(@m =2) + S 172 (2m — 1)
(4.22)
In other words, for w € Z-y with [w/2] > vy and n > g(w), we have
20! Loyw V2 Lyw
P () g < R (L) (0
WD G () <lospt) < Bl =Dt Gy () o 429)
where
(1,4,2), if w is even
1, yg) = . 4.24
00,1, 72) {(2,7, 2), if wis odd (424)
Lemma 4.2.8 (Lem 7.3, [22]). Forn,s € Z>1,m € N and n > 2s, let
b n(s) = 4./s (s—i—m—l)i
S s tm—1 s—1 nm’
then
e _ 2s5—1 1
2
and
= (a1
0< k;n ( . ) — < buan(s). (4.26)
Lemma 4.2.9 (Lem 7.4, [22]). Forn,s € Z>1,m € N and n > 2s, let
2 (s+m—1
ﬁm,n(5> U n_m( s — 1 )7
then
) < 30 () < Bl (1.27)
— Pmn\S A m,n\S :
’ = k}, nk ’
and .
5\ (=D
0< ) ( i ) - < B (5). (4.28)



Lemma 4.2.10 (Lem 7.5, [22]). For m,n,s € Z>; and n > 2s, let

2 8™
Cmn(8) 1= gy
then
00 1)FH gk 0 gk
— Cmn(s) < Z — < Cmn(s) and  —cpn(s) < — Z P <0 (4.29)
k=m k=m
and
Cmn(S) L (1/2\ 5 cpn(s) Cmn(S) L (1/2 (—1)ksF
_\/E<Z<k)ﬁ< N and—m<z L o <0

k=m k=m

4.3 Inequalities for log p(n;s)

In this section, first we prove an infinite family of inequalities for logp(n + s) With
s being a non-negative integer, see Theorem 4.3.9| Starting from Theorem
we will estimate P,,(U) and the error terms given in and ( stated in
Lemmas[4.3.3}[4.3.6] Finally, generalizing Theorem_by takintT 1nto c0n81derat10n
ZiTzl logp(n + s;) for (s, 82,...,s7) € ZL,, we obtain Theorem |4.3.13

Lemma 4.3.1. Let the coefficient sequence (g,)n>1 be as in Lemma . Then for

all n > 1, we have
1

1
|9al < 7 (2da) 72 (4.31)

Proof. Observe that for all n > 0, —<1 + >—(24a) oy i 0and 0 < 3> (72 +1+
50— a)> < 1. Using (4 , we obtain for all n > 0,

1
~ (240)"(2n +1)

< Gon+1 < 0. (432)

Since 3—0‘ — = < 0, from , it follows that for all n > 1,

1

" @dayi(en) S0 =0 (433)
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From (4.32) and (4.33)), we conclude that for all n > 1,

1
< —m——,
9| < iy,

O]
Definition 4.3.2. For s € Z>q, define
s oL s>
" lo, ifs=0"
Lemma 4.3.3. For (n,s) € Zs1 X Zso, w € Z>, and n > 2s, let
. L2 (=1)ksk /1 \2k ) 2551 /1 \w
P, (w) := —logn + <—> and E, (w) = (—) Js,
then
P, (w) = B, (w) < —log(n + s) < P, [(w) + E, ,(w). (4.34)
Proof. For all n,s € Z>y, w € Z>s, and n > 2s, we split log(n + s) as follows
1)k gk 1)k+1 gk s 1)kHL gk
log(n + s) = logn+z = logn + Z n’“+ Z
k=131
(4 35)

Applying (4.29) with m — [F], it follows that for all n > 2s,

() S B g

2
k=72 ~ T/

k+1 Ic 2

Since for all s € Zsg, sI"/?1 < s3] from (1.35) and (1.36), it follows that
P, (w) = B, [(w) < —log(n +s) < P, ,(w) + B, ,(w). (4.37)

Observe that equality holds when s = 0. ]
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Lemma 4.3.4. For (n,s) € Zs1 X Zsg, w € Z>y, and n > 2s, let

2n+ ZLJ
—m/ T
3

NI

[2341

(1/2> k %)%_1 and E? (w) = %(%)wés,

=1

then
2 2
P2 (w) = B2 (w) < my/ T2 < P2 (w) + B2, (w). (439)
2 2
Proof. For all n,s € Z>;, w € Z>5, and n > 2s, we split ™ " + i as follows

T B () ol 5 ()

k— Lw+2J
(4.39)
Applying (4.30)) with m +— L“’T”J, it follows that for all n > 2s,

() e Y (1,12>;—’;<—<L w_jom(%)w. .0

(L) 52)
Therefore,
2 sl 1 el t_ 2 1/2
_QW\/;S23/2<\/— nZ(/>k
w n
(12) e 441
\/§ sl 432 1 N 2le2)—1 (4:41)
o2 ATy
(Lw+2j> \/_
Now for all s € Z>,
\/§ sl 1 n2l22)-1 0 6sl™3 ], 1 \w
- (— < — .
V3 (Lw—”J)?)m(\/ﬁ) [w/2] (ﬁ)
2
From (4.39)) and (4.41)), it follows that
2 2
P2 (w) = B2, (w) < m| == < P2 (w) + B2 (w), (142)
with equality holds for s = 0. [

90



Lemma 4.3.5. For (n,s) € Zs1 X Zsg, w € Zxy, and n > 2s, let

Gu(s;t) := ( _f£/22j)s -5 for all ¢ € Zs,

w) =w§jgu(%)”+ > Tl (=) +

and

29 1 \[%2T+1 1 \w
o) =" (s + 55) (%) %

then

P3 () w) < Z ( N s> < qu’s(w) + Eg}s(w). (4.43)

Proof. For all n,s € Zsy, w € Zsy, and n > 2s, we split S.0—! g, (1/y/n + 5)* as

Salie) - () S ()s

k=0
w—1 w—1 [e’e)
1 \w© 1 \v u/2
= 2alg) +2el) ( " )n
w—1 w—1 [e’e)
1 u —’LL/2 % 1 2k+u
= Yal(z) e X (V)M (5)
u=1 \/ﬁ u=1 k=1 k n
w—1 \_“]2_2 o) 2
1 \u _2utl L 1\ 2k+2utl
S Y 3 () ()
u=1 \/ﬁ u=0 ’ ; k \/ﬁ
%7 © /—u 1\ 2k+2u
+ 3 oy ( . )sk(—n) (4.44)
u=1 k=1
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Lw;? I 2ut1
_2u 1\ 2k+2u+1
Z 92u+1z< 2 )S <—>
u=0 k=1 k n
= 92u+t1 ( 2 )St_u< >
u=0 t=u-+1 t—u n
Lw22 w;QJ _2u+1 1 2t+1
=S g 3 (t_ZU)st—“( )
u=0 t=u+1 n
Gou+1 ( _2 )St_u<—>
— et t—u Vn
[“52] -1

B 2t+1 e —2u-l 1 \2t+2u—1
= g2u+1(s;t) (_> + Z Z G9ou—1 ( t2 >3t< > .

u=1 p—[2-1]_y 41

N

=80 (w,n,s)

(4.45)

Next, we proceed to estimate the absolute value of the error sum S,(w,n,s) for
S € Zzl‘

|So(w, n, 5)]|

[ B
Z ’92u 1|< >2 1

[wl

< 4 Z |2 1|( >2u—1 [e=1] (L%E)(%) e

2

[
T
no
ng‘
[
N————
| o

t= “’Tfl'\ —u+1

-1
(by substitution (m, s, n) — ({UJT-‘ —u+1,u, E) in )
s

I‘wl

(B ()
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[454 —1
1 w—1 1 1 w w—1
< 4 <( 2 W)_ <_> sz 1+ <by Lemma [4.3.1
— (2u—1)(24a) " \u—-1/ s n
[wTil]fl w—1 w
. LI\ _1 (L) s
—~ 2u+l\ wu (24as)v n
[wTil]_l w—1 w
_ 16 L (511 (L) o7
T3\ &~ 2u+2\ u /) (24as) n

4
because < 8 forall uw>1
2u+1 7 3(u+1)
1 1 1\ [+ N 1 \% rw-
S0 (e ) s ()T (e
3 2(( 1 +1> 24as 24as vn

_ 16 (1+ 1 )rw511+1 s ( 1 >w sty _ 28< N 1 )f“’;lHl( 1 >w
— — as|—=] s —(s+ — — ] .
3w 24as vn w 24« N4

(4.46)

Similar to (4.45)), we get

252 oo
> o> ()¢ ()
u=1 k=1 k \/ﬁ

w—1

L 2 J o0 —u e 1
=3 () ()

u=1 t=u+l1l u n

vl | oo

: 2 —u) . 1 \2 —u\ , 1 \2
- S, ) () () ()

— t—u n t—u vn
125t 25t

=3 Yan(z) +

t=2 wu=1
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Consequently for s € Z>q,

L25) "
S o) < 32 ol ()

[45)

<23 i) (R0

(by substitation (m,5,m) -+ (2] = w0, %) i )
SO ES KT
= 2<L§J i(ff]__f) (24(1)45)11)5[5}(%)10 (by Lemma. 131
(5 25 o ()
- () ) )

1 1 [wT71‘|+1 1 \w
RETAGGY =) - 1.48
w (s+ 24a> <\/ﬁ> (4.48)
From ((4.44), (4.45), and (4.47), we obtain
Z%( > — By (w) = S,(w, n, ) + Se(w,n, s), (4.49)
Vn+s '

and taking absolute on both sides of (4.49|) and applying (4.46)) and (4.48] -, it follows
that

So(w,n, s) + Se(w, n, s)’

<

o(w,n,s)‘ + Se(w,n,s)‘ (4.50)

)
w\” " 2q N




Note that in (4.43), the equality holds for s = 0 because first, P’ (w) = 0 and
secondly, the error term S,(w,n,0) (resp. Sc(w,n,0)) in (4.45) (resp. in (4.47)) is
identically zero and therefore, we conclude that E} ,(w) = 0. O

Lemma 4.3.6. Let 71,72 as in Equation (4.24). For (n,s) € Z>1 X Z>p, and w €
ZZQ, then

a (24(1;#% <%>w == (2404)7(1“’/2710 <\/n1——|—s)w (4.51)

and

(2404;[210/2110 <\/n1—+3>w = W(%)w (4.52)

. . . 1
Proof. The proof of both (4.51)) and (4.52) is immediate from the fact that 7 <

\/Lﬁ for all (n,s) € Z21 X Zzo. ]

Definition 4.3.7. Let the coefficient sequence (gn)n>1 be as in Lemma and
(G (5:8))n>1 be as in Lemma[4.5.8, Then for (n,s) € Zsy X Zso and U € Zs1, we

define
om & 1 \u
Po(U) =~ log 4v/3 — logn + 7/ = + Z Fus (ﬁ) , (4.53)
where
B (-S)u u—1 B
Jou,s = U + 9ou + ;.9216(87 ’LL) fOT all 1 S (Y S LU/QJ
and

u—1
~ 2( 1/2
Brurte = W\@( 2 )5 st 4 (i) for al 0.5 (U~ 1)/2)

u+1 P

Definition 4.3.8. Let 1,72 be as in (4.24). For (n,s) € Zsy X Zsy, w € Z>q, and
n > 2s, we define

1\ 2 v 1/ 1 \w
o) om (15(s ) o2 Y1)
(1) ( T 2a i (24c) /21 Jw \\/n
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and
N o 1/ 1 \w
B )= a5(s o) Pl e V()"
walt) ( ** oa T o | w\ e

Theorem 4.3.9. Let P, s(U) be as in Deﬁmtzon and Ef (w), EY (w) be as in
Definition[{.3.8 If (n,s) € Zs1 x Zso, w € Lo, and n > max{g(w) — 5,25}, then

P,s(w—1)— Eﬁs(w) <logp(n+s) < P,s(w—1)+ E%S(w). (4.54)

Proof. From (4.23), it follows that for [$] > v and n > g(w) — s,

1
(24a) “"/ﬂw ( Vn+s s>
4.55)

gt Loy
Pn-i—s(w_l)_ (24&) [w/2]q, (\/n——i—s> < logp(n+s) < Pn-l—s(w_l)

where (by Definition [4.2.6)

2(n + s) ¢
Poys(w—1) = —log4V3 —log(n+s) + 7 3 +;gu(\/n—+s) :

Applying Lemma 4.3.6|into (4.55), we obtain

1 1 \w 1 \w
PnJrs(w_l)_ (24@)““/2]10 <%> < logp(n+s) < PnJrs(w_l) (2404 [w/g"w <_7’L)
(4.56)
Invoking Lemmas [4.3.3 4.3.4} and [4.3.5|into (4.56)), it follows that
3
i At 1
=1
3
—log4v3+ Y P S R (—>
; Z 240() w/2 \/_
(4.57)

For s > 1,
3
. Yo 1 \w
Ens) + gy ()
X Bl e (7

8sl*31 29 N Y 1 \w
(B e ) ) ()
[w/2]  w 240 (24a) /2w | \\/n
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[w/2] w 240 (240)e2y ) \/n
16537 wil

2+29(+ 1)(2w+ o <1>w
- S T B

L\ 2 1/ 1\w
45( _> (240)[w/2] —<—> : 4.58

and for s =0,

IN

3

> B)+ et (7)< Grgeme () 49)

Similarly, for s > 1,

[ed4]

3
i 71 1 1 = " 1,1 \w
; En,s(w) + m<%> (45 (S + %> + W) E (%) ,
and for s =0,

3
; n L \w " 1\
By —(_> - —(_) . 4.61
¢Z1 n,s(w)+ (24&)[10/2110 \/ﬁ (24a)[w/2]w \/ﬁ ( )
Putting (£.58)-({.61)) together into (£57)), we get

—10g4\/_+z —Ey (w) <logp(n+s) < —10g4f+z w)+ Bl (w).
(4.62)
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From Lemmas it follows that

_10g4f+i

gy logn+7r\/7 Zgu

. <“”ZiJ SO Ly S “iymt)(%)%)
(RGBSt

:_1og4¢§_1ogn+w\/%+g((_

e St

k=0
125 LWT*QJ~ 1 N\ 2u+l
= —log4v3 —logn + 7T\/7 Z g2us< ) + HZ:O gQu—i—l,s(_n)
=P, s(w—1). (4.63)
From and (| -, we conclude the proof of ( - ]

Next, we proceed to estimate 3. log p(n + s;).
Definition 4.3.10. Forn,T € Z>y and 8 := (51, S2,...,s7) € ZL,, we define

log p(n; ) Z logp(n + s;).

=1

Definition 4.3.11. Let the coefficient sequence (g,)n>1 be as in Lemmalf.2.4, (g, (s;t))n>1
be as in Lemmal[4.3.5, and 8 be as in Definition[{.3.10. Forn,T € Zx andU € Z>1,

we define

U
/2 - Ty
P,s(U) =T -log4V3 —T -logn+T - ?n + E 9u5<%> ; (4.64)
u=1
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T T u—-1

Gou,s :=%Z( YT gy + ZZ (si;u) forall 1<u<|U/2

i=1 1 k=1
and for all 0 < u < [(U —1)/2],

2/ 1/2\ <& =
Gout1,s = W\/;(u + 1) Z STV T gourn + E E Gorr1 (i3 u
=1

1=1 k=0

Definition 4.3.12. Let 71,7, be as in and 8 be as in Definition . For
each {s;}1<i<r, 0s, be as in Definition . For n,T € Zs1, w € L, and n > 23i,

we define
>w

T
NC Ty \1
EYw) = (45 ( —) Sy 42 _<
ns(W) ( pa 5 +24a 1+(2404)“”/2W w

Bl

and
gy Ty N1/ 1w
E-. : 45 E <1 —) Oy, + ————— —(—) .
nslw) = ( it ol o (240) /21w \y/n

A generalized version of Theorem [4.3.9|is as follows:

Theorem 4.3.13. Let logp(n; 8) be as in Definition |{.3.1(}, P, 3(U) be as in Defi-

nition |4.3.11), and let g(k) be as in Definition . Let E% {(w) and E¥4(w) be as
in Definition |4.5.14 If n,T € Z>1, w € Z>, and

n > max {g(w) — 1%21T{8i}’28i} = g(w; §),

1<i<T
then

P, s(w—1)— Eﬁg(“}) <logp(n;s) < P,z(w—1)+ Egg(w) (4.65)
Proof. Applying (4.54)) for each {s;}1<;<r and summing up, we get (4.65). ]

Remark 4.3.14. A few applications of Theorem[].3.13 are listed below.

1. Choosing w = 5 (resp. w = 7), we obtain (p(n)),> is log-concave (resp.

@)
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2. Defineu,, : % and let N be any positive integer. Then choosingw = N,
we have a full asymptotic expansion of logu, with a precise estimation of the
error bound after truncation of the asymptotic expansion at a point N.

3. Applying § = {m,m} and 7= {0,2m} to (4.65), and estimation of
Po3(4) + Eq5(5) — Paw(4) — Eyl4(5),
leads to the strong log-concavity property of p(n).

4. Without loss of generality, assume b = Aa with X > 1 in Theorem |4.1.1].
By making the substitutions (n,s) = (a,0), (n,8) = (Aa,0), and (n,7) =

(a(14 X),0) to (4.65), we can retrieve (4.10)).

4.4 Asymptotics of (—1)"tA"logp(n)

Lemma 4.4.1. Let P, ((w —1) be as in Theorem[{.3.9 Then for all r > 2,

i (Z) (=1 P, (2r) = Cr<%>2r_l —(r— 1)!(%)%, (4.66)

1
where C, = %(§> and (a)y is the standard notation for the rising factorial.
r—1

Proof. From Definition it follows that

£y
(—1)t! ( log 43 — logn + \/? + iﬂ::&w (%>u>

()
-3 () ()
()

r

<

2r—2

H—l Z o (%)



Following the notation from [68], here {YZ} denotes the Stirling number of second

kind. For all integers 1 < u < 2r —2 and v = 0 (mod 2), we have

|G

Z (7)o Za(%)

i=0 u=1

- S ) ()

- Z (’;) (—1)i! i [# + gou + uiﬁzk(i;u)

k=1

-

Similarly for all integers 1 < u < 2r — 2 and v = 1 (mod 2), we obtain

r r—2
r , 1 \2utl
;:0 (Z)( ) E 9ou+1, n

g o) (STt R [
S N T

( { }fm)

101

u—

_ Z ( ) )i+t Z[ \/>(u1fl)z‘““ + gour1 + ;%kﬂ(i;w

1

vn

1

) 2u+1

|(

1

Bl

(4.68)

>2u+1

(4.69)



From (4.68) and (4.69), it follows that for all 1 < u < 2r — 2,

2r—2

) o

=0

£

_ TO (r) ZH[ \[3<1£2)2 o 1+Zg2k+1 1)] <%>2r1

- [W\/g 1/2 )+t { } Zg%ﬂ (;—Ii/:)(_lyﬂﬂ{r_i_k}] <%>2r1
) ( )27’_1 (Sjnce {7" — 710 — k‘} =0 forall 0<k<r-— 2)_ (4.70)

We finish the proof by showing that

< > Hl%”(;ﬁ)% ) Z (:) ™ l% Tt Tiazk(i;r)] (=)

5l
N
N —

Definition 4.4.2. Let v, be as in (4.24) and C,. be as in Lemmalj.4.1. Then for all

r > 2, define
r+1 ]_
L 4 ( —) ,
1(r) = <1zom+1Jr 52() " 5a )27“—1—1

L(r) = (r — D'+ Ly(r),

Np(r) = max{ (Lg))2,g<2r + 1)}.

and

r
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Lemma 4.4.3. Let L(r), Np(r) be as in Definition and C, be as in Lemma
4.4.1. Then for all n > Np(r),

(1)1 A" log p(n) > log (1 el (%)QH L) (%)2) | (4.72)

Proof. We split (—1)""1A"log p(n) as follows:

(1) A logp(n) = Y (T.’)(—l)i“ log p(n + )

1

=0
=, H
- 1 2% + 1) — 1 2i).
; (%H) ogp(n +2i +1) 2 (22) ogp(n + 2i)
(4.73)

Applying Theorem |4.3.9[ with w = 2r + 1 to (4.73]), we have for all n > max {g(2r +
1) —i,2i} = g(2r + 1), o

(—=1)"A"log p(n)
175"

> TO (Z)(—niﬂpn,i(zr) -y (Qiil)ng(zrﬂ) =

=0

ﬁ
N3
[

r
(2Z,> EY(2r +1)

i=0

T—IJ

13
_ Cr(in>2rl—(’f’—1)!<%>%_ ZZ:; (2i:1)E§2i+1(2r+1)
L5

— (;) EY,.(2r +1) (by Lemma )
Z K

=0

N3

(4.74)
From Definition m, it is clear that EY (w) < EZ (w) because 7, < 7. Therefore,

155+ L5) r

3 (zz: 1) Efy(2r +1) + 2:; (27;) Ely2r+1) <Y (’;) EE,(2r + 1)(4.75)

=0 =0

and

> (Z)Eii(zrm ~n ()" 7o)
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From (4.74) and (4.76)), it follows that

(-1)"'A"logp(n) > C, <%>2T1 —(r — 1)!<%>2T L) <%>2r+1
> C, (%)2%1 — L(r) (%>2T, (4.77)

and consequently for all n > Ny (r), we get

(—=1)"'A"log p(n) > log <1 +C, (%)ml — L(r) (%)271) .

Definition 4.4.4. Let Ly(r) be as in Definition[4.4.4 and C, be as in Lemmal[{.4.1]
Then for all r > 2, define

Ny(r) == max{ (%)2, <%3)2/2T_3,9(27“ + 1)}

Lemma 4.4.5. Let Li(r) be as in Definition[{-4.4 C, be as in Lemma and
Ny(r) be as in Definition[f.4.4l Then for all n > Ny (r),
vn

Proof. Applying Theorem with w = 2r + 1 to (4.73]), we have for all n >
g9(2r +1),

(—1)"*A" log p(n) < log (1 +C, (i)%_l) . (4.78)

(1) A"log p(n)

r

r

i r r
(1) P, (2r) + (22, N 1) E,Z{M(Qr +1) + (22) E§21(2r +1)

AN
N
~——
I
o

. 1
=0

g Cr<%>2r—1 e 1)!(%>2r N Z: (:)Efz(% +1) (by Lemma)
e (%)QH - 1)! (%)2 L) (%)QT“. (4.79)
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For all n > Ny (r), it follows that

1 \2r 1 \2r+1 (]7?
_(7” — 1)' (%) + Ll(T> (%) < —2 21 . (480)
From (4.79) and (4.80), it follows that for all n > Ny (r),
1 \2r—1
(—=1)"'A"logp(n) < log <1 +C, <%> ) :
]

Theorem 4.4.6. Let L(r), Ni(r) be as in Definition[{.4.4 and Ny (r) be as in Defini-
tionl4.4.4 Let C, be asin Lemmal4.4.1. Then for alln > N(r) := max{NL(T), NU(T)},

1 \2r—1 1 \2r 1 \2r—1
og(14C. (=) ~L(r) (=) —1) AT g 14C,(—=)" ).
g I+ 7 (r) NG <(=1) ogp(n) <log|( 1+ NG

(4.81)
Proof. Lemmas [4.4.3| and [4.4.5| together imply (4.81]). O
Theorem 4.4.7. For allr > 2,
o0 1 ”
(1) *A" log p(n) ~ Gu<—> , (4.82)
nﬁmu:;l \/ﬁ

with for allu >1

Goy = [#{3} + uzzfg% (u__kk) {“ ; k}] (=)™l for allu>r  (4.83)

and for allu >r —1,

o= BN B () e

(4.84)
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Proof. Following (4.67)) and letting w — oo, we obtain

oo v 30 S ()0 tau(E) as)

u=2r—1 i=0

For all u > 2r — 1 and u = 0 (mod 2), we get

3 e S o P | BT

1=0 L J

g i A2 O

Similarly, for all w > 2r — 1 and u = 1 (mod 2), it follows that

T

> (7)1 G

=0

A B o e

]

4.5 A framework to verify multiplicative inequal-
ities for p(n)

Here we list down the steps in order to make a decision on whether a given multi-
plicative inequality holds or not.

T T

e (Step 0): Given Hp(n + s;) and Hp(n + r;) with 7" > 1. Without loss
i=1 i=1

of generality, assume that s;,r; are non-negative integers for all 1 < ¢ < T.

Transform the products into additive ones by applying the natural logarithm;

T T
ie., Z logp(n + s;) and Z logp(n + ;).

i=1 i=1

e (Step 1): Choose w = m + 1, where (s1,...,s7) = (r1,...,rp). From (4.65),
we observe that for each 1 < i < T, logp(n+s;) and logp(n+r;) has the main
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term P, g(w—1) and P, z(w— 1) respectively. Consequently, each of these main

terms are dominated by 7T'- CZ vn+s;and T- CZ vVn 4+ r; with ¢ = m4/2

respectively. Therefore, in order to choose w, 1t 1s enough to compute the
T

Taylor expansion of Z(\/ n+ s; —/n+ s;) which is given by:
i=1

T 00 1/2 T
Z(\/n—ksi—\/n—i-s Z n2m 12 (s — 7). (4.86)
i=1 m=1 i=1

T

So our optimal choice is such minimal m > 1 so that Z(S;ﬂ —r") #0.
i=1
e (Step 2): Applying w = m + 1 as in the previous step to Theorem [4.3.13] it
remains to verify whether
Pog(m) — Efg(m+1) > Pyg(m) + EY(m + 1) (4.87)

or
Pog(m) — Efo(m + 1) > P,g(m) + Efg(m + 1), (4.88)
T T T
in order to decide whether Z logp(n+s;) > Z log p(n +r;) or Z log p(n +
=1 i=1 =1

T

ri) > Z log p(n + s;) respectively.
i=1

4.6 Inequalities for p(n;s)

Definition 4.6.1. Let g, 3 be as in Definition |{.3.11, and 8 be as in Definition
4.3.10L Forn,T,U € Z>,, define

e”\/m ’
M(n;T) = ( 3 )

and




Definition 4.6.2. Let v, be as in (4.24) and S be as in Definition |4.3.10, For
each {s;h1<i<t, 0s, be as in Definition . Forn,T € Z>y, w € Z>s, and n > 2s;,
we define

T
I T -7 1
Cy(w; 8) := | 45 ( i —> Oy, + ———= | —
u(w; 8) < ; sit oo .+ 1) | w
and .
1\ T-v 1
Cr(w; 8) := (45 ( i —> 0s, + ———7 | —-
r(w; 8) ( ZZ:; sit o~ .+ Qi) | w

Lemma 4.6.3. Let logp(n; 3) be as in Definition[/.3.10, and let g(k) be as in Def-
inition |4.2.5. Let M(n;T) and P, 3(U) be as in Definition |4.6.1. Let g(w; 8) be as
in Theorem [4.3.15, and Cr(w; 8), Cy(w; 8) be as in Definition |4.6.3 If n,T € Z1,
w e ZZQ; and

n > max{g(w; 3), (Cg(w; 3))2/w, (Cu(w; §)>2/w}:: Ni(w; 8),
then

M(n;T)}Njn?g(w - 1) (1 — Cr(w; 8) <%>w> < p(n;8) <

M(n; T)P, z(w — 1) (1 + 2 Cy(w; §) (%>w> :

Proof. Applying the exponential function on both sides of the inequality (4.65)), we

get for all n > g(w;s)

(4.89)

M(n; TP, s(w — 1)6_E’§v§(w) < p(n;8) < M(n;T) By s(w — 1)6Egv§(w). (4.90)
2/w 2/w
Now for all n > max <C£(w; §)) , Cy(w; §)) , it follows that

0 < E¥5(w) <1 and 0< EY (w) < 1. (4.91)

For all 0 < x < 1, we know that ¢ < 1+ 2z and e™ > 1 — x. Therefore from (4.91))
and following Definition [4.3.12] we finally have

1 \w 1 \w
s <142 C’u(w;é')(%) and e Pns® > 1 — C’E(w;é')(%) . (4.92)
Equations (4.90) and (4.92) together imply (4.89)). O
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Definition 4.6.4. For k € Z>,, w > 2, and (= (1, ..., lyw_1), define
w—1
X(k) = {e €ez% Y b, = k}
u=1

w—1
Xk = {Ze X(k):0<Y uby, <w- 1},
u=1

and

Xe(k) := {ZE X (k) : wz_luéu > w}.

Definition 4.6.5. Let X (k) and Xpam(k) be as in Definition and g,z be as in
Definition |4.53.11. Then for all w > 2, define

w—1
N w—1 1 1 Zugu
o . — i . — Ju=1
Pl 1) =Y = Fk;w;3)(—=) ,
k=0" fex (k)
and X
n’g(w— ) - E ( 7w7s)(_n) )
k=0 feXe (k)
where

F(k;w; 8) := (517 . k )ﬁ(%s)gu,

, k _ R - - - -
with (61 77777 (w_l) = 7o i a multinomial coefficient.

Definition 4.6.6. Let X¢(k) be as in Definition and F(k;w; ) be as in Defi-
m'tion and g, 3 be as in Definition|4.5.11, For w > 2, define

w—

1

— 1 — ~ w

E(w; 8) := i Z ‘F(k;w; s)’ + 3(|gl7g‘ + 1) .
k=0 " feXe (k)
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Lemma 4.6.7. Let Pn S(U) be as in Definition and Xg(k) be as in Definition

/.64 Let P, 3w —1), P, s(w—1), and F(k;w;8) be as in Definition . Let
E(w; 8) be as in Definition[{.6.6. Then for all w > 2 and

_ 2/u .
n > 1533551{ ((w - 1)‘9u,3|) } = No(w; §),

we have

Pos(w —1) — P s(w — 1)‘ < E(w; 3) (%)w (4.93)

Proof. Expanding ﬁng(w — 1) and splitting it as follows:

Poglw—1) = Poglw—1)+ Eps(w—1)+ > 1 F(k; w;8) (%) u=1

o] w—1 ~ k
D -~ 1 u,§
= Ps(w—1)+E,zs(w—1)+ Z E( J u) : (4.94)

Therefore

Poslw —1) — Bys(w — 1)]

w—1 |~ W w—1 |~ k
f . ‘gu,g‘ 1 |gu,§‘
S En,s(w 1) + (u_l \/ﬁu kzzg (k+w)‘ a \/ﬁu
w k
B 1 \wf - = §u+1,§‘ = |gus
[t () (e - %) %t (B
1 \w/ - w 1
< |Epz(w—1)] + (_n> <|g1§‘+1) kzz()(k+w)' (smce n > No(w s))
~ <‘§1§|+1>w 1\
< |Eng(w—1)| + w! (_n> ZE
k=0
_ (sl +1)" 1\




Now

S

L
]

I~

~

g

~ 1
- — < —_ -S| [ — u=1
Bnalw 1)‘ = 2h ‘F(k’w’S)K n>
k=0 lexe(k)
w—1 1 1 w
< ] qz ‘F(k, w; s)‘ <%> (since e Xg(k)).(4.96)
k=0 " fexeq (k)
Combining (4.95)) and (4.96]), we get (4.93]). O

Definition 4.6.8. Let Cy(w; 8) and Cr(w; 8) be as in Definition[{.6.4 Let E(w; 3)
be as in Definition |4.6.6. Then for all w > 2, define

Ep(w;8) :=3 Cr(w; 8) + E(w; 3),
and

Ey(w; 8) :==6 Cy(w; 8) + E(w; 8) (2 Cy(w; 8) + 1).

Theorem 4.6.9. Let M(n;T) be as in Definition and ﬁng(w — 1) be as in

Definition |4.6.9. Let E(w) and EY(w) be as in Definition . Let Ny(w; 3)
and No(w; S) be as in Lemmas|4.6.5 and|4.6.7. Then for all w > 2 and

N > maX{Nl(w; 8), Na(w; §)} = N(w; 8),
we have

M(n:T) (ﬁn,gw 1) = Ey(w;3) (%)“’) <pl(n;8) <

(4.97)

M(n;T) (ﬁn,g(w — 1) + Ey(w; 3) (%)"’) .

Proof. From Lemmas [4.6.3] and 4.6.7} for n > N(w;s), it follows that

p(n;s) < M(n;T) (]3”7§(w—1)+E(w; S) (%)w> (1—1—2 Cy(w; §)<%)w>, (4.98)
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w—1

B w—1 1 S . 1 uz_; ueu
- y ) ( ; W3 S) (_TL) B

k=0 €Xm(k)

w—1

< 5L S pkw s)(i>;ugu (as Xaalk) X (k)
— kfl B Y Y \/ﬁ =

k=0 " jex(k)

w—1 w—1 ~ k w—1 w—1 |~ k

k=0 k! u=1 \/ﬁ k=0 k! u=1 \/ndu

— 1
< ] (as n > No(w; §)) < 3. (4.100)

Applying (4.100

to (4.98), we arrive at the upper bound of (4.97). We get the

lower bound of ([£.97) by applying (4.100) to (4.99) and from the fact that Cy(w;S) -
E(w;s) > 0 for all w > 2. O

4.7 Conclusion

We conclude this chapter by pointing out the following aspects in which Theorem

remains incomplete.

1. Suppose w

e are given the following two functions defined by shifts of p(n):

M T M T

SP(n;S)==> [[p(n+si;) and SP(n;R):=>_ []p(n+riy).

j=1 i=1 j=1 i=1

I R I R

cide whether SP(n;S) > SP(n;R) for all n > N(S, R), we need to estimate
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T T
Hp(n + s;;) and Hp(n + r; ;) individually for each 1 < j < M. In view of

=1 =1
heorem estimation of two factors come into the prominence: computa-

M

tion of the term Z(ﬁnﬁj(w_l) —ﬁnjj(w—l)) with §; == (s14,...,57;),T; ==
j=1

(r1;,-..,7r7,), and approximation of the error term.

. Depending on the truncation point w, one can compute the main term

i(ﬁnﬁj(w -1) - ﬁn,fj(w — 1))

Jj=1

But computational complexity will arise in estimation of the error term because
in order to approximate E(w;s;) for each j, one needs to have a good control
over Xg(k) for 0 < k < w — 1. This seems to be difficult as w tends to infinity,
growth of | X¢(k)| is exponential.

. For example, in order to prove the higher order Turan inequality for p(n), the
minimal choice for w is 10 and consequently, by Theorem [4.6.9 with appropriate
choices for 8, it follows that

2 w1 1
41 =) (1= ) = (1= ) = VT o(ﬁ).
This concludes that p(n) satisfies the higher order Turdn inequalities for suf-
ficiently large n although due to Chen, Jia, and Wang [37|, we know that the
inequality holds for all n > 95. So, from the aspect of the error bound compu-
tation in order to confirm such inequalities from a certain explicit point onward,
our method is inaccessible.

. Last, but not least, the above discussions naively suggest that for making a
decision whether a given inequality for the partition function (of the above
types) holds or not, we need to have a full asymptotic expansion for the shifted
value of the partition function and explicit computation of the error bound
after truncation the expansion at any positive integer w.
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Chapter 5

Error bounds for the asymptotic
expansion of the partition function

Asymptotic study on the partition function p(n) began with the work of Hardy and
Ramanujan. Later Rademacher obtained a convergent series for p(n) and an error
bound was given by Lehmer. Despite having this, a full asymptotic expansion for
p(n) with an explicit error bound is not known. Recently O’Sullivan studied the
asymptotic expansion of p*(n)-partitions into kth powers, initiated by Wright, and
consequently obtained an asymptotic expansion for p(n) along with a concise de-
scription of the coefficients involved in the expansion but without any estimation
of the error term. Here we consider a detailed and comprehensive analysis on an
estimation of the error term obtained by truncating the asymptotic expansion for
p(n) at any positive integer N. This gives rise to an infinite family of inequalities
for p(n) which finally answers to a question proposed by Chen. Our error term esti-
mation predominantly relies on applications of algorithmic methods from symbolic
summation.

5.1 Asymptotic expansion of the partition func-
tion

A partition of a positive integer n is a non-increasing sequence of positive integers
which sum to n, and the partition function p(n) counts the number of partitions of
n. In their epoch-making breakthrough work in the theory of partitions, Hardy and
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Ramanujan [76] proved that

T asn — 0o (5.1)

71'

p(n) ~ ™ \/—

They also proved that p(n) is the integer nearest to

1 14
NG Z VA (n)iy(n), (5.2)

where A,(n) is a certain exponential sum, v = v(n) is of the order of \/n, and

SRR R\ e Y

Extending v to infinity, Lehmer [96] proved that (5.2)) is a divergent series. Rademacher
[122] |124] [123] considered a modification of (5.2)) that presents a convergent series
for p(n) which reads:

o0 sinh( C\,/k
p(n) = %ﬂ ;AM% (#) (5.3)

Lehmer [99, 98] obtained an error bound after subtraction of the Nth partial sum
from the convergent series (|5.3)).

The study of a full asymptotic expansion for p(n) can be traced in two directions
by considering two different classes that arise from imposing restrictions on parts
of partitions. The two restricted families are p*(n), the number of partitions of n
into perfect sth powers, and p(n, k), the number of partitions of n into at most k
parts. As an application of the “circle method”, Hardy and Ramanujan [76, Section
7, 7.3] obtained the main term in the asymptotic expansion of p*(n). This of course
retrieves when we take s = 1. Wright 152}, [153] extended the work of Hardy and
Ramanujan and obtained a full asymptotic expansion for p*(n). Recently O’Sullivan
[112] proposed a simplified proof of Wright’s results on the asymptotic expansion of
p*(n), and consequently obtained an asymptotic formula for p(n).

Theorem 5.1.1. (112, Proposition 4.4] Let n and R be positive integers. Asmn — oo,

p(n) = 4;/3__/< +Z—+O< R/2)>, (5.4)
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with an implied constant depending only on R, where

t+1

cres(DermE T e

k=0

The binomial coefficient is defined as (§) :=az(zx—1)...(z —k+1)/k! if k € Zx,,
(g) =1, and (z) :=0if k € Zo. Szekeres |142] proposed an asymptotic expansion
for p(n,k) for n and k sufficiently large and considering k& = n, one obtains the
expansion for p(n) as p(n, k) = p(n). Canfield [33] proved Szekeres’ result by using
a recursion satisfied by p(n, k) without using theory of complex functions and as a
corollary, obtained the main term of the Hardy-Ramanujan formulas for p(n), see
(5.1)). For a probabilistic approach to the asymptotic expansion of p(n), we refer to
[30].

The primary objective of this chapter is to obtain an explicit and computable
error bound for the asymptotic expansion of p(n). A main motivation to consider
such a problem is that from the literature, including the works [152, 142} 133, 30, |112],
we could not retrieve any information on the error bound for asymptotic expansion
of p(n). An advantage of getting a control over the error bound is that one can
prove the log-concavity property of p(n) directly from the asymptotic expansion as
speculated by Chen [35, p. 121]. In the language of Theorem , Chen’s question
can be formulated as follows:

Question 5.1.2. Do there exists d and ng such that
my/2n/3 3 d my/2n/3 3 d
e Wt (& Wt
1+ — — = | <pn) < 1+ — + — 5.6
4?7/\/3 ; \/ﬁt n2 p( ) 4’}’L\/§ ; \/ﬁt n2 ( )

holds for all n > ng?

Chen remarked that implies that p(n) is log-concave for sufficiently large n.
Now in order to demystify the phrase “sufficiently large”, explicit information about
ng is required; a question being intricately connected with the computation of the
error bound d. A similar phenomena can be found in O’Sullivan’s work:

Theorem 5.1.3. (112, Theorem 1.3, (1.15)] For each positive integer k there exists
Dy, so that for all n > Dy,

prn)? 2 pf(n+1) pfn—1)- (1+n7%). (5.7)
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For k = 1, Theorem merely implies that p(n) is log-concave for sufficiently
large n although we know that (p(n)),>26 is log-concave due to [111} [53]. Moreover,
O’Sullivan 112, (5.17)] proved that for large enough n,

p(n+ 1)p(n—1) T
p(n)? (” mﬁ) b

settled by Chen, Wang, and Xie [39]. The first three authors and Zeng [22, Theorem
7.6] proved a stronger version of using an infinite familiy of inequalities for
log p(n).

We conclude this section by discussing the novelty of this chapter in brevity.
In order to elucidate the term O(n_R/ 2) in , determination of the asymptotic
growth of the coefficients w; in is required; a task which looks deceptively simple.
Our representation of wy is of the following form:

t u

wp =y y(w) Y wls).

u=0 s=0

In an effort to estimate the inner sum Y o_,1(s), the use of the symbolic summation
tool Sigma [128] was essential. Schneider considered [128] (127, 129] a broader algo-
rithmic framework that subsumes the theory of difference field and ring extensions
together with the method of creative telescoping. This algorithmic tool began to
be aimed at a wider class of multi-sums, most frequently encountered in problems
of enumerative combinatorics. For example, in Andrews, Paule, and Schneider [11]
we can see how Sigma assists to solve the TSPP-problem in an LU-reformulation
by Andrews. Beyond the world of combinatorics, applications of Sigma transcends
to solve a very general class of Feynman integrals which are of relevance for man-
ifold physical processes in quantum field theory, see |1]. This chapter adds a new
facet to the regime of applications of Sigma; in particular, its foray into asymptotic
estimation for partition-like functions seems to begin with this work.

5.2 A roadmap for the reader

In this section we will provide a roadmap on the structure of this chapter; i.e., a
navigation from the starting point to the final goal of this chapter, to facilitate for
the reader to follow.
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Using the Hardy-Ramanujan-Rademacher formula for p(n) and Lehmer’s error
bound, Chen, Jia, and Wang [37, Lemma 2.2] proved that for all n > 1207,

V12er(m) 1 1 /12eh) ] .
24n — 1 (1 T ) Mn)lo) <p(n) < 5 — (1 T u(n)m)’ (5.8)

where forn > 1, u(n) := 5V24n — 1; a definition which is kept throughout this chap-
ter. More generally, due to the first three authors and Zeng, we have the following
result.

Theorem 5.2.1. (22, Theorem 4.4] For k € Z>s, define

k) = o <f;—6 (R + 1>,

where v(k) := 2log6 + (2log 2)k + 2k log k + 2k loglog k +
k € Zss and n > g(k) such that (n, k) # (6,2), we have

V12e#() 1 1 V12e41) 1 1
1 (1 RCE u<n>k> <P S (1 T M) o

The goal of this chapter is to derive an inequality of the form

S <§ o L(k)> <o) < (kzg )> (5.10)
i k p\n — ) :
s \& e T\
stated precisely in Theorem |5.7.5 starting from the inequality (5.9). As a conse-
quence we obtain Corollary which will give an explicit answer to the problem
stated in Question and which, as a further consequence reveals that p(n) is

log-concave for all n > 26, see Remark
The first step is to find explicitly the coefficients g(t) such that

ok loglog k

gk Then for all

V12 et <1 B 1 > e 2n/3 2 g(t)
- 3
24n — 1 p(n) 43 —~ . /n

This is done in Section 5.3 by computing separately g(2t) and g(2¢t + 1). In spite of
having a double sum representation for g(¢), we will see that the coefficients g(t) are
indeed equal to w; as in Theorem [5.1.1

119



The next step is to estimate the number ¢(¢) in the following form:

f@) = 1(t) < g(t) < f(E) +u(t). (5.11)

1w _ at) _ (.

Here f(t) has the property that lim; E % 1, limy oo @ = 0, and lim;_, T =

Precise descriptions for f (t) u(t), and [(t) are given in Section along with the
inequalities of the form . In order to prove such inequalities, we will use the

preliminary lemmas from Section and the summation package Sigma.
Finally in Section applying the bounds for g(¢), given in Section 5.5, we find

L1 (k), Uy (k) such that
Li(k) = g(t)  Ui(k)
< E<— %
— \/_ v

Also we compute explicitly Ly(k) and Us(k) such that

671'\/211/3 22(1{:) _ \/ﬁ e,u(n) 1 - 67r\/2n/3 [/]\2(1{:)
Anv/3 /" 24n —1 p(n)* = 4n/3 W

~

Combining the error bounds as L(k) = Ly(k) 4 Ly(k) and U (k) = U (k) + Us(k), we
arrive at the desired inequality (5.10)) for p(n).

5.3 Estimation of the coefficients g(?)

From Theorem we have for all k € Z>y and n > g(k) such that (n, k) # (6,2),

V12 et 1 1 V12 et 1 1
‘ <1 - ) < p(n) < L= (1 -t ) (5.12)
24n — 1 p(n)  p(n)* 24n — 1 p(n) — p(n)*
V12 ertm 1
Rewrite the major term Voo (1 — —) in the following way:
24n — 1 p(n)
AL S (w S (R (g
24n — 1 p(n) 4n\/§ Y 24n w(n)
= 1 A ~~ g
:=As(n)
(5.13)
Next we compute the Taylor expansion of the residue parts of A;(n) and As(n),

defined in ({5.13)).
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Definition 5.3.1. Fort € Z>, define

L, ift=0
er(t) = § (1) (/2= i g~ (D" (=t (m?y -
(24)t . + ; TR (%> , otherwise
and _
1 1 \2t
El(T) - ;el(t)(%) cn>1

Definition 5.3.2. Fort € Z>, define

o 4 (=1)"1/2 = t)ea ! (=1)"(—=t), T2\ v
o) '__12\/6< (24)" - Z(t+u+1)!(2u)!<%) )

u=0

and

01<%> = iol(t)(%ytﬂ, n > 1.

Lemma 5.3.3. For j, k € Z>,,
i N (B (i) _ L j=k=0
Zz:;_ ) i i) (—1)j2’“*23'§(23;_’3;1), otherwise
Proof. The case 7 = k = 0 is trivial. By the inversion relation

10 =310 (£) 900 k) = i(—l)i (5)50,

1=0

(5.18]) for j # 0 is equivalent to
k . o
Z(—l)HjQFQjE <k) (2] — 7 — 1> _ (k:/2>
o ATAN i)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

which can be proved (and derived) by any standard summation method, resp. algo-

rithm.

]

Lemma 5.3.4. Let Ay(n) be defined as in (5.13). Let E1(n) be as in Definition

and O1(n) as in Definition[5.5.9 Then
1 1

Ai(n) = By (%) + 0, (ﬁ>

121

(5.19)



Proof. From Equation ([5.13)), we get

A1<n) _ errw/Qn/?)( 17ﬁ71)

< (r1/2n/3)k 1 *
Ee(E

k=0

< (m+/2/3)" ~ (k —i Y
- Z—“k,_ ity (5) e ( “m)
VR s (RY e (1/2) (2L
D e\ Z<)< b ;(])@W

SRRSO (e o

k=0 =0 j=0 J
Define S = {(k,i : 0 < i < k}. In order to express A;(n) in the form
o (\/Lﬁ) we spht the set S into a disjoint union of subsets; i.e., S := |J V(¢),

t€Z>0
where for each t € Zso, V(t) := {(k,1,j) € Z2 : k — 2j = —t}.
Notice that for k > j, by Lemma [5.3.3) Zf:o ( )(Z§2) = 0. Furthermore, for each
element r = (k,4,j) € S, we define

S(r) == (rV2/3)" (Z1) (T) (2/2) and f(r) =k — 2.

k! (24) J
Rewrite as
A = Y SR =33 s0)(=)
res t=0 reV(t)
e 1 \2t & 1 \2t+1
-2 Y s0(5) X X se(g) o 6w
t=0 reV(2t) t=0 reV(2t+1)
Now

V(2t) = {(k,i,j)€S:k—2j=-2t}

{(k,i,j) € S: k=0 (mod 2) and k — 2j = —2t}

= {Qu,i,j)eS:j=u+t}={(uiu+t)€Z:0<i<2u}.
(5.22)

122



From (5.22)), it follows that

tz:; re;(?t)S(r) <%> 2t
- S (S E R ()00 G
- S (SR ()

~~

=&1(u,t)
(5.23)

By Lemma [5.3.3}

1, ifu=t=0
gl(u, t) _ 0, ifu>t
2u(1/2ta122+)!1(*t)u otherwise

Consequently, for all £ > 1,

2

t (—1)% 7y 2u (1/2 = t)in t (—1)%(—1), 2,
uz—% (2u)! <8> as = t ; (t +u)!(2u — 1)!(%) - (524

It follows that

ZZS()

(=)' (1/2 = t)¢1 (—1)%(—t)y w2\ L\ 1
_H;( (24)t t : Z(t—l—u)(Qu—l) (36>><ﬁ> _El<%>'
(5.25)
Similar to , we have
VEi+1) ={Qu+1iu+t+1)€Z:0<i<2u+1}, (5.26)
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and consequently, it follows that

Z Z )S(r)(%)%“

-3 (24)t (i W(\z/l: 12)u.+1 (zi)u; %1( 1)i<2u;r 1) (u JZZ 1)) (%)wﬂ,

t=0 u=0 Z 0 Y
::C’)\lr(u,t)
(5.27)
By Lemma [5.3.3}
0 = 0, ifu>t
) = et orhervise
It follows that
> Y s (5=)
t=0 reV (2t+1) Vn
___7 i (—1)"(1/2 = )i Z (=1"(=t)u (12)“ (L)”H
126 <= (24)t S (t 4 u+1)!(2u)! \36 NG
1
=0 (—) 5.28
1 \/ﬁ ( )
From (5.21)), (5.25)), and (5.28)), we get (5.19). O
Definition 5.3.5. Fort € Z>, define
1 = 1 \2 1
E (-) — ¢ <—) ith eq(t) = ——. 5.29
2 \/ﬁ 262( ) \/ﬁ wi 62( ) (24)15 ( )

t=0
Definition 5.3.6. Fort € Z>, define

02<%> _ 202@)(%)%# with os(t) := _W\§2_4 (_i/2>((;_41:)); (5.30)

Lemma 5.3.7. Let Ay(n) be defined as in (5.13). Let Ea(n) be as in Deﬁm’tion
and Oz(n) as in Definition[5.5.6. Then

Ay(n) = EQ(%) + 02(%). (5.31)
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Proof. Recall the definition of As(n) from (5.13]) and expand it in the following way:

o = (1-5) () = (- 50) -~ vmvr(-am)
Yo s () e )
- EQ(%) + @(%). (5.32)
This completes the proof of . ]
Definition 5.3.8. In view of the Definitions we define
1 1 1
5671(%) = El(ﬁ>E2(%) (5.33)
&4%) - Ol(in)oz(%) (5.34)
5071(%) - El(in)@(%), (5.35)
and
50,2(%) - Eg(in)()l(%). (5.36)
Lemma 5.3.9. For each i € {1,2}, let Se,i(%) and So7i<%> be as in Definition
8. Then
V12 et e
T RF e » CHES N E ) e

Proof. The proof follows immediately by applying Lemmas[5.3.4{and [5.3.7]to (5.13]).

O
Definition 5.3.10. Fort € Z>, define
L (—1)5(1/2 = 8)gs1 o= (—1)¥%(=58)y /m2\u
Si() = ; =1 /s ) ; (s :— u))'((Qu z 1)! (%) ’ (5-38)
and
Gen(t) == o1 (1 + Sl(t)). (5.39)
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Lemma 5.3.11. Let S, (\/_> be as in . Let ge1(t) be as in Definition|5.5.10.

Then . <L> 72 (t)<i>2t (5.40)
el \/ﬁ = £ Ge,1 \/ﬁ . .

Proof. From , , and , we have

su(m) = a(H)R(x)

— 14 Z(el(t) + 62(t)) (%)% +y (Z ex(s)ea(t — s)) (in)%
= 1 + Z <€1<t> + €2<t) + Y 61(8)62(t - S)) (%)21&
) - (5.41)
Combining (5.14)) and (5.29)), we obtain
+ 62 + Z 61 62 t — S
(=1)"(1/2 = )1 (=1)"(=t), T2\ U 1
- (24)t t : ; (t+ u)!(2u — 1)! <%) (24)
L [((CD (/2= ) g~ (F1)"(=8)a 7y
* @51< s ;(s+u)!(2u—1)!(%> >
- @(1 £51(1)) = geal). (5.42)
which concludes the proof of . ]

Definition 5.3.12. Fort € Z>,, define

; 1/2=s S“( _ i/f 1) /T i_ii(i!s()gu)! (G5) 6

u=
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and

Gea(t) == U Sa(t). (5.44)

1
Lemma 5.3.13. Let S, - (T> as in (5.34) and g.2(t) as in Definition|5.3.14. Then
n

56,2(%) _ f: Gen(®) (%)zt. (5.45)

t=1

Proof. From (5.17)), (5.30) and (5.34)), we have
sal) - 0ol
_ (ioﬂt}(%yt“) (i@(zﬁ)(%ytﬂ)

t=0
1

-y (Z 01(s)oa(t — 5 — 1)) (%)”

t=1 s=0
=S ge,g(t)(%)” (by and (5:30)). (5.46)
t=1

]
Definition 5.3.14. Fort € Z>,, define

! = 5)s+1 _ti/Q > —1)%(—s u 7"-2 v
Sd(t) :22(1/2 ) ( S)Z(S( 1)( ) < ) ’ (547)

s=1 s el Clun u)!(2u — 1) \ 36
and ( -
6 -1 - |
/24 (24) (( 7% +53(t)), ift>2
432 + 72 |
)= _2304fgw’ ift=1. (5.48)
/24 ift=0

1
Lemma 5.3.15. Let SOJ(T) as in (5.39) and g,1(t) be as in Definition |5.3.14,
n
Then

2t+1

() = ggom(%) . (5.49)
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Proof.  From (5.15)), (5.30) and (|5.35)), it follows that

() - Bl
= (B @) (i B )
6 1 432 + 7 2t+1
NIV 2301:/} Zg‘” < =)
(by ) and (5.30)). (5.50)
O]
Definition 5.3.16. Fort € Z>,, define
1) = S/ — o 3 (T o
e pord . = (s+u+1)N(2u)!\36/ '
and 1
Goa(t) == —12”—\/6@54@). (5.52)
Lemma 5.3.17. Let S, (%) be as in and g,2(t) be as in Definition|5.3.16,.
Then
S0 (%) =3 g0alt) (%)M. (5.53)
Proof. From (5.17)), (5.29) and (5.36)), it follows that
su(7) = o(F)R(5)
= Z (Z 01(8)ea(t — 3)) <%>2t+1
_ igog(t)<%>2t+l (by and (5.29)). (5.54)
O]
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Definition 5.3.18. For each i € {1,2}, let g.;(t) and g,:(t) be as in Definitions
5.3.10H5.5.16. We define a power series
)2t+1

G(n)::Zg < > Zth( n) +Zth—|—1(
9(2t) :== gea(t) + ge2(t) and g2t +1) := go1(t) + go2(t). (5.55)

where
Lemma 5.3.19. Let G(n) be as in Definition [5.3.18 Then

V12 erm) 1 1 s
A (1_M<n)) = 075 VL G(n). (5.56)

Proof. Applying Lemmas [5.3.11 to Lemma [5.3.9, we immediately obtain
(15.56)). ]

3

Remark 5.3.20. Note that using Sigma and GeneratingFunctions due to Mallinger
1104, we observe that for all t > 0,

9(2t) = gea(t) + gea(t) =wa and g(2t +1) = go1(t) + go2(t) = warr1,  (5.57)

where wy is as in (5.5). Equivalently,

t+1

0= (1 Jerioam(s) 6

However this was already clear from the uniqueness of the asymptotic expansion for
p(n) and its proof can be considered as an additional verification of our computations.
The reader might wonder at this point why we did not use the single sum expression
found by O’Sullivan to bound the remainder of the asymptotic expansion for p(n).
We tried this indeed, but could not obtain from w, an effective upper and lower bound.
The summation package Sigma could not rewrite w; as a definite sum which is crucial
for our estimations. However going to the double sum expression g(t), Sigma was
able to give a definite sum expression for the inner sum as we will see later, and this
enabled us to obtain effective upper and lower bounds in the sense that we described

earlier. Namely, [(t) < g(t) < u(t) and lim;_, % = limy_,0 % = 1.
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5.4 Preliminary lemmas

This section presents all the preliminary facts needed for the proofs of the lemmas

stated in Section[5.5l The proofs of Lemmas top.4.6| except are presented
in Subsection .81

Lemma 5.4.1. Let x1,29,...,x, < 1 and yy,...,y1 be non-negative real numbers.
Then
(I—z)(1—29) - (1 —x,) u u
>1-— E Tj— E Y.

Lemma 5.4.2. Fort > 1 and non-negative integer u < t, we have

L D=L >1@_M+a.

1
2 = (1+20)(t+u)t), — 2t t

Lemma 5.4.3. Fort > 1 and non-negative integer u < t, we have

u

—H).(—1)¢ 3 2
2u—|—1Z 1 N 2t Z( t)Z( 1) Z2u+1_4u + 6u” + 8u + 3
2t L+2t 0 14204 (t+0)(t); 2t 12¢2

1=

Throughout the rest of this chapter,

o=
o 6
Lemma 5.4.4. We have
o'} Oé2u 00 uagu . 00 U2Oé2u 2 .
Z 2u)] = cosh(a), Z 0] = —asinh(«), Z 2wl = Icosh(oz) + — sinh(a),
u=0 u=0 ' u=0 ’
and
i 3 .2u 2 2 1
u)!
u=0

Lemma 5.4.5. Let u € Z>o. Assume that an11 — @y, > bpy1 — by, for alln > u, and
lim,, o a, = lim,, oo b,, = 0. Then

b, > a, for all n > wu.
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Lemma 5.4.6. Fort > 1 and k € {0,1,2,3} we have

Lemma 5.4.7. [22, Equation 7.5, Lemma 7.3] For n,k,s € Z>, and n > 2s let

4./s <s—|—k‘—1> 1

bin(s) := —,
k, (S> /8—|—k'—1 8—1 nk

then

0< z_; <_1Tl) (_n?k < Den(5). (5.59)

Lemma 5.4.8. [22, Equation 7.9, Lemma 7.5] For m,n,s € Z>, and n > 2s let

2 m
Cmn(S) 1= —S—,

then

Cmn(8) = [1/2) (—1)*s*
- — < 0. 5.60
()5 - (5.60)
k=m

Lemma 5.4.9. (22, Equation 7.7, Lemma 7.4] For n,s € Z>1, m € N and n > 2s

let
2 s+m—1)

/an(s) = n_m( s—1

0< i (7;) (_n?k < Bran(s). (5.61)

then

5.5 Estimation of (S;(t))

For the sake of a compact representation the organization of this section is as follows.
We first present the statements of the lemmas needed; then, in a separate subsection
we present the proofs.
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5.5.1 The Lemmas [5.5.1] to [5.5.4
Lemma 5.5.1. Let Si(t) be as in Definition|5.3.10, Then for all t > 1,

1 S (t) (—1)! 1 13
— 37 < (—1)t(_t%) - (_t%) (cosh(a) — 1) + % sinh(a) < T (5.62)
Lemma 5.5.2. Let Sy(t) be as in Definition|5.3.12. Then for all t > 1,
11 t —1) inh 1
- —< SQ(J ! 3) cosh(a) + sinh(a) < - (5.63)
10t (—5) (—5) o) t
t t
Lemma 5.5.3. Let S3(t) be as in Definition|5.3.14. Then for all t > 2,
71 Ss(t -1t 12
~ o0t < (i(g)) <(—§)) asinh(a) + 1 — cosh(a) < T (5.64)
t t
Lemma 5.5.4. Let Sy(t) be as in Definition |5.3.16. Then fort > 1,
1 Sy(t) (—1)!sinh(a) 1 13
- — < ST — 3 + — cosh(a) < —. (5.65)
3t2 (_1)15( t2) ( tz) «Q 2t 202
5.5.2 The Proofs of Lemmas [5.5.1] to 5.5.4]
Proof of Lemma [5.5.1: We rewrite S;(t) as follows:
t t
(=D ¢~ (=) (1 (=8)u
Si(t) = -
1(t) 2 (20— 1) Z:: s (2 S)SH (s + u)!
B zt: (_1)ua2u t—u (_1)s+u (1 . u> (—S - u)u
B — (2u—-1 = s+u \2 stutl (s +2u)!
::S:?t,u)
(5.66)

We use the summation package Sigma (and its mechanization by EvaluateMult iSums)El7
to derive and prove that

Sy(t,u) = (-1)t(_t§) (_Zi)uAl(t, w), (5.67)

2For further explanations of this rigorous computer derviation we refer to Appendix and

Remark @
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where

A (t,u) = Htu(Z1)" —<<_1)t+1+ ! + 2t zu:(—t)ig—l)j.

(14 26)(t + u)(t)y (—t%) (1+2t) 14264 (t+

Now by Lemmas [5.4.2] and [5.4.3]

1 (1) 2u+1 u?+3 (-1)! 2u+1 4u®+6u®+8u+3
B “ e sAtY S S 1202
t

2 + (ft%) 2t 212

_|_

1
2t

It is convenient to reorder the terms in this inequality with respect to the powers of

-t 1w u? (-1t 1 1 u? u?
LSy S S U< At < — <___) = (568
() s b < (3) T e ) T e B
¢ t
Combining (5.66) and (5.67)), if follows that
3\ L. ~2u
—< a”U Ay (t,u)
Si(t) = (_1)t( t2) ZW' (5.69)
u=1 :
To derive a lower bound, combine (5.68|) with ([5.69) to get
Si(t)
3
<_1)t( t2)
(- 1 Lo TG uwa®™ 1 s ula
Z - — — -
(7)) 4 ; (2u)!  t ; (2u)!  2t2 ; (2u)!
(—1)t 1) = o = o I = ua® 1 = ula®
() (S s ) e L
((tQ) 422 |\ &= (2u)! e )l e 2u) 27 2 (2u)!
(-t 1 = o ot I = ua® 1 X ula?
> —_ J— PR — _— = PR —
((ti) 42 HZ:O (2u)! 182 tuzzo (2u)! 212 ;0 (2u)!

(-1 1
by Lemma [5.4.6] and >— forall t>1

_3
( tz) 42

(-1t 1 at .
) ( O E) (comhte) =1 = g5 ) = gy simhte) ~
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2

1 <a_ cosh(a) + %sinh(a)) (by Lemma 5.4.4>

2t2\ 4
(1) 1 at 1
il ( () 4 (cosh(a) —1) - e g simh(a) =
1 /a? a -1t 1
ﬁ(? cosh(a) + Z&nh(a)) (as ((tg; — 1z < 1 forall ¢> 1)
—1)t 1
= ( _§> (cosh(a) — 1) — 5 sinh(a) —
()
1 {cosh(a)—1 ot ao? a
o <—2 g coshla) + sinh(a)
> . (cosh(a) — 1) ~ Lasin(a) -
cosnla) — — —oasinnloe) — ——
—t%) 2 82

9 4 4 4
(5.70)

hia) =1  of  a? 1
(aS%_'_a__Fa—cosh(a)—i—gsinh(a)<—>.

Similarly, for the upper bound, we have for all t > 1,

Si(t)
_3
(_1>t( t2)

(1) = o™ I ua® 1 o 2 = ue? 1 ula
< — - +— + + +
(72) ;(zu)! t;@u)! 4t2;(2u)! 3t2;(2u)! 21&2; (2u)!

1 zt:u3oz2“
3t = (2u)!
(1) = a® 1T ua® 1 m w1 o
(,t%) ;(2@' t;(Qu)' t o u)l 482 = (2u)!
2 = w1 =uta? 1 XN utaP
50 2 2wyl +@; 2u)! +@; 2u)!
< S (cosh(a) - 1) h(a) + 2 + - cosh(a) + rzasinh(a) +
coshlo) — — —QaSsIinnl«o — — cosh(« —a SInn(«
- (,t%) 2 93 442 3t2
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1 [ao? 1 2 41
— (a_ cosh(a) + %sinh(a)) + ) (3% cosh(a) + % sinh(a))

(by Lemmas [FZ4 and )

= ((_3 (cosh(a) — 1) — %a sinh(a) +

1{a* a*+1 a(a?+12) .

5 <§ 1 cosh(a) smh(a))
< (;é;t (cosh(a) — 1) — Qlta sinh(a) +

Lot o®+ ale® +12) .

7 (5 1 cosh(a) o1 smh(a))

(~1)" 1 13

< ?) (cosh(a) — 1) — pTia sinh(a) + 952

(5.71)

By (5.70) and (5.71)), for all ¢ > 1, it follows that

1 S1(t) (—1) 1. 13
— 7 < (_1)t(_%) — (_t%) (cosh(a) — 1) + 5 sinh(a) < 253 (5.72)

t
which concludes the proof. ]
Proof of Lemma[5.5.9: Rewrite Ss(t) as follows:

t—1

B % ZO<%_S_u>s+u+1<t—S:§U—1)%

S=
S

~~

=:55(t,u)
(5.73)
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Using the summation package Sigma (and its mechanization by EvaluateMult iSums)El
we derive and prove that

So(t,u) = C?) (—1)u+! (AQ,I(t, )+ Aga(t, u)) , (5.74)
where At 2(t — u)(—t)u(—1)"

20 = o (1 20)(t+ w) (£
and

- (_1)t+1 1 ot (—1)i(—t)i
Azt u) = () L TG TR Y ; (t+a)(t);

From (5.73) and ([5.74) it follows that

S(t) = — (;2> (32,1@) + 52,2(75)), (5.75)
where
$21(t) = 2 (zu)!AQ,l(t, u) and So9(t) = 2 2u) Ago(t,u). (5.76)

By Lemma [5.4.2] we have

1 u2—|—u+%< t—u u? + 3
1+2u  t(142u) — t(1+2u)

Plugging ((5.77)) into ([5.76|) we obtain

t—1 -1 9 1 t—1 9 t—1 )
1 uwtu+g o, a 1 uo?
- 72, 2u 1) < - _Z =

UZ; 2u+ 1) UZ; Qu+ 1) @ _3271()_%0 (2u+ 1) t;@uﬂ)!’

and consequently,

00 0o
2u 2u 1

S @ 3 o wvtuts o,
o 7o 11\ 7 ——=a" < 1) <
= Qu+ Dl (2u+1)! t; (2u+1)!a < s(t) <

%m_2<z 2u+ 1 ; 2u+1)! )
(5.78)

3We refer again to Appendix and Remark to see the underlying machinery in action.
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By Lemma [5.4.6|,

> 2 o= uat 20, 202
- — < = 5.79
; (2u +1 ozz Z (2u—1)! T o2 Lo, u)t T et 98 ’ (5.79)
and
= 4o’
= = . 5.80
Z 2U—|— 1 a2 Z - a2 Z - a2t2 9¢2 ( )
u=t u=t+1 u=t+1
Plugging ((5.79) and ( into gives
s 200 I~ tut % )
B B e t) <
u:() 2'LL+ t2 t; (2U+ 1)| (6% S So 1( )
i a?t 1 i ua®® 40
—(2u+ 1) = (2ut+1) 98P
(5.81)
Using Lemma (5.81]) further reduces to
sinh(a) 1 [ cosh(a) = sinh(a) asinh(a) 2a?
i < t) <
o t( P " d 1 g sealls
(5.82)
sinh(a) 1 cosh(a) sinh(a) 40
o t 2 2 9 )
A numerical check shows that
cosh(a) =~ sinh(a) = asinh(a) 22% 7 cosh(a)  sinh(a) 4a? 3
< — and - — > ——.
T R T R 2a 9 ~ 40
This, along with (5.82), gives
sinh(o) 7 sinh(ar) 3
_—t = t —. 5.83
o 00l =TT T (5:83)
Next we employ Lemma [5.4.3| and get
1 4u? + 6u? —1)t+ 241 (—1)H!
2u+1  4u’+6u —|—8u—|—3+( )3 < Agaltiu) < U+ ( Z (5.84)
2t 12¢2 (—ti) ' 2t (_ti)
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Plugging ((5.84)) into (5.76[), we obtain
=1 o9y t+1 3 2
« 2u+1 —1 du® 4+ 6u” + 8u + 3
Z + ( )3 — 5 <spa(t) <
(2u)! (—5) 12¢
u= t
— a2“ <2u +1 N (—1)”1)
_3 ;
:0 ( tz)
which, using p3(u) := 4u® + 6u® + 8u + 3, can be rewritten as

I = 2u+1)a® 1K 2u+1Da*  (—1)HF & ps(u
Q_tZ (2u)! _2_152; Q) (- 2u 12152Z 2u

o~

I

v s () #
l ) (2u—|—1)042u (_1)t+1 00 a2u ( 1)t+1 o a2u
s sall) <5 uz; el (7 uz 2u) () 2w

(5.85)

! 2 ! 2 | 242 2
—~ (2u)! o S (2u)! a? e (2u) a’t 9t
and
2 1)y 2v 1 2u2u — 1)2a2% > 3,2u 2002
S e L e e Yy Sw = w
~  (2u) a? = (2u)! a? e (2u) a?t 9t
(5.87)
Combining ([5.86)) and (5.87) with (5.85]) gives
1 & 2u+ v 13202 (1)K o p3(u
271; ' Tt o () UZ 2u)! 12t2 Z 2u
1 = (2u+ 1)a2 (—1)t+1 Lo (=1)'8a?
<sat) <52 ) | 3 [T o
2t =0 (2U) ( t2) —0 (2u) ( t2) 9t
(5.88)
Furthermore, for all t > 1 we have (2;) > % which implies
(—1)t 22+l
(_%) = (2t+2) <1, t>1. (5.89)
t

t+1
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Applying (5.89) and Lemma to (5.88)), we obtain

—1 t+1 1 C
( )3 cosh(a) + g(COSh(a) + asinh(a)) - 2’;2(&) < s9(t) <
—3 " )
t ( )t+1::CSh(a) , (590)
-1 1 8o
_t% cosh(a) + 2—tcsh(a) + o
where
16a* «a?cosh(a) a’sinh(a) cosh(a) asinh(a) 8a? 1
— 1 and — < -.
Cal@) = =5 1 24 S R R
Therefore
—1)tHt 1 1
( _t)g cosh(a) + Q_tCSh(a) 5 < s99(t) <
5.91
U comh(a) + p-csh(a) + o
1% cosh(a) + esh(a) + 73
Applying (5.83) and (5.91)) to (5.75]) we obtain
inh 7 —1)t+t 1 1 So(t
sinh(o) _ 7 (=)™ Z} cosh(a) + —csh(a) — = < — 2_<3 ) <
a 10t (72) 2t 12 (7)
t t
sinh(a) 3 (=1)! 1
— 4 h —csh —
- + 100 + (23) cosh(a) + 5;C8 () + prel

which implies that for ¢ > 1,

inh —1)tt 1 7 h So(t
= (04)+( )3 cosh(a) + - ——+CS ((X)—l §—2,(3)§
« (—5) t 10 2 (7)
¢ o ! (5.92)
sinh(a) =~ (—1) 1{3 csh(a) 1
h(a)+ - [ = 2.
5 + (_t%) cosh(a) + 10 + 5 + 1
Sinee 7 csh(a) 3 eh(a) 1 11
csh(a csh(a
S ik S U | 2 g2\ - 2
02 T RV I Tik
from ([5.92)), it follows that for all ¢ > 1,
1 inh —1)Ht So(t 11
—o <2 (@) _ Z cosh(a) — # < —. (5.93)
t « (_5) (_5) 10t
t t
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Multiplying by —1 on both sides of (5.93]), we get (5.63). ]
Proof of Lemma[5.5.5: Rewrite Ss(t) as follows:

s = Lty 26 2) eran
- ; ((;J)_uoi; ; S %1— U (% 5T u)s+u+1 (t —_55— u> ((;b:l—_QZ));J

-~

=:53(t,u)
(5.94)

Using the summation package Sigma (and its mechanization by EvaluateMultiSums),
the sum S3(¢,u) can be rewritterﬂ as an indefinite sum

_3
S3(t,u) = ( t2) (—1)* (Ag’l(t,u) + Ag,,g(t,u)), (5.95)
where H(1+ 2t — 2u) (—t)u(—1)
+ 2t — 2u)(—t),(—1)"
Ag’l(t, U) =
2(1 + 28)u(t 4 u)(t),
and
(—1)t+t 1 2 (—t);i(—1)?
Aso(t,u) = .
saltv) () o T T t+ )0
From (5.94) and ([5.95)), it follows that
_3
Sg(t) = ( t2) <8371 (t) + 83’2(75)), (596)
where
t OéQu t a?u
8371 (t) = ; mAgyl (t, U) and 83,2(75) = Z mz‘lg,g(t, U) (597)
By Lemma [5.4.2] we have
1+2t—2u 1 u?+3 142t —2u 1 1 2u—1
— — < As(t,u)————=A - < 0.
u a1 = A w3 Amlbw) g =0
(5.98)

4We refer again to Appendix and Remark to see the underlying machinery in action.
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Equation ([5.98]) implies that

2

3w +2u+y5 vty 4G 2u—1 1 2u—1
4ut 2ut 2ut dut  — 31t ) 2u —  dut
(5.99)
Plugging (5.99) into (5.97]), we obtain
1 N (Bu? +2u+ Lo 1 <~ (3u2 4 2u + L)a2v bLoq2u
- ( o 2) S_g ( o 2) < spa(t) — (2)4 ' <0,
u=1 ( ’LL) u=1 ( U) u=1 ( U)
and consequently,
1 <= (3u? +2u + 3)a™ i a?u = o = o
s B S SN D i sy
2t (2u)! Bt (2u)! — (2u)! Bt (2u)!
(5.100)

Applying Lemmas |5.4.6{ and |5.4.4] to (5.100) gives

1 1 { 302 cosh Tasinh 2cosh(a) —2 ot
< t( a® cosh(ar) + Tarsinh(ar) + 2 cosh(a) +CY_> < s31(t)+1—cosh(a) < 0.

8 9
(5.101)
Next, by Lemma [5.4.3 we obtain
4u3 + 6u? + 8u + 3 (-1 2u+1
— < Aszo(t — <0. 5.102
1212 < Aaaltyu) + 2 (5.102)
t
Applying (5.102) to (5.97)), it follows that
(1) = a2 1 = (2u+1)a2
¢ S — <0 5.103
ss2(t) + () UZI (2u — 1) 2t; Qu—1 ~ (5.103)
and
1) o 1 < (2u+ 1)a® 1 < ps(w)a?
t - _
sa2(t) + () Z_; (2u —1)! 21&; Qu—1) = 122 Z_; (2u — 1)!
t u= u= uo_o ( ) ) (5104)
1 p3(uw)a“t
> _
= 1o ; Qu—1)’

where p3(u) = 4u® + 6u 4+ 8u+3 is as in (5.85)). Equations (5.103)) and (5.104) imply
that

(_?t i (2 2 1 & (2u—i— 1)Oé2u < (_?t i a (5.105)

() & Q-1 264 u-1! ~ (5) 42 Cu-1
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(-1t o 1 <= (2u + 1)a2
t Nt
ss2(t) + (—%) ; 2u—1)! 2t ; (2u—1)! —
Lo T - (5.106)
1 p3(u)a® 1 Z (2u+1)a?
2 1 9t T (u— 1)
1207 &= (2u— 1)1 2t 2= " (2u—1)!
By Lemma [5.4.6| we obtain
= o = ua® 4ot 20
2 2u —1)! 2 2u)! — 3-312 o (5.107)
u=t+1 u=t+1
and
— (2u+ 1o = (2u + 1 200  10a*
= 2u < = : 5.108
Substituting ([5.107] into - and ( , it follows that
(-1 o I <= (2u+1)a® 3 2a* ot
+ N <= 5.109
ss2(t) + () 2 (2u—1)! 2t; Qu—1I ~2 92 322 (5.109)
and

4 2u 4
p3(u da ps(u)a 1 10«
< — — <
12t2 Z 2u — 1 92 — 12t2 Z 2u —1)! 2t 92

1) v I = (2u+1)a
(2) ;(2@6—1) 2~ (2u—1) "
(5.110)

8372 (t) +

Using Lemma into (5.109) and ([5.110)), we obtain

_ 61 - _l 3a? sinh(a) N (a* 4 24a?) cosh(a) N 3asinh(a) . 50t g
100¢2 12 8 24 1 T
(—1) 1 at 3
s32(t) + ( t%) asinh(a) — 2_tSCh(a) < T < 0
(5.111)
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where sch(a) := a? cosh(a) + 2asinh(a). Combining (5.101)) and (5.111)), and then
plugging into (5.96) it follows that

1 61 Ss(t)  (=1) | 1 3
— — < h(a) — —sch 1 — cosh < .
5 ~ 10082 (7%> + (7%) asinh(«) 575 () + cosh(a) 10022
t t
Since for t > 2,
1 61 n 1 h(a) > 71
ot 1002 2t Y7 T 00t
and 3 1 12
~sch =
o022 2 M@ < 55
we finally get
12 Ss(t -1t 71
T ﬁ(g)) %a sinh(a) + 1 — cosh(a) > ~ 100" (5.112)
O]
Proof of Lemma [5.5.4 Rewrite Sy(t) as follows:
t t
(—=1)*a® 1 (—5)u
Sut) = 32N S(- - ) S /O
«(t) 2 (2u)! Z( ) 2 ° s+1(s+u+1)!
t t—u
—1) 2u 1 e u
_ Z&Z(_Dsm(__s_u) (—s —u)
—~  (2u)! 2 stut1 (s + 2u+1)!
::S:?t,u)
(5.113)

Using again the summation package Sigma (and its mechanization by EvaluateMult iSums)El,
we rewrite Sy(¢,u) as an indefinite sum

Su(t,u) = (‘f) (—1)utt (A4,1(t, w) + Ayt u)), (5.114)

where

Aga(t,u) = 201+ 2t)(t +u)(t +u + 1)(t)

5We refer again to Appendix and Remark to see the underlying machinery in action.
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and

1 (_1)15 1 2t (_1)i(_t)i
Aga(t,u) = 1+2u( () 1+ H?‘t; (£ +2)(t): )

From ({5.113)) and (5.114) it follows that

Su(t) = (~1)' (7) (s0a(6) + s12(0)), (5.115)
where
salt) =3 (‘;‘u;!A4,1(t,u) ond sialt) = 3 (§u§!A4,2(t). (5.116)

From Lemmas [5.4.1] and [£.4.2] we have

12 )< —  —(1- 2 < Ayq(t <
4t2< t >_2(t+u+1)2t< ;| SAulbu) s

Combining ([5.117)) with ([5.116|), we obtain

t t

1 (u? +u+ 1 o
— s <L

182 2 (20)] 4 Z < sl < gz (2u)!’

and consequently, we get

u

1 o= a?
@Z 2u)! 4252

u:O ’ u=t+1

Mg
EQ
N
gl -
WE
=
A—l—
| =
E |+
—wl
Y
|
N
=
IA
g
[\]
™
gg

Equation ([5.118)) together with Lemmas [5.4.6 imply

3 1 1 (oz4 (a* + 6) cosh(a) N 3a Siﬂh(a))

72 * 16 16

1
<saa(t) < @COSh( a).

(5.119)
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Next, by Lemma [5.4.3] we obtain

1 (-1 2u—+1 1 ps3(u)
< Ayo(t — < 12
0< Aualtyw) = 77 2u< () 2t ) = 1+2u 12627 (5.120)

where p3(u) is as in ((5.85)). Plugging (5.120)) into (5.116]), it follows that

- 2u nt 2u+1 = o (-1t 2u+1
0= saalt uzzuﬂ ((3)_ 2t >+u_z( 1)!( N >

- o2 ' : o (5.121)
1 ps(uw)a 1 2u + 1)
58 2 a1 T 3 Zl (2u+ 1)
By Lemma [5.4.6]
i ©° ot ot
= 5.122
2 (2u+1 Z (2u)! — S35 T /e (5.122)
u=t+1 u=t
and
i (2u+ Do g~ Qutl)e*™ _Co+2C; _ a'(l+4) 5o (5.123)
L (2u+1)! (2u)!  — 2 3.3u2 18

Applying (5.122)) and (5.123]) to (5.121)) and using Lemma we finally obtain

_3 2 o —1)" o —1)! sinh(a 1
“To002 < T3 182 < _((‘3; g = 2l ((‘3; a( s o7 cosh(a) <
t t
1 ((a2 + 6) cosh(a) N asinh(a) N 5a4> _ 7
t* 24 8 36 |~ 2012
(5.124)

145



From ([5.119)), (5.124)), and (5.115)), it follows that

12 1000 4 5/ = 1000t 5t3  4¢2 -

Sy(t) (—1)tsinh(a) 1 1,7
_— - cosh(a) < 5 (oo + < cosh(a))
(_1)t(7§) (7;) e (a) (50 + 7 cos (a)
This implies for t > 1,
13 Sy(t) (—1)!sinh(a) 1 1
> — + — cosh(a) > ——. (5.125)
2 3 3 2
20t (_1)t< t?) ( t2) (67 2t 3t
O
5.6 Error bounds
Lemma 5.6.1. For alln,k € Z>,
oy ! e (5.126)
— (24n)* (2471)’C
Proof. The statement follows from
- 1 24n 24n 24
d 1< < — foralln>1.
L 24n T 2y 2uan—1 M 24n—1 23 "
O
Lemma 5.6.2. For alln,k,s € Z>1,
1 = (-1 (7)1 12 1
< < . 5.127
(k4 1)s2 (24n)* tz (24n)t " 5(k4+1)"2 (24n)* (5:127)
Proof. Rewrite the infinite sum as
00 7% 00 2t+2 t+1 1
t+1
. 5.128
Z t 24n Z 4t 2ts (24n)t ( )

t=k t=
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For all t > 1,

From ([5.128)) we get
= VIFT 1 = (-DH(E) 1 4 SVIFT 1
Z - tSZ( ) tS_Z - t (5.129)
—~ 15 (2n)t T = ts (24n)" — Vm = 2t° (24n)
For all £ > 1,
3
= (=DH(p) 1 S | e 1 1 1 1
> > T > 1
; ts (24n)t ; ts (24n)t ; (t41)5z (24n)" ~ (k4 1)5 = (24n)*
(5.130)
and
i (') 1 4 i 1 1
— ts (24n)t — /= — 2 (24n)t
1 o 1 1
< —= 1
ves tz,; (t+1)*2 (24n)
4 = 1
<
T Ak + 1) ; (24n)!
4.24 1 1
< by (5.126))).
23 - /T (k +1)"2 (24n)* (by (£-128))
12 1 1 (5.151)
5 (k+ 1) 2 (24n)*’ '
Equations (5.130) and (5.131)) imply (5.127)). O
Lemma 5.6.3. Forn € Z>iand k € Z>,
=3\ (—1) VEk+1
0< 2 <4V2 . 5.132
; ( t ) (24n)t V2 (24n)*k ( )
Proof. Setting (n,s) — (24n,2) in (5.59), it follows that for all n > 1,
(=3 (—1) VEk+1
2 ) < 4V2——.
0< ; < t > (24n)t <4v2 (24n)*
UJ
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Definition 5.6.4. For all k > 1 define

- 6a sinh(«) 3 L o\2
Lqi(k) = (cosh(a) — N ES - 100k + 1)3/2) (m)

and

[ 24cosh(a)  asinh(a) 5 1 2k
Gilk):= ( 23 okl +4(k:+1)3/2) (m) '

Lemma 5.6.5. Let Ly(k) and U,(k) be as in Definition [5.6.4 Let g.(t) be as in
Definition |5.3.10} Then for all n,k € Z>1,

Lﬂk;)(%)% < gge,l(t)(%)% < Uﬂk)(%)% (5.133)
Proof. From and (5.62), it follows that for ¢ > 1,
cosh(a) — #asinh(a) - %(_11# < (24)'gur(t) = 1+ Si(8)
< cosh(a) — = )Qtt(_tg)ozsinh(oz) + g(_l)t;?(_:)

(5.134)

Now, applying (9.126) and (5.127) with s = 1 and 2, respectively, to (5.134), it

follows that for all £ > 1,

= 1\2 6a sinh(a) 3 1 \2
;ge,l(t)(%) > (COSh(a)_ NCES _1o(k+1)3/2><\/%>
and
= 1 \2t 24 cosh(a)  asinh(a) 13-12 1 1 2k
;geﬂﬂ(ﬁ) < ( 2 2/k+l 2505 <k+1>3/2)<¢%>

- 24cosh(a)  asinh(a) +§ 1 ( 1 >2k
23 Wk 1 4(k+1)32 )\ 24n/
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Definition 5.6.6. For all k > 1, define

. _24cosh(a) B 12 1 \2
Ly(k) = ( 3 - k+1><m>

and

[ 4+/2 sinh(a) 66 1 2k
Us(k) := ( cosh(a) + — VEk+1+ 25\/]{;__’_1) (@) :

Lemma 5.6.7. Let Lo(k) and Us(k) be as in Definition . Let g.o(t) be as in
Definition |5.5.14. Then for all n,k € Z>,,

Lﬂk;)(%)% < ige,g(t)(%)% < Ug(k)(%fk. (5.135)

Proof. From (5.44)) and ([5.63)), it follows that for ¢ > 1,

—cosha) + (1)) 2 () < aaygatty = (-1y15000)

t « t
< —cosh(a) + (_1)1;(_%) sinh(«) N 11 (—1)t(*t§) |

t o 10 ¢
(5.136)

Now, applying (5.126)), (5.127)) with s =1 and (5.132)) to (5.136)), it follows that for
all k > 1,

> 1 \2 24 cosh(a) 12 1 \2%

S gl (L) > (el 12 (1)

£ NG 23 5vEk+ 1) \V2dn
and

1 \2 4+/2 sinh() 66 1 1 \2
;96,2(15)<%> < (—cosh(a)+—a Vk+1+%\/k+1> (\/24n> )

]
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Definition 5.6.8. For all k > 1, define

19 . 109 23 1 1 2k+1
Lg(k) = (Ea Slnh(()é) — 1—0 COSh(Oé) V k +1- Em) (\/ﬂ)

and

Us(k) = <2a sinh(a) 4+ %\/kl_ﬂ) (\/12_4)21&1'

Lemma 5.6.9. Let Ly(k) and Us(k) be as in Definition [5.6.8 Let g,1(t) be as in
Definition |5.5.14 Then for all n,k € Z>,,

Lg(k?)(%)QkJrl - i_o:go,l(t)<%>
6

2t+1

1\ 2k+1
) . (5.137)

< Us(@(%

(—1)’&(7%). From (5.48)) and (5.64)), it follows that for

t

Proof. Define ¢(t) := —
t>9,

§Oz sinh(a) — 6 cosh(a)(—1)" <_5) 126 (—=1)(7?)

m m t ) 25.1 /
< (V24" gon(t) = ea () (1 + ffgt; ) (5.138)
<o Lm0 () 1 L

A numerical check confirms that (5.138)) also holds for ¢ = 1; see (5.48). Now,

applying (5.126)), (5.127) with s = 1, and (5.132) to (5.138]), it follows that for all
k>,

- 1 2+l 19 109 23 1 1 2k+1
() (—= = asinh(a) — = cosh(a)Vk + 1 — =
tz:;g a( )(\/ﬁ> > <1Oas1n () T ()Vk + 10 —k—|—1>< —24n>

and
i (t)(1)2t+1< 6-24 o h()—|—71'6'12 1 ( 1 >2k+1
o — asmh(o
AT 237 100-5-7vVE+1) \vVodn

< asinn(a) + — .
10vE+1 v/ 24n

150



Definition 5.6.10. For all k > 1, define

[ lcosh(a) 11 . 41 1 1\ 2k+1
Ly(k) = (Z =1 20 sinh(a) — %(k: - 1)3/2) <\/ﬂ>

and

63 cosh(a) 13 . 21 1 1\ 2k+1
k)= - — h - '
Uak) (100 Vi1 mesmh@t 5aT 1)3/2) (\/ﬂ>

Lemma 5.6.11. Let Ly(k) and Uy(k) be as in Definition |5.6.10. Let g, be as in
Definition |5.53.16f Then for all n,k € Z>,,

L4<k)<%>2k+l _ 529072(25)(%)

Proof. Define cy(t) = —%(—1)’&(1%). From (5.52) and ([5.65)), it follows that for
t>1,

2t+1 1 >2k+1

< Uy(k) <% (5.139)

T CUCH 7 137 (-1 ()
5.3 cosh(a)f ~ 5 sinh(a) — 506 v

< (V24) gy (t) = @(ﬂ% (5.140)
< 67T—2 cosh(a)% — %a sinh(a) + 67-T3 (_1)752( t2).

Now, applying (5.126) and (5.127) with s = 1 and 2, respectively, to (5.138), it

follows that for all £ > 1,

f: (t)( 1 )2t+1 - lcosh(a) 11 | h(a) 41 1 ( 1 >2k+1

0 — - — —asinh(a) — —

AT AVEr1 20 50 (k+ 122 ) \\ain

and

> 1 \2+1 63 cosh(a) 13 | 21 1 1\ 2k+1
(=) <[ -—= ~ Zasinh bl .

;;gf?( >(\/ﬁ> (100\/—“1 250 sinh(@) + 75 (k+1)3/2><«/_24n)

[
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Definition 5.6.12. For k > 1, define

~ 1 1 1 ~ 1 1 k
To(k) = — (- ) d Uy(k) = — (1 —)
2(k) ok /o ayn) " 2(F) ok /art R
Definition 5.6.13. For k > 1, define
k+ 2

Lemma 5.6.14. Let Ly(k), and Us(k) be as in Definition|5.6.19. Let no(k) be as in
Definition [5.6.13 Then for all k € Z>1 and n > ny(k),

e7rd2n/3 zz(k) _ \/ﬁ 6u(n) 1 - eﬂ\/Zn/S [72(]6)
PR TR W LY S

(5.141)

Proof. Define

Sln k) e V12 et 1 Uln k) — eV /3
and
ot k) = ETR) _ o k)_e” 7(vi) 1 (1_L>_k?2
= Un, k) = ak NoTd 24n '

Using (5.60) with (m,n,s) — (1,24n,1), we obtain for all n > 1,

which implies that for n > 1,

2n I
(o) o < VA

4v/n
Hence

_kt2

(Oé-\l/ﬂ)’“<1_2in) 2 <1_ﬁ> << (a-\l/ﬂ)k<1_2in)_ -
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k+2

In order to estimate (1 — ﬂ) o , we need to split into two cases depending on £
n
is even or odd.

For k = 20 with { € Z>:
k42 1

(1_ﬁ>_2_(1_24n> v Z( ng1)(( 4711))]3"

From (5.61) with (m,s,n) ~ (1,4 1,24n), for all n > £t we get

12 °

U< 2 (_(gf 1>> (_1)j- < Broam(l+1) = t+1

(24n)7 12n’

which is equivalent to

—&42 k+2 k+2
1 (1 _ —) 14+ 2T g all rre 144
< + 50 or all n > o1 (5 )

For k =20+ 1 with { € Z>:

1\ 1% (=28 (—1)
1——) :(1——) —1 2 )
( 24n 24n + le ( J (24n)J

Using (5.59) with (m, s,n) — (1,£ 4+ 2,24n), for all n > 522 we get

24

i:: < %3) - 1); <l 2) =

which is equivalent to

1\ 52 k+3 k k+3
1 (1 _ —) 1420 1 P porall Frs 14
< 5in T, STy, frall ne g (5.145)

From (5.144) and (5.145), for all n > %2 it follows that

1\ k+3 k
1<<1—%> B e (5.146)

Combining ([5.143)) and ([5.146]) concludes the proof.
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5.7 An infinite family of inequalities for p(n)
Definition 5.7.1. For w € Z>,, define

) (23,24), if w is even
(Yo(w), m(w)) == {(15’ 17 i s o

Definition 5.7.2. Let yo(w) and y(w)) be as in Definition |5.7.1  Then for all
w € Z>1, define

L(w) = —”yg(w)—'[iu//Q_iLH and U(w) := ”yl(w)—"h\u//Q_wTH.

Lemma 5.7.3. Let g(k) be as in Theorem and no(k) as in Definition |5.6.15.
Let g(t) be as in (5.58). Let L(w) and U(w) be as in Definition [5.7.4 If m € Zx
and n > max{1,ny(2m),§(2m)}, then

emV2n/3 [P 1\t L(2m) erv2n/3 (28] 1\t U(2m)

o0 () + H21) <) < g0 (L) Ve,
s \ & OR) )< s \ & OR) e
Proof. Recalling Definition [5.3.18] from Lemma [5.3.19, we have

S oi(5) = 2§g<t>(%)t+§g<t>(%)t

igol t) + gou( ))(%)M. (5.147)

Using Lemmas 5.6.11| by assigning k& — m, it follows that

Ll(m) + LQ(T)’Z) Lg (m) + L4(m) > 1 t
\/ﬁ2m + \/ﬁzmﬂ < t=Z2m g(t) (%)
\/ﬁ2m \/EQm—i-l

(5.148)
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Moreover, by Lemma with k& = 2m, it follows that
VI2 et _eV 20/3 7, (2m)
2n—1 (P = a3

Finally, from (5.148) and (5.149) along with the fact that Us(m) + Us(m) > 0, we
obtain

\/ﬁe“(”) 1 1 eV 2n/3 2m—1 1\t Z?:l Uz(m)+ A2(2m)
20— 1 (1 oM u(n)2m> < T3 (Z s)(75) + 7 )

(5.149)

Since for all m > 1, L3(m) 4+ L4(m) < 0, it follows that

VI2eHm) 1 1 emV/20/3 (Znl 1yt 8 Liim) — Oy(2m)
20— 1 (“mn) _u(n)2m> " (Z “0(7) + |

From Lemmas [5.6.515.6.11| and [5.6.14} for all n > max{1,ny(2m)},

4
~ 4 2 2
ZUi(m)+Ug(2m) < (4—1— + VM 1+ — )

i=1 m+1  (m+1)3¥2 3an

2
For all 1 < m < 10 observe that ng(2m) < 1 and therefore, 30, < 5a2 < 25;
a’n

2 8
whereas for m > 11, ng(2m) > 1. Consequently, 3(:;2 < aQ(mm+ 5 < ] < 10; i.e.,

Continuing our estimation

4
. 4 2
D Ui(m) + Ua(2m) < (29 + + 375 +6Vm + 1)
i=1

m+1 (m+1)

< 24v/m + 1
— /—242m

Similarly, for all n > max{1,n(2m)},

1
/—242m

— U(2m). (5.152)

i:L( ) — Us(2m) > 29 i ! SV T | —
i(m) — m —29 — — —3vm
i=1 : m+1  2(m+1)%2

> BVl pom). (5.153)
V24
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Plugging (5.152) and (5.153]) into (5.150) and (5.151)), respectively, and applying

Theorem [5.2.1] we get

12ek(n emV/2n/3 (2l t m
p(n) < V12 (1— ! + ! >< (Z g(t)( ! ) +U(2 ))

2n—1\" p(n) pm) ) T an3 NN
(5.154)
and
V12e#() 1 1 emV/2n/3 (Zn ] 1\t L(2m)
p(n) > 24n — 1 (1 Copln) u(n)2m> - 4n/3 <; g(t)(—n> + \/ﬁQW)'
(5.155)
[

Lemma 5.7.4. Let g(k) be as in Theorem and no(k) as in Definition |5.6.15.
Let g(t) be as in Equation (5.58). Let L(w) and U(w) be as in Definition [5.7.9 If
m € Zso and n > max{1,no(2m + 1),5(2m + 1)}, then

erv s (2 1\t L(2m+1) erv s [ 2 1\t U@2m+1)
m(?}g@(%) +\/_—m) <P < (;9@%) +\f—m)

Proof. Recalling Definition [5.3.18] by Lemma [5.3.19 we have

So(L) = Sen() s 3 ()

t=2m+1

_ ;Zmog (—) +Zg2t+1< >2t+l+z ( )t

t=m+1

_ 2ng (—) +Z 9o () + goa( ))(%>2t+1+

> (gealt) +ge,2(t))<%>2t. (5.156)

t=m+1

Using Lemmas by substituting & — m + 1 and Lemmas 5.6.11| by
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substituting k& — m, it follows that

Li(m+ 1)+ Ly(m + 1) N Ls(m) + L4(m) _ f: g(t)<%>t

ﬁ2m+2 \/ﬁ2m+1 t:2m+1
\/ﬁ2m+2 \/ﬁ2m+1
(5.157)

By Lemma with £ =2m + 1,

VI2 et 1 . e™V2/3 Uy (2m + 1)
24n —1 p(n)> 1 " 4n3 o mPm

From (5.157)) and (5.158)) along with the fact that U;(m) + Us(m) > 0, we obtain

(5.158)

~

V12erm) 1 1 emV2n/3 [ 20 1\t U@2m+1)
24n — 1 (1 oM M(”)2m+1> S T3 <; g(t)<%> + W)
(5.159)

where
U2m+1) =Uy(m+ 1)+ Us(m + 1) + Us(m) + Ug(m) + Us(2m + 1).
Since for all m > 0, Ly(m) + La(m) < 0, it follows that

V12er (™) 1 1 emV2n/3 [ 2 1\t L(2m+1)
2Un — 1 (1 Caln) u(n)2m+1> = An/3 (Zﬂﬂ(%) + \/ﬁ2m+1 )

t=0

with
Lm+1) = Li(m+1) + Lo(m + 1) + Ly(m) + Ly(m) — Us(2m + 1).

Next, we estimate Uy(2m+1). Recall from Lemma [5.6.14| that for all n > ng(2m+1),

~ 2m +1 1 1 2m+1 1
Ua(2m +1) < 2m+1( + ) 2m+1<—(1+ ) ST
o 3n oY a 3n V24
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1 2 1
We note that for 0 < m < 10; n > 1 > ng(2m+ 1), and therefore, —(1+ ﬂ;+ )
o n
8 2 3 1 2 1 9
—; whereas form > 11, n > mt . This implies that —<1+ Tr;—i_ ) < —. Hence,
o a n a
for all n > max{1,no(2m + 1)},
~ 1
From Lemmas [5.6.545.6.11 and [5.6.14] for all n > max{1,no(2m + 1)}, we get
~ ) 1
U2 1) < 18 2vm
(2m +1) ( + m—|—1+(m+1)3/2+ )\/—42m+1
17/ 2
VS Uem+ 1), (5.162)
V24
Similarly for all n > max{1,n(2m + 1)}, it follows that
L@em+1) > [-17- S L yum
m+1 (m+1)3/2 \/_2’”“
15v/ 2
> VD om 1), (5.163)
V24

Plugging ([5.162)) and (5.163)) into (5.159)) and (5.160)), respectively, and applying
Theorem [5.2.1] we get

V12er () 1 1 emVn/3 [ 2 Ly, UEn+1)
P < 1 (1_u(n)+u(n)2m“> = m<tz ”(T) W)

(5.164)

VI2erm) | 1 emV/2m/3 [ 2m 1\t L(2m+1)
p(n) > (1_M - > > m(%ﬂ@(ﬁ) +W>

(5. 165)

Theorem 5.7.5. Let g(k) be as in Theorem and g(t) as in (5.58). Let L(w
and U(w) be as in Definition[5.7.9 If w € Z>1 wzth [w/2 1 1 and n > g(w), then

2n/ w—1 w n w—1 w
s (B Gl + ) o= s (B0 )+ )

(5.166)
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Proof. Combining Lemmas [5.7.3] and [5.7.4] together with the fact that g(k) >
max{ng(k), 1}, we arrive at (5.166)). O

Corollary 5.7.6. For all n > 116, we have

VIS g(t) 1 Y
4nA/3 (; NG a 14n2> <p(n) < 4n\/_ (;7 13n2> (5.167)

where
T2+ 72 w2 + 432 7t 4+ 129672 4 93312
0)=1, g(1) = — , 92) = ———, 9(3) = — )
Proof. Plugging w = 4 into (5.166]), we obtain the inequality ((5.167]). O

Remark 5.7.7. Corollary[5.7.6 provides an answer to the Question asked by
Chen. As a consequence from (5.167)), one can derive that p(n) is log-concave for all
n > 26.

5.8 Appendix

5.8.1 Proofs of the lemmas presented in Section [5.4,

Proof of Lemma [5.4.1): For n =1 we have to prove

1—1'1
149

21—1’1—3/17

which is equivalent to
1—x > — T — — =y = —y? —
21> (1+y)(1—a1—y) > 1 -2 —yf — iy & 0> —yi — 2191

This is always true because x1,y; are non-negative real numbers. Now assume by
induction that the statement is true for n = N. Next we prove the statement for
n= N+ 1. For n = N, we have P > (1 — S) with

:(l—xl)(l—l'g) (]_—ZEN d S _ij—i—ZyJ

Ty +g) - Atyn)
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This implies that
11—z 11—z
N+l (g s) N+
1+ ynt I+ ynt
Therefore it suffices to prove that

1 —2np
1-8)— >y g — TN,
( >1+yN+1 = YN+1 N+1

which is equivalent to
(1=5)1=-2zn41) = (1 =5 —ynvi1 — 2n41) (1 + yn1).
Equivalently,
l—aya —S+S5 an1 >1—5—2n41 — Yagps — TNYN+1 — S - Un+,
which amounts to say that
STyt > —Ynpr — TNA1YN+1 — S YN,
and this inequality holds because xy .1, yn11,5 > 0. [

(=Di(=t)s
(t):

as

Proof of Lemma5.4.4: Expanding the quotient

(1) 5D _ (yy 11 —tti-1 11 t—j+1

(t); g tti—1 st —1
we obtain

H=t)u(=1)" Tt-G-1 _ 1 ﬁl JT'
1+ 21

ol
A+2)(t+u) (e 20+ 5)(E+u) 27 t+7—1 261+ )1+ ) -

Since t > 1 and u < t, it is clear that

L ﬁl j71< ! (5.168)
20(1+ L)1+ 4 ]:11+J% ot .
By Lemma [5.4.1], it follows that
1 11 -5 LG %+u+223;1(j—1>)_1<1 u2+§)
2t(1+%)(1+%)j211—|—j%1_2t t 2t t )

(5.169)
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Combining (5.168)) and ([5.169)) concludes the proof. ]
Proof of Lemma[5.4.5: By Lemma [5.4.1]

1 1 1 1 1 1 1 1
— > S - 2_<1_—>2——— (5.170)
2t T 142t 20(1+4) 2t 2t 2t 42
Now
2t t—i—zt,b) _ Z Ht—]_|_1 1 1 u o 1_%
1+ 2t 1+2t Sttiggti—1l tl gl I

Ast > 1 and u < t, it directly follows that

1 1—— U
- < —, 5.171
t1+2t,~§:1+ H1+J —t ( )

tjl

Applying Lemma we obtain

1.1 zu: Hl__ Zl_ +i+22;:1(1—1)_g_u(2u2+3u+4)
tl+ 5 & 1—|—t311+]1_t t ot 6t ‘
(5.172)

Finally, (5.170)), (5.171f), and ((5.172)) imply the desired inequality. [

Proof of Lemma[5.4.5: Let n > u be fixed. We have to show that b, > a,,. First
we note that

k k
Ag41 — Qp = § ag+1 - a] § g+1 - b = bpt1 — by.
Jj=n Jj=n

Consequently, for all & > n we have
A1 — Ap > by — by & by — b1 > ap — -
This implies that

by = lim (b, — b41) > lim (a, — ag41) = ap.
k—o00

k—o0
O
Proof of Lemma |5.4.6: We apply Lemma [5.4.5| with a, = Zzoan “(2% and
b, = C—’g:
(n + 1)ka?nt2 Cr(2n+1)
1 =4 2n+2) M o n2(n+ 1)
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Therefore b,,1 — b, < a,+1 — a, is equivalent to

(n + 1)ka?+2 < Cr(2n+1)

2 1 k+2 . 2n+2
< n®(n+1)" =« < C
(2n + 2)! n?(n+1)2

eI = ey S

In order to prove f(n) < CY, it suffices to prove f(m) < Cj, where m is such that
f(m) is maximal. Hence in order to find such a m, we find the first m such that

f(m+1) < f(m). This is equivalent to finding % < 1, also as we will see there

is only one such maximum. Then max f(n) = f(m). Now
ne

fn+1)  (n+1)2(n+2)F2a>™ 2n+1)2n+2)!  o?(n+2)"2(2n+1)

f(n) (2n+3)(2n+4)!  n2(n+1)k2a20+t2 (2n +4)(2n + 3)%2(n + 1)kn?’

Using Mathematica’s implementation of Cylindrical Algebraic Decomposition [44],
we obtain that

a?(n+2)*2(2n + 1) 800

<1, for all a* < —.
2n+4)2n+3)2n+ a2 = Y =709
Asa? =2 < 38 wmax f(n) = f(1): ie. f(n) < f(1) = Ci. =

5.8.2 The Sigma simplification of S3(¢,u) in Lemma

Using the symbolic summation package Sigma [128] and its underlying machinery in
the setting of difference rings [129] the inner sum S3(¢, u) can be simplified as follows.

Recall from (5.94)) that

t—u 3

st=> (b () S

s=0

After loading Sigma into the computer algebra system Mathematica

n[7]:= << Sigma.m
Sigma - A summation package by Carsten Schneider (©)

RISC-JKU
we input the sum under consideration
t—u 3
— - 1 (1_ _ -2 \(=s—wu,
In[g]:= mySum3 = Sgo P <2 s u>s+u+1 <t e u> 1 2! ;

and compute a recurrence of it by executing

In[9]:= rec3 = GenerateRecurrence[mySuma3]
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outl9]= (t —u)uSUMu] +2(2+t)(1 + w)SUMu+ 1] + (2 +u)(2 + t + u)SUM[u + 2] == 0

As aresult we get a homogeneous linear recurrence of order 2 for S3(¢, u) = SUM[u] (=mySum3).
Internally, Zeilberger’s creative telescoping paradigm [120] is applied which not only
provides a recurrence but delivers simultaneously a proof certificate that guarantees

the correctness of the result.

Verification of the recurrence. Denote the summand of S3(t,u) by f(t,u, s); i.e. set

o 1 _3 (—s —u)y
f(t,U,S) - 8—|—U<§ B S_u>s+u+l(t— 32_u)(8—|-—2u)!‘

Then one can verify that the polynomials ag(t, u) = u(t—u), ay(t,u) = 2(2+t)(1+u)
and as(t,u) = (2+u)(2+t+u) (free of the summation variable s) and the expression

’7(757 u, 8)8(_3__;%_”)(_8 - U)u(% -8 u) 14s+u

s+2u)(s+u)(l+s+2u)(2+s+2u)(3+ s+ 2u)(—1+ 2s — 2t + 2u)

g(ta u, S) - _(
with

Y(t,u,s) = — 65 — 652 + 165> + 851 4 6t — 65t — 465°t — 205°t + 12t% + 305t + 125°t>
— 12u — 22su + 665°u + 6453w + 8s*u — Ttu — 138stu — 1265*tu — 1653tu
+ 52t%u + 57st*u + 8s*t*u — 27u? + 88su” + 172s°u” + 44s°u® — 108tu*
— 235stu? — 68s%tu? 4+ 57t%u* + 24st*u® + 32u® + 192su® 4 925%u3
— 140tu® — 98stu® + 18t%u> + 75u* + 86sut — 48tu* + 30u°

satisfy the summand recurrence

g(t,u,s+1)—g(t,u,s) = ao(t,u) f(t,u,s)+ai(t,u) f(t,u+1,s)+as(t,u) f(t,u+2,s)

(5.173)
for all 0 < s <t —u with ¢ > u. The components of the summand recurrence can
be obtained with the function call CreativeTelescoping[mySum3]. Summing the
verified equation over s from 0 to ¢t — u yields the output recurrence Out@ﬂ,
which at the same time yields a proof for the correctness of Out@[]. ]

We remark that Sigma’s creative telescoping approach works not only for hyperge-
ometric sums (here one could use, for instance, also the Paule-Schorn implementation
[118] of Zeilberger’s algorithm [120]), but can be applied in the general setting of dif-
ference rings which allows to treat summands built by indefinite nested sums and
products. More involved examples in the context of plane partitions can be found,
e.g., in [11].
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We are now in the position to solve the output reccurrence Out@ﬂ with the func-
tion call

In[10]:= recSol = SolveRecurrence[rec3, SUM[u]]

u @+t—w) (~th N et O G2
ost {000 G e A S oo ()

This means that we found two linearly independent solutions (the list entries whose
first entry is a zero) that span the full solution space, i.e., the general solution to

Out@ﬂ is

Gltu) = ) (1) + e (2L e gy S ( CUC: )

uw2+t+u)(2+1) — (2+i+t)(2+1);
(5.174)
where the ¢y, co are constants being free of u. For further details on the underlying
machinery (inspired by [120]) we refer to [129].

Verification of the general solution. The correctness of the solutions can be verified by
plugging them into the recurrence Out@[] and applying (iteratively) the shift relations
(1) = —(=1),
(=)14u = (=t + u)(=1)u,
(24 )1 = (24 E+u)(2+ 1),

1+u —1)i(—t), u —1)i(—t), —1)“(t —u)(—t)y
Z(()()_Z(()() (=D)*(t —u)(=)

240 +1)(2+1); 240 +1)(2+1);  2+t+u)(B+Ht+u)2+t),

=1 =1

Then simple rational function arithmetic shows that the obtained expression collapses
to zero. O]

Finally, we compute the first two initial values (by another round of symbolic
summation) and find that

Sa(t 1) = (~1y — A +2) (‘)

200+¢t)\ ¢
( e +>7t ohy 13 (5.175)
S3(t,2) = —(—1)" 2.
(6,2) =~ )+4(1+t)(2+t)(t)
With this information we can set ¢; = —(—1)" + %(75) and ¢y = %(Qg) S0

that the general solution (5.174) agrees with S3(¢, u) for u = 1,2. Since S3(¢,u) and
the specialized general solution are both solutions of the recurrence Out@[] and the
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first two initial values agree, they are identical for all v > 0 with u < ¢. This last
step of combining the solutions accordingly can be accomplished by inserting the list
of two initial values

VU t+2) -2 B+ Tt +t2) —3\
In[11]:= initialL = {(—1)t — 2 +t)< t2>’_(_1)t + m( tz)},

and then executing the command

in[12]:= FindLinearCombination[recSol3, {1, initialL}, u, 2]

t g, LN @Ht—w) (“th af 1 2 ~ (=1}t
ouizl= —(=1)"(-1) +§< t2>(u(2+t+u) o, Y <1+t T T2 m»

i=1

Carrying out all the steps above (including also the calculation of the initial val-
ues) can be rather cumbersome. In order to support the user with the simplification
of such problems, the package

n13]:= << EvaluateMultiSums.m
‘ EvaluateMultiSum by Carsten Schneider (€) RISC-JKU

has been developed. More precisely, by applying the command EvaluateMultiSums
to the input sum mySum3(= S;3(¢, u)), all the above steps are carried out automatically
and one obtains in one stroke the desired result:

In[14]:= sol3 = EvaluateMultiSum|[mySum3, {}, {u, t}, {0, 1}, {t, c0}]

oumt- (a3

(2+t—1) (—t) . 2 . (=) (=t)s
u(2+t+u) (24t +(=1) <1+t + 2+t +2; (2+i+t)(2+t)i))

Since we prefer to rewrite the found expression in terms of the Pochhammer
symbol (t),, we execute the final simplification step with the function call

In[15]:= SigmaReduce[sol3, u, Tower — {(t)u}]

. u =3 t(142t —2u) (—t) o 1 2t = (=) (=t);
ouptsl= —(=1)"(-1) +<t2)<2(1+2t)u(t +u) (t) +(=1) (1+2t + 142t (i+t)(t)i))

i=1

Remark 5.8.1. We should mention that there is no particular reason for explaining
the details of Sigma application only for Ss(t,u). The simplification of the sums

Si(t,u), Sa(t,u), and Sy(t,u), as in (5.66), (5.73), and (5.113), respectively, works

completely analogously.

5.9 Concluding remarks

We conclude this chapter with a list of possible future work based on the method
devised in this chapter and its further applications.
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1. A prudent application of our method might lead to obtaining full asymptotic
expansion and respective error bounds for a broad class of functions; for exam-
ple: g(n)-partitions into distinct parts, p*(n)-partitions into perfect sth powers,
k-colored partitions, k-regular partitions, Andrews’ spt-function, «(n)-nth co-
efficient of Ramanujan’s third order mock theta function f(q), the coefficient
sequence of Klein’s j-function, etc.

2. More generally consider the class of Dedekind n-quotients which fit perfectly
into |41, Thm. 1.1] or [138, Thm. 1.1]. Therefore one can also obtain a full
asymptotic expansion and infinite families of inequalities for the coefficient
sequence arising from the Fourier expansion of the considered Dedekind n-
function.

3. Theorem [5.7.5] can be utilized as a black box in order to prove inequalities
pertaining to the partition function by constructing an unified framework. A
major class of inequalities for p(n) can be separated into the following two
categories among many others:

(a) Turdn inequalities and its higher order analogues related to the real root-
edness of Jensen polynomials associated to p(n), studied in [53], [37], and
[69].

(b) Linear homogeneous inequalities for p(n); i.e.,

Zp(n + ;) < ZP(” + i)

For more details we refer to [83] [10§].

4. More generally, it would be interesting to design a constructive method to
decide whether for some positive integer N a relation of the form

My Th 4 Mo To )
Z Hp(n + s < Z Hp(n + )
=1 i=1 =1 i=1

holds for all n > N or not.
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Chapter 6

Invariants of the quartic binary
form and proofs of Chen’s
conjectures for partition function
inequalities

The Turén inequality and the higher order Turan inequalities for p(n) have been one
of the more predominant themes in recent years. Griffin, Ono, Rolen, and Zagier
proved that for every integer d > 1, there exists an integer N(d) such that the Jensen
polynomial of degree d and shift n associated with the partition function, denoted by
J¢™(x), has only distinct real roots for all n > N(d), conjectured by Chen, Jia, and
Wang. Larson and Wagner have provided an estimate for N(d). This implies that the
discriminant of J%"(z) is positive; i.e., Disc,(J¢™) > 0. For d = 2, Disc,(J@") > 0
when n > N(d) is equivalent to the fact that (p(n)),>26 is log-concave. In 2017,
Chen undertook a comprehensive investigation of inequalities for p(n) through the
lens of the invariant theory of binary forms of degree n. Positivity of the invariant of
a quadratic binary form (resp. cubic binary form) associated with p(n) reflects that
the sequence (p(n)),>26 satisfies the Turdn inequalities (resp. (p(n))n>95 satisfies
the higher order Turan inequalities). Chen further studied the two invariants for a
quartic binary form where its coefficients are shifted values of integer partitions and
conjectured four inequalities for p(n). In this chapter, we confirm the conjectures of

Chen.
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6.1 Inequalities for p(n) and invariants of binary
forms

Throughout this chapter, we consider only sequences of real numbers. A sequence
(an)n>o is said to satisfy the Turan inequalities or to be log-concave, if

a2 — ap_10p41 >0 forall n>1, (6.1)

see |135]. We say that a sequence (a,)n>0 is said to satisfy the higher order Turan
inequalities if for all n > 1,

4((1% - an—lan—i-l)(a?wl — plpi2) = (AnGny1 — an—lan+2)2 > 0. (6.2)

The Turan inequalities and the higher order Turan inequalities are related to the
Laguerre-Pélya class of real entire functions [56) [140]. A real entire function

o0 k
x
v(r) =) a gy (6.3)
k=0
is said to be in Laguerre-Pdlya class, denoted by ¢ (z) € LP, if it is of the form

U(z) = caMem T H(l + £>6_£>

x
k=1 k
o
where ¢, 8,y are real numbers, « > 0, m € Zs(, and E :v,;Q converges. Any
k=1

sequence of polynomials with only real zeroes, say (P, (z))n>0, converges uniformly
to a function P(x) € LP. For a more detailed study on the theory of the LP class,
we refer to [125]. Jensen [80] proved that a real entire function ¢ (z) is in LP class
it and only if for any d € Z>;, the Jensen polynomial of degree d associated with a

sequence (ay)n>o:
d . (d k
Ji(z) = E . ) T

k=0
has only real zeroes. Pdlya and Schur [130] proved that for a real entire function
Y(z) € LP and for any n > Zsg, the n-th derivative 1™ (z) of 1(z) also belongs to
the LP class, that is, the Jensen polynomial associated with (™ (z)

T () =) (Z) L

d
k=0
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has only real zeroes. Observe that for d = 2 and for all nonnegative integers n,
the real-rootedness of J&"(z) implies that the discriminant 4(a?,; — a,@n,42) is non-
negative. Pdlya’s work [121] on LP class is closely connected with the Riemann
hypothesis. He showed that the Riemann hypothesis is equivalent to the real root-
edness of Jensen polynomial J¢"(x) for all nonnegative integers d and n, where the
coefficient sequence {a,},>o is defined by

2 1 — n 2n
(—1+427) A<§+z> —;Hz :
with A(s) = 77%/2T'(s/2)((s) = A(1 — s), where ¢ denotes the Riemann zeta function
and I" denotes the Gamma function. In 2019, Griffin, Ono, Rolen, and Zagier [69,
Theorem 1] proved that for all d > 1, J%"(z) has only real roots for all sufficiently
large n.

Now we discuss in brief the inequalities of the partition function. A partition of a
positive integer n is a weakly decreasing sequence (A1, Ag, ..., A,.) of positive integers
such that A\; + Ao +--- + A\, = n. Let p(n) denote the number of partitions of n.
Estimates on the partition function systematically began with the work of Hardy
and Ramanujan [76] in 1918 and independently by Uspensky [144] in 1920:

1
p(n) ~ m

Hardy and Ramanujan’s proof involved an important tool called the Circle Method
which has manifold applications in analytic number theory. For a well-documented
exposition of this collaboration, see [101]. During 1937-1943, Rademacher 122, {124}
123] improved the work of Hardy and Ramanujan and found a convergent series for
p(n) and Lehmer’s [99, 98| considerations were on the estimation for the remainder
term of the series for p(n). The Hardy-Ramanujan-Rademacher formula reads

e"VI3 s n — 0. (6.4)

V12 N A(n) k 3
p(n) = 1— —— |er™/F p [ 14—~ |e /| 4 Ry(n, N),
=512 |1 aw ) 2(n. )
where -
u(n) — g\/m’ Ak(ﬂ) _ Z efQﬂinh/keris(h,k)
h mod k
(h,k)=1
with -
o (pp YN[k yhpp 1
S(h’k)_M(k i 2)<k 5 2)’



and
T2 N-2/3

N\ ) 1 (N
V3 (mn)) TN (mn))

Independently Nicolas [111] and DeSalvo and Pak [53, Theorem 1.1] proved that the
partition function (p(n)),>26 is log-concave, conjectured by Chen [35]. DeSalvo and
Pak [53, Theorem 4.1] also proved that for all n > 2,

pn—1) (1 + 1) L _pln) (6.7)

p(n) p(n+1)

|Ro(n, N)| < (6.6)

conjectured by Chen [35]. Further, they improved the term (1 + 1) in and
proved that for all n > 7,

p(n—1) <1+( 240 ) _ _pln) (63)

p(n) 20057 ) pln+ 1)’

see [53, p. 4.2]. DeSalvo and Pak [53] finally came up with the conjecture that the
coefficient of 1/n%? in can be improved to 7//24; i.e., for all n > 45,

p(n —1) p(n)

p(n) (1 ' mnw) )

which was proved by Chen, Wang and Xie [39, Sec. 2]. Paule, Radu, Zeng, and the
author [22, Theorem 7.6] confirmed that the coefficient of 1/n%? is w/+/24, which is
optimal; i.e., they proved that for all n > 120,

(6.9)

p(n)? > (1 + ﬁ — %)p(n — Dp(n+1). (6.10)

Chen [36] conjectured that p(n) satisfies the higher order Turdn inequalities for all
n > 95 which was proved by Chen, Jia, and Wang [37, Theorem 1.3] and analogous
to the inequality (4.7)), they conjectured that for all n > 2

w1 —u TV ww)? with u _ p(n+1)pn—1)
4(1 n)(l n-i-l) < <1 T \/ﬂni’»/?) (1 n n+l) th u, : p(n)2 ,
(6.11)
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settled by Larson and Wagner [95, Theorem 1.2]. In [37], Chen, Jia, and Wang
conjecture{l that for any integer d > 1 there exists an integer N(d) such that the
Jensen polynomial of degree d and shift n associated with p(n) has only real roots
for n > N(d) which was settled by Griffin, Ono, Rolen, and Zagier |69, Theorem
5] and inspired by their work, Larson and Wagner [95, Theorem 1.3] proved that
N(d) < (3d)**4(50d)*®. Proofs of the inequalities, stated before, primarily rely on
the Hardy-Ramanujan-Rademacher formula and Lehmer’s error bound
but with different methodologies.

While studying on higher order Turdn inequality for p(n), Chen [36] undertook
a comprehensive study on inequalities pertaining to invariants of a binary form. A
binary form P(z,y) of degree d is a homogeneous polynomial of degree d in two
variables x and y is defined by

d
n y _/L'
Pu(z,y) == Z (i)@iﬂﬁz?/n :

1=0

where (a;)1<i<n € C". But we restrict a; to be real numbers. The binary form
Py(x,y) is transformed into a new binary form, say Q(7,7) with

d
Qd(f, y) = Z (?) cifiyn—i

=0

mip Mi2
mo1 Mo

()= ()

The transformed coefficients (¢;)o<;<q are polynomials in (a;)o<;<q and entries of the
matrix M. For k € Z>, a polynomial I(ag,as,...,aq) in the coeflicients (a;)o<i<a is
called an invariant of index of k of the binary form Py(z,y) if for any M € GLy(R),

under the action of M = < ) € GLy(R) as follows:

I(@g, @y, . ..,aq) = (det M)*I(ag,ay, ..., a,).

For a more detailed study on the theory of invariants, see, for example, Hilbert 7§,
Kung and Rota [92], and Sturmfels [137]. We observe that I(ag, a1, as) = a} — apag
is an invariant of the quadratic binary form

Py(z,y) = asx® + 2a12y + agy”

ndependently conjectured by K. Ono
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and the discriminant is 41(ag, a1, as). For a sequence (a,),>0, define

In—1(a0, ai, GQ) = f(an—h Qn, an+1) = ai — Op—10n41-

Therefore, if we choose a,, = p(n), then I,,_1(p(0),p(1),p(2)) > 0 for all n > 26 is
the same thing as saying (p(n)),>26 is log-concave. For degree 3,

I(ag, a1, asz,a3) = 4((1% - aoag)(ag —ajaz) — (a1as — a0a3)2

is an invariant of the cubic binary form Ps(z,y) = azz® + 3az2?y + 3a12y* + aoy?
and the discriminant is 271 (ag, a1, ag, ag). Similarly, setting a,, = p(n), the positivity
of I,,_1(ap, a1, as,as) for all n > 95 is equivalent to state that (p(n)),>95 satisfies the
higher order Turan inequality. Two invariants of the quartic binary form

Py(z,y) = asx® + dazx®y + 6ax2y* + dayxy® + apy’
are of the following form

2
A(CLO, ai, az,0as, a4> = Qopayq4 — 4(11@3 + 30’27

B(ao, ai, ag, as, &4) = —AapA2ay4 + CL% + CLQ(I?), + (Z%CL;; — 2&1&2&3.
Setting a,, = p(n), Chen [36] conjectured that
A(anfh Qpy Ap+1, Qp42, an+3) >0 and B<an717 Qp,y An+1, Ap42, an+3) > 07

along with the associated companion inequalities in the spirit of and (6.11]).
Here we list all the four conjectures with a,, = p(n).

Conjecture 6.1.1 (eq. (6.17), [36]).
Gp_10p43 + 3ai+1 > 4anan,9 for all n > 185. (6.12)

Conjecture 6.1.2 (Conjecture 6.15, [36]). We have
2
16n3

Conjecture 6.1.3 (eq. (6.18), [36]).

4(1 + >anan+2 > Ap_10n43 + 3ai+1 for all n > 218. (6.13)

3 2 2
Up iy + An1Gy o + AnGny3 > 20500410042 + Gp_1Gni1Gny3 for all n > 221, (6.14)
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Conjecture 6.1.4 (Conjecture 6.16, [36]). We have for all n > 244,

3
T
3 2 2
<1 + W> (2n0n11Gn42 + Qp_10n410n43) > G5 g+ Gp1Gy o + Gy Gy

(6.15)

We prove all four conjectures along with the confirmation that the rate of decay
72 /160> (resp. 73/72v/6n°/?) in (resp. in (6.1.4])) is the optimal one, as stated
in Theorem [6.1.5] (resp. Theorem [6.1.7). We also ensure that the rate of decay is
7/v/24n3/% in the context of can not be improved further by proving Theorem
0.1.9

A major part of this chapter is devoted to obtaining an infinite family of inequal-
ities for p(n — ¢) for a non-negative integer ¢, stated in Theorem so that under
a unified framework, we can prove inequalities for p(n) stated below. Work done in
Sections and incarnates the theme of work presented in [21].

Let a,, := p(n).

Theorem 6.1.5. For all n > 218,

7T2

4(1 + W)Gn(ln.m > Ap—10p4+3 + 3a121+1 > 4<1 +

Corollary 6.1.6. Conjecture|6.1.1| and|6.1.4 is true.

w2 6

16n3 n7/2

)anan+2. (6.16)

Theorem 6.1.7. For all n > 244,

3
T
3 2 2
(1 + W) (20Jnan+1an+2 + anflan+1an+3) > Ap1q + Ap—10p 40 + ., Qp4-3

6.17
w3 8 ( )
> (1 + W - E) (2%%+1an+2 + an—1an+1an+3)-
Corollary 6.1.8. Conjecture|6.1.5 and|6.1.4] is true.
Theorem 6.1.9. For alln > 115,
0
(1 + m) (Anlns1 — Qp-1Gn12)? > 4(a% — an-1041) (05 1 — Qo)
T 3
> <1 + m - ﬁ) (Anani1 — an71&n+2)2-
(6.18)

Remark 6.1.10. We observe that Theorem[6.1.9 immediately implies the following
three statements:
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1. (p(n))n>o5 satisfies the higher order Turdn inequalities (37, Theorem 1.5].
2. For alln > 2, (6.11)) holds (95, Theorem 1.2].

3. m is the optimal rate of decay of the quotient
A(ay, — anflanﬂ)(aiﬂ — Upns2)/ (Anns1 — Qno1api2)”.

The rest of this chapter is organized as follows. In Section [6.2] we shall present
a couple of lemmas from [22, [21] that will be helpful in later sections. Following
the work done by Paule, Radu, Schneider, and the author [21], Section prepares
the setup by determining the coefficients in the asymptotic expansion of p(n — ¢)
along with its estimates. An infinite family of inequalities for p(n — ¢) is presented
in Section Section presents proofs of the Theorems [6.1.5] [6.1.7, and [6.1.9]
We conclude this chapter with a brief discussion on the further applications of this
work, given in Section [6.7]

6.2 Preliminaries

This section presents all the preliminary lemmas required for the proofs of the lemmas
presented in subsequent sections.

Lemma 6.2.1. |21, Lemma 3.3] For j, k € Z>,
;(_1) (Z) <j ) :{ (=1)72" 2]k<2jg 1), otherwise (6.19)

Lemma 6.2.2. (21, Lemma 4.1] Let x1, 2o, ..., x, <1 andy1,. ..,y be non-negative
real numbers. Then

(I —xz)(1 —a9) -+ (1 —
oo (7o Vo1 Y Zy]

7=1

Lemma 6.2.3. |21, Lemma 4.2] For t > 1 and non-negative integer u < t, we have

1y =ty 1<1_u2+%).
2t

T2+ u)(t), 2 t
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Lemma 6.2.4. |21, Lemma 4.3] For t > 1 and non-negative integer u < t, we have

i 3 2
2u—|—1> 1 2t Z( t)i(—1) >2u+1_4u + 6u —|—8u+3'

2t 1+2t+1+2t (t+i)(t); — 2t 12¢2

Throughout the rest of this chapter,
oy = %\/1 T o4l

Lemma 6.2.5. We have

= uaZt 1 e a? ap .
Z = cosh(ay), Z (25)' = 5 sinh(ay), Z (2u§' = Z" cosh(ay) + Zg sinh(ay),
UZO ' u=0 ’ u=0 ’

and
304%“ 3a2 alaf+1) .

Mg

= — COSh(OZg) +
u=0 !

Lemma 6.2.6. (21, Lemma 4.5] Let uw € Z>o. Assume that api1 — ap > bpi1 — by,
for alln > u, and lim,,_,o a,, = lim,,_, b, = 0. Then

b, > a, for all n > u.

Lemma 6.2.7. Fort>1 and k € {0,1,2,3} we have

i uka2 < C(0)

-~ 9 P
B (2u)! t
where
4 X 2k
ClO = a1+ (vay) ez
: >1
(1+2[VI)(2+2[V)!
Proof. Applying Lemma [6.2.6| with a, = Zzo:nH u(kag, and b, (K), bpi1 — b, <
+2
any1 — A, is equivalent to show that f(n) := % < Cx(£). To prove

f(n) < Ck(¥), it is sufficient to show that f(m) < Ck(¢) for a minimal m such that

f(m) is maximal. In order to find such m, it is enough to that (TE:)U < 1 for all
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n > max{[v/], 1}, and therefore, max f(n) = f([V0]) = Cr(¢) for all £ > 1 and for
LS/

n a?(n4+2)k+2(2n41
£=0, max f(n) = f(1) = Cy(0). Now, /) = ety < 1 holds for
all all n > max{[v/],1}. O

Lemma 6.2.8. [22, Equation 7.5, Lemma 7.3] For n,k,s € Z>, and n > 2s let

b (5) 4/5 (s+k—1>1
n\S8) ‘= —F—— )
" Vs+k—1\ s—1 )nk
then
= (-2 ()
0< Z( : ) L < heas) (6.20)
t=k
Lemma 6.2.9. [22, Equation 7.9, Lemma 7.5] For m,n,s € Z>, and n > 2s let
2 s
Cm’n(S) = En_"r“
then
Cmn(8) = [1/2\ (—1)Fsk
- — < < 0. 6.21
Jm Z;:( C) 020
Lemma 6.2.10. (22, Equation 7.7, Lemma 7.4] Forn,s € Z>1, m € N and n > 2s
let
2 (s+m—1
5m,n(3) O TL_m( s—1 )a
then
= [—s\ (=1)F
0< ; ( h > — < Brals). (6.22)
6.3 Set up

Using the Hardy-Ramanujan-Rademacher formula for p(n) and Lehmer’s error bound,
we have the following inequality for p(n) due to Chen, Jia, and Wang.

Lemma 6.3.1. [37, Lemma 2.2 ] For all n > 1206,

V12 (1— L1 )<p(n)<—\/ﬁeu(n) (1— L, 1! ) (6.23)

24n — 1 p(n)  p(n)to 24n — 1
where forn > 1, u(n) := 5v/24n — 1.
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The definition of p(n) is kept throughout this chapter. Paule, Radu, Zeng, and
the author extended Lemma [6.3.1] as follows.

Theorem 6.3.2. (22, Theorem 4.4] For k € Z>s, define

(k) = o (i—ﬁ (R 1>,

where v(k) := 2log6 + (2log 2)k + 2k log k + 2k loglog k +
k € Zss and n > g(k) such that (n, k) # (6,2), we have

@(1_;_;><p(n><@<l_;+;>, (6.24)

ok loglog k

. T
log & hen for all

24n — 1 p(n)  p(n)t 24n — 1 p(n) — p(n)t

By making the shift n — ¢ in p(n) for any ¢ > 0, we obtain the following result.

Theorem 6.3.3. Let { € Zxq. For k € Zso, let G(k) be as in Theorem [6.5.9 Then
for all k € Zso and n > g(k) + € such that (n, k) # (6,2), we have

12eH(n—0) 1 1
Vet D _ <pln—t) <
24(n—0) —1 pn—2~0)  pn—20)Fk

V12er(n=0 R
24(n—40) —1 un—20)  un—20FkJ]
(6.25)
12 er(n=0) 1

Rewrite the term 221/(;_6 =1 (1 — = £)> in the following way:

V12 er(n=6) <1 1 )

24(n—0) —1 u(n —0)

_ b s /o (V1o (1 1 +24€>—1<1 1 ) (6.26)

4n+/3 ~ Y R 24n p(n—0)/
::A‘g?n,é)

Now we compute the Taylor expansion of the residue parts of A;(n,¢) and As(n,?),

defined in (6.26]).
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Definition 6.3.4. Fort,{ € Z>, define

{1, ift=20
er(t,0) == (D14 240! (1/2 = )ps1 = (=1)%(=1), 2 .
2 (

(24)t ¢ -~ + ) (2u— 1) v otherwise
(6.27)
and 1 . .
&(W,ﬁ) = ;el(t,@(%) , n> 1. (6.28)

Definition 6.3.5. Fort,{ € Z>y, define

T (D(1/2 = (14 240" o~ (“D"(t)u 5,
(6.29)
and .
1 1\ 2t+1
01 <%,€> = Zol(t,ﬁ) (%) , n > 1. (630)

=0
Lemma 6.3.6. Let Ai(n,l) be defined as in (6.26)). Let E1(n,?) be as in Definition
and O1(n,!) as in Definition[6.3.5. Then

1 1
Ai(n,0) = B, <ﬁ’€> + 0, (%,6). (6.31)
Proof. From , we get
M) = VT (Vi)

O ()
= g m ;/3)k(ﬁ)k lko (?)(—1)'6—1‘2 (Zf) (—1)Z;i$j24€)j
- BRSSP () ()

(6.32)
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Split S := {(k,i,j) € Z3,: 0 <i <k} := |J V(t), where for each t € Zs,

tEZZo

Vi(2t) = {(2u,i,u+1t) € Z3: 0 <i < 2u}

and
V(2t+1)= {(2u+1,z,u+t+1) €Z3,:0<i<2u+1}.
2
By Lemma [6.2.1] we have Z ( ) (Z/ ) =0 for k > j. For r = (k,i,j) € S, we
define
(my/2] D)=+ (1 + 246)7 (K (/2 _
= =k —27.
s = I () () o g0k
Rewrite as
241
Z Y s (—) + Z Y oS (7) . (6.33)
t=0 rev(2t) t=0 rev(2¢t+1)
Now
> 1 +24£) ( (-1 , ) 12
> Y s Z o2& (ut) | (—=) .
> 3 so() - 3 > G ()
(6.34)
where by Lemma [6.2.1}
2u i 1, if u=t=0
(2 2 .
Ei(u,t) == Z(—l)l( u) ( i ) = 0, ifu>t
i=0 t utt 2“(1/215&2%!1(_”“ , otherwise

Consequently, we have

Z >, S ( ) 251<%75>- (6.35)

t=0 reV(2t)

Simplifying,

> > so()"

t=0 reV(2t4+1)

(14 240) = (1)1 +240) [ (D) 5, 1§26+
Ve = (24) (Z Qu+ 1)1 Ol(“’t)) (%) ’

u=0

(6.36)
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where by Lemma [6.2.1}

2u+1 . ]
(2u+1 i/2 0, if u>t
Orfu,t) = 3 (=1) ( i ) (u+t+ 1) - { — G20 e otherwise

Therefore, we have

s 1\ 2641 1
o> st = Oy —=,1). (6.37)
2 2w ol
From (6:33), (6:33), and (6:37), we get (6:31). 0
Definition 6.3.7. Fort € Z>(, define
1 = 1 \2t (14 240)t
Eyl—&=,0) =) et, )| —=) with ey(t,l): = ——-—". (6.38)
2(\/5 ) ; 2 (\/ﬁ) 2 (24)t

Definition 6.3.8. Fort € Z>, define

02<L> _ 202(15)<L>2H1 with oy(t) = 6 (—3/2) (—1)4(1 —1—246)15‘

v v w24\t (24)!
(6.39)

Lemma 6.3.9. Let Ay(n,l) be defined as in (6.26)). Let Es(n,{) be as in Definition
and Oz(n, {) as in Definition[6.3.8 Then

Ay(n, 0) = ]%(%,E) + @(%,e). (6.40)

Proof. Following the definition of As(n, ¢) from (6.26) and expand it as follows:

14240\ 1 6 1 1+ 240N —3/2
A = (1-— — — (1=
2(n;4) ( 24n > /2l \/ﬁ< 24n )
1 1
— E (—e) O <—,£ . 6.41
This completes the proof of (6.40)). ]
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Definition 6.3.10. Following the Definitions [6.5. we define

se,l(%,e) - El(%,QEQ(%,e), (6.42)
Se,2<%,€> _ 01(%,£>02(%,£), (6.43)
so,l(%,e) - El(%,ﬁ)Oz(%J), (6.44)
" So,z(%,e) - EQ(%,K)Ol(%J). (6.45)
Lemma 6.3.11. For cach i € {1,2}, let S(%z) and S(%K) be as in

Definition|6.5.10 Then

V12 ern=0 ) 1 1
24(n — 0) — 1< B u(n—£)> B 4n\/§e

2
/23

VR

S(%f) + S(%E))
(6.46)

Proof. The proof follows immediately by applying Lemmas|6.3.6{and [6.3.9[to (6.26]).
[

6.3.1 Coefficients in the asymptotic expansion of p(n — /)
Definition 6.3.12. Fort,{ € Z>q, define

Sy (t,0) = i (EUA/2= S)ons Z CED ) o (6.47)

— s (s +u)!(2u — 1)! £
and (1+ 240)"
+
9671(25,6) = W (1 + Sl(t,£)> . (648)
1
Lemma 6.3.13. Let Se,1<7,€> be as in (6.42). Let g.1(t, ) be as in Definition
n
[6.3.12 Then
1 = 1 \2
Seil—=:0) =) gea(t,O)| —) . (6.49)
1<\/ﬁ ) ; ! (ﬁ)
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Proof. From (6.28)), (6.38)), and (6.42)), we have
1 t—1 o
Se,l(%ag) = 1+Z<61t€ +€2t€ +;€18€62t—5 £)>(7>

=1
(6.50)
Combining (6.27) and (6.38)), we obtain
t—1
(1 +240) B
er(t) + es(t) + 2 eis)ealt =5) = g (1 + Su(t, E)) = ger(t,0),(6.51)
which concludes the proof of ((6.49)). O

Definition 6.3.14. Fort € Z>y and { € Z>, define

B -3/2 Y= (D"(=8)u 4
2(t,4) _Zl/z_ssﬂ(t s—l)g(s—l—u%—l)!@)az’ (6.52)

s=

and
(—l)t‘l(l + 240)

24)

Geo(t, ) == Sa(t, 0). (6.53)

1
Lemma 6.3.15. Let S&g(— as in (6.43) and g.2(t, ) as in Definition |6.3.14,.

7
Then

oo f) = Lot 0 75) (654

Proof. From (6.39)), (6.40) and (6.43]), we have

M(%,z) - 01(\/_ z)@(\/ﬁe)

_ Z<Zolsw_s @)(;ﬁ)”

t=1

_ Z 96,2(75,6)(%)2 (by (629) and (639)).  (6.55)
0
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Definition 6.3.16. Fort € Zss and ¢ € Z>, define

t . 3/2 s ”
Ss(t, () ;22(1/2 D (i )Z CD 8D _ o (6.56)

s (s +u)l(2u—1) ¢

s=1 u=1
and
(6 (-1t +24€)t( ~3/2 )
— 1 Ss(t,0) ), ift>2
/24 L () + 58,0 ), of
432 + (1 + 240)w
o t,f = — s ) t:l 657
o (t, 0) 62304\/67 if (6.57)
[ ™24

1
Lemma 6.3.17. Let S, (T, f) as in (6.44) and g,1(t, ) be as in Definition|6.3.16|
n

Then
S (%e) - Z o (£, 0) (%)RH. (6.58)

Proof.  From (6.28)), (6.39) and (6.44]), it follows that

SO,1<%,E> - E1<\;_ £>og<ﬁ ‘)

= 00Dt a0
> ¢ 1 \2t+1
tX: (02(t) + ; e1(s, 0)os(t — s, €)> <%>

= 901(06)\/—%—90115 +Zgolt€< )

(by and (6.39)). (6.59)

O
Definition 6.3.18. Fort € Z>, and { € Z>, define

i) 1= Y1012 9 3 S a0

— “ (54 u+1)!I(2u)!

and

(1 +240) (1 + 24¢0)
126 (24)
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1
Lemma 6.3.19. Let 5072< be as in (6.45)) and g,2(t,€) be as in Definition

7
6 S. Then . .
S, (% 0) = Z Golt, 0) (%) . (6.62)

Proof.  From (6.29)), (6.38) and (6.45)), it follows that
50,1(%,@ - 01(%,12)@(%,5)
_ Y (Z or(s, es(t — s, £)> (%)m

t=0 \s=0
i 1 N\ 2t+1

= Zgog(t,e)(%> " (by and (6.38)).  (6.63)
t=0

[
Deﬁnition 6.3.20. For eachi € {1,2}, let g.;(t,0) and g,:(t,?) be as in Definitions

We define a power series
2t 2 1 \2t+1
thf( ) Zthé( ) +;g(2t+1,€)<—> :

B

where
9(2t,0) == ge1(t,0) + geo(t,0) and g(2t +1,0) := go1(t,0) + go2(t, ).  (6.64)
Lemma 6.3.21. Let G(n, ) be as in Definition|6.3.20. Then

V12 ern=6 1 1
¢ (1 - ) - e™V23 . G(n, 0). (6.65)
24(n —£) — 1 pn—10))  4ny/3
Proof. Applying Lemmas [6.3.1346.3.19 to Lemma we have (/6.65)). O

Remark 6.3.22. Using Sigma due to Schneider [128] and GeneratingFunctions
due to Mallinger [104], we observe that for allt > 0,

9(2t,0) = ge1(t,€) + ge2(t, £) = way and g(2t+1,0) = go1(t, ) + go2(t, ) = wat1,s,
(6.66)
where
t+1

(1+240) S (t+1\ t+1—Fk [m\t-2 1
9060 = e =" — 75 ;( s )(t+1-2k>!(6> Aoy (067

Note that for { =0, we retrieve wy as in O’Sullivan’s (112, Proposition 4.4] work.
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6.3.2 Estimation of (5;(¢,())

We present the Lemmas [6.3.2416.3.30] which will be needed in the Subsection |6.3.3
A brief sketch of proofs of these lemmas are presented in the Section [6.6]

Definition 6.3.23. Let Cy,(() be as in Lemma[6.2.7 Define

CE(f) = % 4 Co(f) + HEoh(@) ; oy sinh(a)
o +1 (o +12)

CY(0) .= Cy(0) +

cosh(ay) + sinh(ay).

24

Lemma 6.3.24. Let Sy(t, ) be as in Definition and CE(0), CH(0) as in Defi-
nition |0.53.25. Then for allt > 1,

_CHO _ S0 (-1

2
- (cosh(ozg) — 1) + 2%0@ sinh(ay) < CT (5)

(6.68)

r (_1>t(_t§) (_tg) v
Definition 6.3.25. Let Cy,({) be as in Lemma[6.2.7 Define
r ~ cosh(ay) | sinh(ag)  agsinh(ag) 201 (€)
Cyy(l) = 1T Ta, + 1 + PR
U __cosh(ay)  sinh(ay) = 2C3(¢)
CQ,I(E) T 2 + 20ég + Oé? )
csh(¢) := cosh(ay) + aysinh(ay),
_8C3(0) | (aj41)cosh(ar)  (af + 120y) sinh(ay)
Coa(l) = o2 + 1 + o ;
h(l) 4Cy(¢
cE0) = o+ 10
’ 2 Q;
csh(/
CH(0) = C5(0) — 2< ) + Ca(0).

Lemma 6.3.26. Let Sy(t,£) be as in Definition |6.3.14 and C£(€), CY¥(€) as in Defi-
nition [6.3.25. Then for all t > 1,

. Ci(f) < Szgtg,)f) B (—i)t Cosh(ae) I Sinh(ozg) < CZQ/{(E)

) W ST
Definition 6.3.27. Let Cy(() be as in Lemma[6.2.7 Define

(6.69)

t

3a? cosh + Tay sinh + 2 cosh -2
Cor(l) = a; cosh(ay) o sm8 (cv) cosh(ay) LoD,
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9a sinh(ay) + (o + 24a?) cosh(ay) + 18y sinh(ay)

Cs2(0) = 21 +2C5(0) + C1(0),
sch(¢) := o} cosh(ay) + 2a,sinh(ay),

CE() = Cs1(0) + Cyall) - Sd;“),

CU(t) = 3Cy(0)+ @

Lemma 6.3.28. Let S5(t, () be as in Definition and CE(0), C¥(0) as in Defi-
nition |0.5.271. Then for allt > 2,

L -1 t U
— C3t(€) < SSEZ’ Y + (73) agsinh(ay) + 1 — cosh(ay) < Cs (6) (6.70)
7))
Definition 6.3.29. Let Cy(() be as in Lemma[6.2.7 Define
4 2 .
oy (a7 +6)cosh(ay) + 3a,sinh(ay)
Curll) = 7y 16 ’
h 2
CE(t) = Cu(n) - R0 | 200,
CU() = (a? + 12) cosh(ay) + 3 sinh(ay) + 12C(¢)
A 24 ‘

Lemma 6.3.30. Let Sy(t, () be as in Definition and CE(0), C¥(0) as in Defi-
nition |0.5.29. Then fort > 1,

L Ve u
_ C‘;Q(E) < S4(t’€)§ _ 7? sinh(ay) + %COSh(O[g) < 04752(4)' (6.71)
(_1)t( t2> ( t2) e
6.3.3 Error bounds
Lemma 6.3.31. For allk € Z>1, { € Z>p, andn > { + 1,
(1 +240% (1 +240) _2(0+1) (1 + 240)*
(24n)k = Z (24n)t — 23 (24n)k (6.72)

t=

Proof. Equation (6.72)) follows from

(142400 (1+240)F 24n
( )y _
(24n)t  (24n)k 24n — 240 —1

t=k
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and

24n 24(0 + 1)
< for all n > ¢ + 1.
S o1 = g3 oralln=l+4
O
Lemma 6.3.32. For all n,k,s € Z>y1, { € Z>p, andn > { + 1,
1 1+240)F & 14 24¢ 1200+ 1) (1+240)"
(1t <Z () (L2000 120+ 1) (1 ' (6.13)
(k+1)2 (24n)* - (24n)t 5(k+1)52 (24n)
Proof. 'We observe that
19 _3 0o
ts (24n) 4t 2ts (24n)t '
t=k t=k
For all t > 1,
4t < (2t> < 4t
v/t —\t) = at
From (6.74) we obtain
3
ZVEFT(1 240 & () 1 4 S VE+T1 (14240
ts _2'_471 Z (24n)t = ﬁz 2;: ( (;4n) ) (6.75)
t=k t=k t=k
Forall k > 1,
>~ (-1 1+240) K VE+1 240 1 1 4 240)*
3k )'(72) (1 + o S VIO 20 e )
— ts (24n)t — (24n)t (k4 1)z (24n)*
and
i(—n( 2) (1 + 240)" ii 1 (1+240)
— ts (24n)t VT = (t+ 1) (24n)
4 = (14 240)
< : Z( + t)
Valk+ 1) (24n)
4-24(0+1) 1 (1 +240)%
< (by
23 . ﬁ (k’ + 1)8—— (247’L k -
12 (0+1) 1
et - 6.77
5 (bt 1) (Zan)t 677)
Equations (6.76]) and (6.77)) imply (6.73 - O
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Lemma 6.3.33. Forn € Zsy, k,{ € Z>y, andn > 40 + 1,

-3\ (- (1+24£) V4 1(1 + 240)F
0 2 <4 . 6.78
: Z () amr <P gy 07
24
Proof. Setting (n, s) — (Wj_l, 2) in (6.20)), it follows that for all n > 4¢ + 1,
=3\ (—1 Vk+ 1(1 + 240)F
2 <4
0<;(t)24) V2 24n)F

]

Definition 6.3.34. Let C£(¢) and CY({) be as in Definition |6.3.25. Then for all
k>1and?¢ >0, define

Ly(k,0) = (Cosh(ae) Y sigh(]i)(lé +1) 5(k(i %1-)22 O£ ( €)> < 1+ 246)

and

23 2Wk+1  5(k+1)%2

Lemma 6.3.35. Let Ly(k, () and Uy(k,{) be as in Definition|6.3.34. Let g..1(t,¢) be
as in Definition|0.53.19. Then for all k € Z>, and n > 40 + 1,

i 0) = (24(€+1)cosh(oze) _ agsinh(ay) | 12(¢+ 1) CW))( 1+24£>2k

(H( ) <delm( )2t<U1(k,€)<%>2k. (6.79)

Proof. From (6.48)) and ([6.68)), it follows that for ¢ > 1,

cosh(ay) — ﬂa sinh(ay) — MC’L(@ < <i>t (t) =1+ 5:(t,0)
¢ o ? ? 12 1+ 247 Ge,1 1\7,
13 1\t (5
< cosh(ay) — (=) ( ag sinh(ay) + 12( ¢ )Clu(ﬂ)
(6.80)
Applying (6.72)) and - with s = 1 and 2, respectively, to (6.80), we obtain
(6.79). O
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Definition 6.3.36. Let C£(¢) and CY({) be as in Definition |6.3.25. For all k > 1
and ¢ > 0, define

(.0 (_24(€+1)Cosh(cw)_12(5#—1)012,1(6))( 1+24z>2’“

23 SVk+1 24

and

Oy 5V k 24

Lemma 6.3.37. Let Lo(k, £) and Usy(k,{) be as in Definition|6.3.36. Let g.(t, () be
as in Definition|0.5.14. Then for all k € Z>, andn > 40+ 1,

= <_C08h<ag> y 2sinhla)) g 120H ”cﬁ(ﬁ) ( HW)%

2t 1 \ 2k
(H( ) <degt€< ) <U2(k,€)<%> . (6.81)
Proof. From and , it follows that for ¢t > 1,

— cosh(ay) + (=1)! (_5) sinh(ay) . (_1>t(_t )Cg(é)

t Qyp
1+ 240\ ¢t i
—(— 6.82
< ( - ) Goa(t,0) = ()18, (¢, 0) (6.82)
_3\ sinh —1)t(2
< —cosh(ay) + (—1)t< 2) sinh{ar) + VG )CQE(K)
t (67 t
Applying (6.72)), (6.73) with s =1 and (6.78) to (6.82), we get (6.81]). O

Definition 6.3.38. Let C£(¢) and CY({) be as in Definition |6.5.27. For all k > 1
and ¢ > 0, define

2k+1
Ly(k, 0) = 6agsinh(a,) 24+/2 cosh(ay) vk + 1 o 2(0+1) CY(0) 1+ 24/ "
R v+ 24 /1 + 240 v+ 240 VE + 1 24

and

Us(k, () := <wwsinh(a@) n 72(0+1) CE(0) )( 1+24£) 2k+1.

23w/ 1 + 244 S5tV 1+ 240 VEk + 1 24
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Lemma 6.3.39. Let L3(k,{) and Us(k, ) be as in Definition|0.5.38. Let g,1(t,¢) be
as in Definition [0.5.16f Then for all k € Z>y andn > 40 41,

(M( )2k+1<2901t€< )

2t+1 - U3<k7€)<i>2k+1

NG (6.83)

6
Proof. Define ¢(t,{) := _71——1-246(_1)t( t%) From ( and (6.70]), it follows

that for ¢t > 2,

[SI3Y

6y sinh(ay) 6 cosh(ay) (— )t(_%> _ 603“(5) (_1)t(_t )
14240 w1+ 240 t

5 2+1
= 6.84
<(\/24€+1> Go,1(t,0) = c1(t, 1) > (6.84)

6oy sinh(ayy) 6cosh(ag)( 1)t<—%) 6C3£ (¢) (—1)t(—t%)
m/1+240 w1+ 240 mi4+240 t

We observe that also holds for ¢t € {0, 1}; see (6.57). Now, applying (6.72)),
(6.73) with s =1, and (6.78) to (6.84)), we conclude the proof. O

Definition 6.3.40. Let CF(¢) and CY(¢) be as in Definition |6.5.29. For all k > 1
and ¢ > 0, define

k
Loty o TYIF2L (coshlon) _ 24(C+ Dsinb(on) _ 120+ 1)CY(0)) ( [T520 o
T 2vVk+1 230, 5(k + 1)3/2 24

and

/I OH0 (6(C+ 1) cosh(ay) sinh(ag) 1200+ D)CEO)\ [ [T 240\
Us(k, €) := 6 ( 5vEk+ 1 - a/ T TR 1) )( 24 ) '

Lemma 6.3.41. Let Ly(k, () and Uy(k,?) be as in Definition|6.3.40} Let g,2(t,¢) be
as in Definition [6.5.18 Then for all k € Z>, andn > 40 41,

(k:e( )2k+1<zgogw< )

2t+1 1 >2k+1

< U4(k:,€)<%

(6.85)
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V142440
Proof. Define ¢y(t,{) == —%(—1)’5(?). From (6.61)) and (6.71]), it follows

that for ¢t > 1,

7v/T + 240 cosh(ay) (—1)'(72) _ mvV/1+240sinh(ay) w1+ 240 CY(0) (—=1)(2)

12 t 6ay 6 12

or Su(t, 0)
< ( 24£+1> goyg(t,ﬁ):Q(lﬁ,ﬁ)m

. /1 + 240 cosh(ay) (—1)f(—§) w1+ 240sinh(ay) N /1 + 240 CE(Y) (—1)t(‘§
- .

12 t 604@ 12
(6.86)
Now, applying (6.72) and (6.73]) with s = 1 and 2, respectively, to ([6.86)), we have
(16.85)). ]

Definition 6.3.42. For k> 1 and { > 0, define

L {(24£+1)2 (k+3)(24€+1)}‘

no(k, ) = max 16 24

Definition 6.3.43. Let ny(k,{) be as in Definition (6.3.42. For k > 1 and ¢ > 0,
define

- 1 R R k(1 + 240)
Ly(k, 0) := (aom)k<1 0 no(k,1)> d Us(k,¢) - (aom>k<1+3.no(/€,1)>'

Lemma 6.3.44. Let Zg(k,ﬂ), and @(k,ﬂ) be as in Definition|6.5.49. Let ng(k, () be
as in Definition|6.3.44. Then for all k € Z>y and n > ny(k,?),

ew\/2n/3 52(]{’6) _ \/ﬁ eu(n—f) 1 _ 67r\/2n/3 [72(/{378)
V3 it 24— —lum—0F T any3 b

Proof. For all k> 1 and ¢ > 0, define

(6.87)

\/ﬁ et(n—=0) 1 677\/2n/3 1

e V) A BV
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and

Q(n, k, () ==

x 2i< 1_1+24£_1>
En,k,0) e "7 i ( B 1+24€>—'”2
Un, k,0) (ao\/ﬂ)k 24n

Using (6.21) with (m,n,s) — (1,24n,24¢ + 1), we obtain for all n > 2¢ + 1,

1+ 24/ 1 =172\ (—=1)™
— l—— 1= <0
2n 24n mz_l < m ) (24n)m =

and consequently for n > ny(k, ¢),

1+ 24¢ sy 24(,/—17471>
P IS - P ) <. (6.88)
4 Tlo(k', g)

Therefore

(ao\jﬂ)k (1 -= ;472146)_2 (1 - m) < Q(n,k,0l) <

1 L4240
(ao\/ﬂ)k< ~ 24n )
(6.89)

14 240\~ e :
o ) ’ by splitting it into two cases depending on whether
n

We estimate (1 —

k is even or odd.
For k = 2r with r € Z>:

1+ 240N\ -2 1+ 240N —(r+1) r+ 1)\ (=1)7(1 + 24¢)7
(1 24n ) - (1 24n ) b Z ( ) (24n)i

From (6.22) with (m,s,n) — (1,7 + 1, 5222-), for all n > w, we get

) 24041
(= (r+ 1)\ (Z1)7(1+240)7  (r+1)(24¢+1)
U< Z ( ' ) (24n)7 = 12n ’

which is equivalent to

1+ 240\ "5 (k +2)(240 + 1)
1<<1_ 24n > <b+ 24n

for all n > ng(k,?). (6.90)
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For k = 2r 4+ 1 with r € Z>:

1+ 240\ "5 1+ 240\ 32 ZEIN (—1)7(1 + 240)7
1— = (1— =1 : .
( 24n > ( 24n ) - Z ( ) (24n)

24
Using (6.20) with (m, s, n) — (1,r + 2, —n), for all n > UFAUF2O oo get

240 + 1 12
ESN (—1)7 (r+2)(1+ 240)
' Z 7 oy <%

which is equivalent to
1+ 240\ -5 k(1 + 24¢0)
1 (1 - e
= 24n R
From and (6.91)), for all n > ny(k, ¢) it follows that

for all n > ng(k,?). (6.91)

1+ 240N\ -2 k(1 + 24¢)
1 (1 — ) 1+ —F—. 92
< 24n S kD) (6.92)
From (6.89) and ([6.92)), we conclude the proof.
]

6.4 Inequalities for p(n — {)

Definition 6.4.1. Let (Li(k7€>>1§i§4 and Ui(kyg))1§i§4 be as in Deﬁmtions 6334
6.3.400 Let Us(k,0) be as in Definition|6.3.48 Then for allw € Zsy with [w/2] > 1,

define
1= 1 [£1.0)+ (510 + ([ ) ([ 21) - Bt

d (
(

Let g(t, () be as in Let L(w,€) and U(w,?) be as in Definition [6.4.1. If
m € Z>y and n > max{l,no(Zm 0), (2m +(}, then

emV/2n/3 (27”_1 g(t,0)  L(2m,0) V273 <2m_1 g(t,0) U(2m75)>

An/3 \/ﬁt + \/ﬁQm ><p(n—€)< A3 \/ﬁt + \/ﬁ2m
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Proof.  Following Definition [6.3.20] and from Lemma [6.3.21} we have

i g(t,é)(%)t - 2§_jlg(t,€)(%)t+ ig(t%)(%)

t=0 t=2

t

2m—1

:ZM@M}J+Z%N@WM”W%V
+§%M5+M@mgw“?

(6.93)

Using Lemmas [6.3.35H6.3.41] by making the substitution & +— m, it follows that
Li(m, l) + Ly(m, () N Ls(m, ) + Ly(m, )

\/ﬁ2m \/ﬁ?ﬁl‘i’l
1\t U 0) + U l U. )+ U l
< > gltn(gp) < Pl b0 Gl P im0 gy
t=2m \/ﬁ \/ﬁ
Moreover, by Lemma with k& = 2m, it follows that
12 w(n—2~) 1 m\/2n/3 77 2 ¢
ViZe ‘ Ua(2m. ) (6.95)

24(n—0) — Lp(n— 0" =~ a3 "

Combining (6.94)) and (6.95)), and applying to Theorem we conclude the proof.
O

Lemma 6.4.3. Let g(k) be as in Theorem and no(k, ) as in Definition[6.5.43
Let g(t,0) be as in Equation (6.67). Let L(w, () and U(w,f) be as in Definition[6.4. 1]
If m € Zsy and n > max{1, ny( 2m+ 1,0),g(2m + 1) + £}, then

VI (2 a0 L(2m 41, 0) eV (N Gt 0) U(2m+1,0)
An/3 Z r T 2m+1 <p(n—f) < Z Pt 2m+1 ’
n3 \‘= n NG nv3 \= n NG

Proof. The proof is analogous to the proof of Lemma [6.4.2] ]

Definition 6.4.4. Let g(t,¢) be as in (6.67), L(w,¢),U(w,) as in Definition[6.4.1.
If w € Zsy with [w/2] > 1, define

L, (w,0) = ig(t,f) <%>t—|— L\(/l%’f) and Uy, (w,l) := ig(t,f) (%)t—i- U\(/I%’wg).
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Theorem 6.4.5. Let §(k) be as in Theorem|[6.5.9 and no(k, () as in Definition[6.5.49
Let L, (w, ) and U,(w, L) be as in Deﬁniti0n|6.4.4|. If w € Z>y with [w/2] > 1 and
n > max{g(w) + ¢, no(w,?)}, then
677\/271/3[: ( 6) _ (n g) - €7H/2n/3
n\W, -
1nv/3 P 1nv/3

Proof. Putting Lemmas [6.4.2] and [6.4.3] together, we obtain (6.96)). O

Lo(w, 0). (6.96)

6.5 Proofs of Bill Chen’s conjectures

Proof of Theorem : To prove the lower bound of (6.16]), it is equivalent to show
that

2 6

16(n —3)3 (n—3

p(n—4)p(n) +3p(n—2)* > 4<1+ )7/2>p(n—3)p(n— 1). (6.97)

Since 1 + m > > 1+ m
ince — = — -
16n®  n7/? 16(n—3)3 (n—3)7/2

show that

for all n > 5, it is enough to

2

p(n —4)p(n) + 3p(n — 2)* > 4 (1 + # — %)p(n —3)p(n —1). (6.98)

Choosing w = 12 and applying Theorem [6.4.5| for all n > 2329, we have

2 eﬂ\/m i 2
p(n—4)p(n)+3p(n—2)° > ( 3 ) (En(12,4)-£n(12,0)+3 £n(1272)>, (6.99)

and

4n\/§

Therefore, it suffices to show that

e”\/m :
pn—3)pn—1) < ( ) (un(m, 3) - Uy, (12, 1)) . (6.100)

w2 5
16n3 n7/2

L£,(12,4)-£,(12,0)+3 £2(12,2) > 4(1+ )Z/ln(12, 3)-U,(12,1). (6.101)
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Using the ReduceEl command within Mathematica, it can be easily checked that for

all n > 625, (6.101f) holds.

Similarly, to prove the upper bound of (6.16)), it is equivalent to prove that

2

p(n —4)p(n) + 3p(n — 2)* < 4 (1 + 3>p(n —3)p(n —1). (6.102)

16(n —3)
2 2
Since 1 + e <1+ m for all n > 4, it is enough to show that
2
p(n —4)p(n) + 3p(n — 2)* < 4 <1 + 16n3>p(n —3)p(n —1). (6.103)

Choosing w = 12 and applying Theorem [6.4.5] for all n > 2329, we have

677\/2n/3 2
p(n—4)p(n)+3p(n—2)2 < (Tﬁ) (Un(12,4)'1/{n(12,0)—1—3?/{5(12,2)), (6.104)
and
67“/271/3 2
p(n—3)p(n—1) > ( 3 ) (ﬁn(12, 3) - L,(12, 1)) (6.105)

Therefore, it suffices to show that

2

U,(12,4) - Uy,(12,0) + 3 U2(12,2) < 4(1 + #) £,(12,3) - £,(12,1).  (6.106)

In a similar way as stated before, it can be easily checked that for all n > 784,
holds. We conclude the proof of Theorem by verifying the inequality for
all 218 < n < 2328 with Mathematica. O

Proof of Theorem : To prove the lower bound of , it is equivalent to
show that

p(n —2)° + p(n — 4)p(n — 1) + p(n — 3)’p(n) >
(1 n 3 _ 8
72v/6(n —3)%2  (n—3)

) (2p(n = 3)p(n — 2)p(n — 1) + p(n — 4)p(n — 2)p(n)).

(6.107)

lReduce uses cylindrical algebraic decomposition for polynomials over real domains which is
based on Collin’s algorithm [44]. Cylindrical Algebraic Decomposition (CAD) is an algorithm
which proves that a given polynomial in several variables is positive (non-negative).
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3 3

As 14— > 14 T 8

S —_—_— e — J—
72/6n%2  nd 72y/6(n —3)%2  (n—3)

show that

= for all n > 4, it suffices to

p(n —2)° +p(n — 4)p(n — 1)* + p(n — 3)°p(n) >

(1 + #63719/2 - %) (2p(n = 3)p(n = 2)p(n — 1) + p(n — 4)p(n — 2)p(n)).

(6.108)
Choosing w = 15 and applying Theorem [6.4.5| for all n > 4047, we have

p(n—2)° +p(n — 4)p(n — 1)* + p(n — 3)*p(n) >
e’r\/m
( 4nv/3

(6.109)

) <£2(15, 2) + L,(15,4) - L2(15,1) + L2(15,3) - L, (15, 0)>

and
2p(n = 3)p(n —2)p(n — 1) + p(n — 4)p(n — 2)p(n) <

<€7n/2n/3

3 > (2 U, (15,3) - U, (15,2) - U, (15,1) + U, (15,4) - U, (15, 2) .un(1570)>.

(6.110)

Similar to the proof of (6.101]), it can be easily checked that for all n > 1444,

3
3 2 2 . _®= _ T
£3(15,2)+L,(15,4) - £2(15,1) + £2(15,3) - £,(15,0) > <1+72\/6n9/2 n5>><

<2 UL(15,3) - Uy (15,2) - Uy (15, 1) + Uy (15, 4) - Uy (15, 2) -un(1570)>.
(6.111)

Analogously, one can prove that for all n > 2916,

3
U (15, 2)+ U, (15, 4) - U2 (15, 1) + UA(15,3) - U,(15,0) < [1+ — | x
(15, 2424,(15,4) - U215 1) + 12(15,9) - Uy 15.0) < (14—

(2 Ln(15,3) - £(15,2) - £,,(15,1) + L,(15,4) - £,(15,2) - L, (15, 0)>
(6.112)
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which is sufficient to prove the upper bound of (6.17). We conclude the proof of
Theorem by verifying the inequality (6.17)) for all 244 < n < 4047 with Math-

ematica.

]

Proof of Theorem[6.1.9 Corresponding to (6.18), we show

T
1+ =
( V/24n3/2

)(Mn—mMn—m—pm—3mm02>

4(p(n = 2)2 = pn = 3)p(n = 1)) (p(n — 1) = pln — 2)p(n))

and

(6.113)

4(p(n = 2)=p(n = 3)p(n — 1)) (p(n — 1)* = p(n — 2p(n) ) >

T
14"
< + V24n3/2  n

%) <p(” —2)p(n—1) —p(n — 3)p(n)>2.

(6.114)

Applying Theorem [6.4.5| with w = 13, and following the similar method worked out
in the proof of Theorem we obtain (6.18)) for all n > 2842. For 115 < n < 2841,

we verified (/6.18]) numerically with Mathematica.

6.6 Appendix

]

In the proofs of Lemmas [6.3.24H6.3.30], we follow the same notations and the proof

strategy as in [21, Subsection 5.2].

Proof of Lemma [6.3.24): Following Definition [6.3.12 write S1(¢,¢) as follows:

_ (=D ¢~ (=1)° (1 (=5)u
Silt,0) = —(2u-1)—~ s (2 S>s+1 (54 u)!
B i (_l)ua%u t—u (_1)s+u (1 o > (—S _ u)u
— (2u—-1) 4= stu \2 ) (s +2u)!
::S:?t,u)

(6.115)



where

(=)l (=) (=™ 1 2~ (!
At ) = L +20)(t+u)(t), < (72) Tl it ; (t+12)(2)s )

Now by Lemmas [6.2.3] and [6.2.4]

(- 1w wu? (-1t 1 2 1 u? ou?
————— 2 o<A < S (i B R (R B
(z) 4t 2 b < (72) +4t2+u<3t2 t) Top T e (6:110)
From (|6.115]), it follows that
3\ _t_ 2
- ag" Ay (t,u)
Sit, 0) = (=1)"( 2 4 6.117
0= 0 () S (6.117)
Applying (6.116]) to (6.117), we get the following lower bound of S;(¢,¢),
Sl(t7£)
PN
<_1)t( t2)
- (-)" 1 Loz 1 ! uaf' 1 L uZa2
- (ft%) a2 | = (2u)! = (2u)! 22 = (2u)!
(—1) 1 i v i az 1 — ua 1 — u?a
> - —-1- iy ~ 53
((—té) 42 ; (2u)! U;H (2u)! t; (2u)! 262 &= (2u)!
(-t 1 = aX Co(0) = ua? 1 = ua
— —1- _Z R
~ ((ti) 442 ; (2u)! 12 t ; (2u)! 212 ; (2u)!
(=D _ 1
by Lemma [6.2.7] and (_g) > el forall ¢t >1
2
t

- ((—1)t 1 ) <cosh(oz4) B 1) ~ Co(f)  aysinh(ay)

() e 2 2t
t
1 2
~op (% cosh(ay) + % sinh(ag))

—1) 1
(by Lemma [6.2.5 and % e <1 forall t>1
2
t
(—1) agsinh(ay)  CE(0)

-5 (cosh(ay) — 1) = =022 — =L (by Definition 6.3.23). (6.118)
t2
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For the upper bound estimation, we have for all t > 1,

Sl(tv f)
—3
(_1)t( t2)
(—1)t ! a1 ! waZt 1 ! azt 2 « uaZ"
< - - -
S0 &) t;(Qu)! TP L u) 3 Z(Qu)! *
1 < u2a§“ 1 !
—1)! 1 C £ 1 1
< ((_tg)) (cosh(ay) — 1) — o sinh(ay) + 1t< ) + = cosh(ay) + gLl sinh(ay) +
1 (of g . 1 [ 3a2 ag(aZ +1) |
2\ 7 cosh(ay) + ) smh(o@) + Eve ( 3 £ cosh(ay) + — sinh(ay)
(by Lemmas B2 and @)
—1)¢ 1 Uy
< ( _g) (cosh(ay) — 1) — 2—tOég sinh(ay) + 0115_2() (by Definition 6.3.23). (6.119)

t

Combining (6.118)) and (6.119]), we arrive at ((6.68) which concludes the proof. [
Proof of Lemma[6.5.2¢ Following Definition [6.3.14] write Ss(¢, ¢) as follows:

500 = 3 L Z<__S>s+1<t—_s§— Jotat

u=0
oy tf(l o) - (=5 — u),
B — (u)! o \2 T e\t — s —u— 1 (s+2u+1)"
::S;?t,u)
(6.120)
From [21} eq. (5.13)], we have
_3
So(t,u) = ( t2>(—1)“+1<A271(t,u) +A272(t,u)>, (6.121)
where o (s . [y
) — 2= D0

(L 2t) (1 + 2u)(t +u)(t),
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and

(—1) 1 2t (=1)"(—t);
Azt u) = ) U Y Zl (t+i)(t)

Combining (6.120)) and (6.121)), we get

_3
Sy(t,0) = _< f) (s22(t,0) + 522(8,0)), (6.122)
where
t—1 a2 t—1 a2
Sgltg Z AQltU and Sggtg :Z A22tu (6123)
u:O u=0
By Lemma [6.2.3] we have
1 w+u+l t—u

1+2u t(1+2u) —t(1+2u)'

Applying ((6.124)) into (6.123]) we obtain
t—1 t—1

DI i &
2u+1 t = (2u+1)!

u:0

and consequently,

u=0
(6.125)
By Lemma | it follows that
o 2u 2u
aj 20, (¢ g 202(£)
< and . 6.126
2(2u+1)! - 2152 Z Qu+1)! = a2t? ( )
Applying (6.126)) into (6.125) and by Lemma we obtain
i CE (¢ i CY, (¢
sinh(ay) B 51(0) < soa(t0) < sinh(ay) N o ( ) (6.127)
(67 t ’ Qy t

201



Next we apply Lemma and get
2u+ 1 4u3—|—6u2—|—8u+3+ (—1)tt 2u + 1 N (—1)t!

— < Ags(t,u) < 6.128
ot 1262 5 - 22l ) < = 3 (6.128)
¢ t
Plugging (6.128)) into ((6.123)), we obtain
1 i 2u+ Dog* 19~ (utDagt | (-1 i ot 1 ips(U)a?“
2t & u)! 2t (2u)! (,t%) = (2u)! 1262 4= (2u)!
1 e 2 1 —1)t+1 > 2u —1)t+1 > 2u
it 33 e T S S oy
tu:O ( t2) =0 ( u) ( tz) u—t ( u)
(6.129)
where ps3(u) = 4u?® + 6u? + 8u + 3. By Lemma we obtain
% 9
aeu 402 2u —|— 803(6)
< and . 6.130
Z (2u)! = o? t2 Z - a? t2 ( )
u=t
Note that for all t > 1,
—1 t 22t+1 1
S (6.131)

= <1
(5 i

Combining (6.130]) with (6.131]) and applying Lemma [6.2.7] to (6.129)), we obtain

(—1)tt csh(ay)  Coa(ay —1)t+ csh(ay) 4Cy(0)
;% cosh(ay)+ 57 )— 2i§ ) < s99(t, 1) < ( t)g cosh(ay)+ 2(15 + a;ﬁ )
(6.132)
Applying (6.127) and (6.132)) to (6.122)), we obtain (6.69). O

Proof of Lemma [6.5.28 Recalling Definition [6.3.16, rewrite Ss(t,¢) as follows:
—1)4a2t =11 —3\ (=s),
t,0) = — ) (= 2
Ss(t,£) Z 2u—1)!;s<2 S>s+1 t—s) (s+u)

(
(
- Z ((Qul) aztzs—ll—u<%_S_U>S+U+1<t_;§_u)%‘

s

=:53 (t,u)
(6.133)
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From [21], eq. (5.34)], we have

Sy(t,u) = (7) (—1)" (Ag’l(t, u) + Ass(t, u)), (6.134)
where
£(1 + 2t — 2u)(—t)y(—1)"
Asalbw) = St T w @,
and

u

A3,2(t7U)=(_1)t+1+ L Z(—t)i(—ly,

(—t%) L+2t 1+2t 4 (t+i)(t)
From (6.133)) and (6.134)), it follows that
_3
Syt 0) = ( t?) (33,1@) +s3,2(t)), (6.135)
with
t a2u t Oﬂu
_ ‘ I e A
s31(t, 0) = 2; mA&l(t, u) and s39(t, () = ; B D!Aw(t, u). (6.136)
By Lemma [6.2.3] we have
— = < Azq(t,u) — — <0. 6.137
dut sa(t,u) 2u — ( )
Applying (6.137)) into (6.136) and by Lemmas[6.2.7 and [6.2.5 we obtain
14
— C'3+() < s31(t,0) + 1 — cosh(ay) < 0. (6.138)
Now, by Lemma [6.2.4] we obtain
4ud + 6u® + 8u + 3 (-1 2u+1
— < Aso(t — — <0. 6.139
12¢2 < Asaltyu) + (77 2 (6.139)
t
Applying (6.139) to (6.136)), it follows that
(-1 = v 1 <= (2u+ 1)a (—1)t = azt
B 6.140
sa(t, O (2 uz_:l (2u—1)! 2t Z (2u — 1 - (—t%) U_Zt; (2u— 1)1’ (6.140)
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(s~ _af 1§~ (2utD)of
t0 Tl (Qu—1)
s32(t, ) + (_t%) ; (2u — 1)! 2t £ (2u— 1)! -
00 1 < (2u+1)a
T 1282 Z 2u—1 Q_tuzt;ﬂm’

(6.141)

where p3(u) = 4u® + 6u? + 8u + 3 is as in (6.129). By Lemma we obtain

= a 2C, (¢ L (2u+1a _ AG(0) +2G1(0)
o' 20 g 2 S (6.142
Z (2u —1)! t2 Z (2u — 1 - t2 ( )
u=t+1 u=t+1

Applying (6.142)) and Lemma [6.2.5|into (6.140]) and (6.141]), we have

Csa( —1) 1 3C (¢
- 322( ) < s39(t,0) + uozg sinh(ay) — —sch(ay) < i ) (6.143)

t ’ ( 2) 2t 12
¢

Applying (6.138) and m ) into (6.135)) we arrive at (6.70). O

Proof of Lemma Followmg Definition [6.3.18] write Sy(¢,¢) as follows:
ua2u (—S)
Syt 0) = b ( ) —
(8 6) uz:% (2u)! 32:; s+1(s+u+1)!

Y G T VS (=5 = wu
B Z (2u)! Z<—1) (5 T u)s+u+1 (s 4 2u+1)! (6.144)

u=0 \s:O P
::S:Et,u)
From [21], eq. (5.53)], we have
_3
Sy(t,u) = ( t2) (—1)vtt (A4y1(t,u) + A472(t,u)), (6.145)

where Ht)u(—1)"

Ay (t,u) = LA

wlb %) = S N w0,

and

1 (_1)t 1 2t = <—1)i(_t)i
At u) = 1+2U< () Ltz 1+2t; (t+ ) (1) )
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From (/6.144)) and (6.145) it follows that

Su(t,0) = (—1)t(_t§) <54,1(t,£) + 3472(75,6)), (6.146)
where
sq1(t, 0) = Z g—f;)!AM(t, u) and s49(t) == (ZZZ!AZL 2(1) (6.147)

Lemmas [6.2.2] and [6.2.3] imply that

1 w4 u+ 2 1
— 1 - ——2 | < Ay (¢ < —. 14
4t2< t ) < Aultu) < 7 (6.148)
From (6.148)) and ((6.147)), we obtain
1 o= o' 1 o o 1 @ tudt e 1 o of"
_ - S — < t,0) < — .
7 2 2u)! a2 2 2u)! 4 2 2u)! SRCUES DD (2u)!
u=0 u=t+1 u=0 u=0
(6.149)
Applying Lemmas [6.2.7| and [6.2.5| to (6.149)), it follows that
1 Cya(l 1
pre) cosh(ay) — 4%13( ) < s4q(t,0) < pre cosh(ay). (6.150)
Now, by Lemma [6.2.4] we obtain
1 (-1 2u—+1 1 p3(u)
0 < Aua(t,u) — — < 6.151
< Asa(tyu) 1—|—2u<(—t§) 2t >_1+2u 1227 (6.151)
where p3(u) is as in (6.129)). Plugging (6.151)) into (6.147)), it follows that
(-1 & azt = a (-1 2u+1
— L <y u(t0) — — <
(%) 2 (2u +1)! Ssaz(t0) =) (2u+ 1!\ (3) 2t | =
) 0 t (6.152)
1 = ps(u)a?t 1 f: (2u + 1)aZ"
126 &= (2u+1)! * 2t &= (2u+1)!
Using Lemma [6.2.7], we get
00 9 00 2 > 2
> < and Y L= Y o< . (6.153)
= p =12
Bt (2u+1)! t il (2u+1)! S (2u)! t



Plugging (6.153) to (6.152)) and using Lemma we finally obtain
_2C(0)

(—1)" sinh(cy) N cosh(ay) <

< t,0) —
32 s1.2(t:0) (—t%) Qg 2
(a® + 6) cosh(ay) + 3ay sinh(ay) + 12CH(¢)
24t? '
(6.154)
We conclude the proof by combining (6.150), (6.154)), and (|6.146)). O]

6.7 Further applications

6.7.1 Higher order Laguerre inequalities for p(n)

The partition function p(n) satisfies Laguerre inequality of order m if

(o) = 5 30" (%)t + hp(2m — -+,

In |145], Wagner proved the mth order Laguerre inequalities for the partition function
as n — oo for all m > 2. He proposed a conjecture for the cut offs (NL(m))i<m<1o
such that for all n > N (m), p(n) satisfies the mth order Laguerre inequalities. Wang
and Yang [149] settled the case m = 2. Dou and Wang [5§] gave an explicit bounds
for (Np(m))s<m<10 and consequently, Wagner’s conjecture for the cases m = 3 and
4 have been settled.

For 2 < m < 11, let Ni(m) denotes the cut-off conjectured by Wagner, w(m) de-
notes the truncation point as given in Theorem Ng(m) denotes the cut-off
from which point on we are able to show that (p(n)),>n,@m) satisfies Laguerre in-
equalities of order m, and T'(m) denotes the time (in seconds) taken in computation
with ‘Reduce’ command in Mathematica.

Enumeration of cut-off Enumeration of cut-off
m Np(m) w(m) | Ng(m)] T(m) m Np(m) w(m) | Ng(m) T(m)
2 184 11 1873 | 0.76 7 4391 | 34 29034 | 25.34
3 531 15 4049 | 1.53 8 6070 | 39 40138 | 40.88
4 1102 | 20 8164 | 4.61 9 8063 | 45 56180 | 126.91
5 1923 | 23 11436 | 7.51 10 10382 | 50 71893 | 177.34
6 3014 | 30 21577 | 11.46 11 13037 | 55 89803 | 366.15
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Applying Theorem with (w(m))a<m<11, we obtain the following theorem.
Theorem 6.7.1. For2 <m <11,

L(p(n—2m)) >0 forall n> Np(m). (6.155)

Remark 6.7.2. In spite of having Wagner’s proof on positivity of L,(p(n)) as n —
00, a natural question arises: what is the growth of L, (p(n)) asn — oo?

6.7.2 Asymptotic growth of Ap(n)

Let A be the difference operator defined on a sequence (a(n)),>o by A(a(n)) :=
a(n+1)—a(n). A r-fold applications of A is denoted by A”. Recently, Gomez, Males,
and Rolen [66] generalized the A operator by introducing a shift parameter j, defined
as A%(a(n)) == a(n) — 2a(n — j) + a(n — 24), and studied the positivity of A%(p(n)).
Consequently, they also proved that Ny(m,n) — Ny(m + 1,n) > 0, where the k-rank
function Ni(m,n) which counts the number of partitions of n into at least (k — 1)
successive Durfee squares with k-rank equal to m (see [64]). Following Theorem
we obtain the asymptotic expansion of A%(p(n)) := > _(=1)"(7)p(n —m - j) for
any positive integer r, which finally completes the work of Odlyzko [114] on A"p(n)
(set j = 1) by proving its asymptotic growth. Works related to the positivity of
A"p(n) can be found in |67, |71}, |5, 87].

Following the notation from [68], here {"} denotes the Stirling number of the
second kind.

Lemma 6.7.3. Let g(t,() be as in Equation[6.67 Then for all v > 1,

r

§<_1>m(;) z<;1> ~(S2) -
(=)

Proof. Following , we have

71'2

2L+ 12jr) + (r® 4+ 3r +2

jp—
\/ﬁT—i-l'

(6.156)

T

Sa() S

S ()
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t+1

(1 u@)”’“;
ko) (t+1-2K)1\6/) (1 +24m - j)F

r+1 3 — -
() )

=0

B
I
<)

1

H

~
ol
Il

[e=]

3 (e )

z ()i () )

55 (V) () ) S (5 el
(6.157)

o
[un

i
o
B
o

We observe that for {f} = 0 for all £ < r. Therefore, the minimal choice for
(t,k,0) = (r,0,7) so that the sum on the right hand side of to be non-zero.
For t = r 4+ 1, we have two choices; i.e., (k,¢) = (1,r) and for k =0, £ € {r,r + 1}.
Therefore, we have

r

N ()5

S (1) () ()

t=r k=0

1 _ oy TR r
() S S el
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_ ”’j)Tl —<”'j)r_li ™0 419 2 {31 2)| 6.158
O
Definition 6.7.4. For all r > 1, define
7T‘j r
- ()
() 5
Cri1(j) = (—W'jy_lz 7T—2(1+12'7“)+(r2+37“+2)
r+1\J - \/6 4 36 J 9
_ [7/2] . [(r—1)/2] .
1) = 2.2m - 9) — L 2. (2 1)g
0.0) = 32 (o, JUre22me = S (" )2 mos )
and
N el =),
() == L(r+2,2m-j) — Ulr +2,(2m + 1)j).
0= 3 (o Jprr22me i = S (L Jue 2 em sy

Lemma 6.7.5. For alln > max{fj(’r +2)+7r-j,no(r+2,r 'j)}, we have

VIS [ , L,(j ., emVaE [ , U, (j
A <Mr<n,y>+ mﬁ”) < () < <Mr<n,y>+ ﬁ(,il), (6.159

where ) ‘
Cr(j)  Crald)
v mtt

Mr(n7j) -

Proof. We split A%(p(n)) as follows:

Al(p(n)) = i(—lw(m)p(n—m-j)

m=0 r
[r/2] , L(r—1)/2] .

_ —9m - ) — — (2 1)-7).
3 (o —2mei = 32 (,, o eme

(6.160)

Applying Theorem for each of the above two factors, we obtain ((6.159)). O
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From Lemma we obtain the following theorem.

Theorem 6.7.6. For allr,j € Z>1,

(W J/\/_> emV/2n/3

A(p(n)) ~ as n — oo. 6.161
R (6.161)
Corollary 6.7.7. For j =1 and r € Z>1, we have
A (7'('/\/6) 67r\/2n/3
"(p(n)) ~ as m — oo.
o) ~
Theorem 6.7.8. For allr,j € Z>,
/203 . 0~
“(p(n)) ~ as n — 0o, 6.162
(o) ~ e (T )Z nt (6.162)

e ol L) ST S

= , (6.163)

From Lemma [6.7.3] for 0 <t <r — 1 we have,

T

S (- (;) i % — 0. (6.164)

m=0

From (6.163)) and (6.164)), as n — oo we get,

Aj(p(n))
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r

B

0 t=

i(tﬂ)/? t—|—1 t+1—Fk (z)t—% y
—4+/6n)! (t+1—2k)!\6

S () o st

=0

B Z<Z Z 4\/6_n (t+1)( k) tt++11__2k g)t_zk(zzlj)fx

m=0

oo (t4+1)/2 t—k

S B e (U ) e}

t=r k=0 (=0

= (=1)"r! ZA(t,r) = (—=1)"r! ZA(t +r,7). (6.165)
t=r t=0

Now

Alt+r,r)

(4r ) < St t—f t+r+1 Ttk [+
= — 24 .
(- 4\/6nr+tkwZ (47 (t+r+1—2k)!<6> S A
(6.166)

Applying (6.166]) to (6.165), we finally obtain (6.162)). O

Corollary 6.7.9. For j € Z>,

e” 2n/3 g
A;(p(n)) 12\/—713/27?] 1yt t as n — oo, (6.167)
where
M= oy == e 1)\ k) tr2—2k)1\G / '
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Remark 6.7.10. Replacingn — n—k—m+1 := ny and plugging j = 1 in Corollary
for allm > n/2, we have the full asymptotic expansion of Ny(m,n) with respect

to the base ﬁ But in order to get the asymptotic expansion with respect to the
base ﬁ, we directly employ Theorem |0.4.5 and obtain for m > n/2,
m\/2n/3 X —
e t
Ni(m,n) ~ 9 t), (6.168)
noos Any/3 = \/n
where

u(t) =gtk +m—1)—g(t,k+m).
For k = 1,2 we get the asymptotic expansion of M (m,n) and N(m,n) respectively.
Corollary 6.7.11. For j € Z>,

2n/3

e" g2,
A?(F(”)) 24\/—7127'('] Z Jt as m — 0o, (6.169)
where
~ 2t‘|‘6 Lk t+2 —/ 1 Y\ t—2k L[ al+1
Ball) = Ry 2 2 (o) () e () e

Remark 6.7.12. By making the substitution n — n —k —m+ 1 := n; and plugging
j = 14n Corollary|6.7.11], for all m > n/2, we have the full asymptotic expansion

of Np(m,n) — Np(m + 1,n) with respect to the base \/%t. But in order to get the
1

Tets we directly employ Theorem |6.4.5

asymptotic expansion with respect to the base
and obtain for m > n/2,

e’ 2n/3 Ek(t)

nro0 4n/3 — N

Ni(m,n) — Ng(m+1,n) (6.170)

where
ge(t) = g(t,k+m—1)—2g(t,k+m)+g(t,k+m+1).

For k = 1,2 we get the asymptotic expansion of M(m,n)—M(m+1) and N(m,n) —
N(m + 1,n) respectively.
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6.7.3 Higher order log-concavity for p(n)
Recall the definition of r-fold log-concavity of a sequence (ay),>0 from Section

Theorem 6.7.13. Forr € {1,2,3} andn > max{/g\(3-2”—2)+2r, no(3-2"—r, 27’)} =
N(r),

( ( )) 671'\/277,/3 7T2 —1

Proof. Forr =1, L(p(n — 1)) = p(n —1)> — p(n)p(n — 2). Applying Theorem [6.4.5]
with w =4, for all n > N(4) = 151 we have

Define

Ga(t, 0) == g(t,0)* — g(t, £ — D)g(t, L+ 1).
Now for r = 2, applying Theorem with w = 10, for all n > N(10) = 1473 it
follows that

2 w20/ G2(1,2)" — g2(t, 3)g2(t, 1) 1
L2(p(n — 2)) = ( P ) (Z \/ﬁ +0($)>

VA 3
- ( /3 ) (24\/6719/2 +O<n5>>‘

gg(t,ﬁ) = gg(t,é)Q - gg(t,€ — 1)92(t,€ + 1)
Finally for r = 3, from Theorem with w = 22, for all n > N(22) = 10273 we
get

, VBN (2L 0 (13)2 = ga(t, 4)gs(t,2) 1
A < 4nv/3 ) (; Vi +O<m>> (6.174)

B 67“/2n/3 8 7T7 +O< 1 )
\ 4n3 1728/6n21/2 nit) )
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[
Remark 6.7.14. Forr € {1,2}, we obtain the following two inequalities for L™ (p(n—

r)) using (6.96). For all n > 676,

emV2n/3 i T 4 ! ] emV2n/3 i T 4\
4nv/3 2/6n3/2 2 <L —1)) < 4n/3 21/6n3/2 * n? )’
(6.175)

and for all n > 5499,

errw/Qn/S 4 3 10 £2 5 671'\/271/3 4 3 10
Anv/3 N (p(n =2) < Anv/3 e )
(6.176)

Equations (6.175)) and (6.176|) retrieve that (p(n))n>a6 is log-concave and (p(n))n>220
15 2-log-concave respectively along with the asymptotic growths.

Following the proof of Theorem it suggests that for all n > N(r),

emV/2n/3 ¥ D r)? — r r—
L7 (p(n—r)) = ( 4n\/§) < Z g, (t,7) gr(t;/ﬁj 1)gr(t, 1)+O<\/ﬁ31_?2)>7

where g, (t,r) = gr_1(t,7)* — go_1(t,r — 1)g,_1(t,r + 1) for all v > 2 and g,(t,r) =
g(t,7).
Moreover, following (6.172))-(6.174)), it further suggests that

3(27—1)

Z g-(t,r)? — g (t,r + 1)g.(t,r — 1) B G,
p \/ﬁt \/53(27"71) )

where G, = ¢,(3(2" — 1),7)* — ¢.(3(2" — 1),r + 1)g,(3(2" — 1),r — 1). This finally
leads us to make the following conjecture.

Conjecture 6.7.15. Forr € Z>; andn > max{ﬁ(i% 2" —=2)+2r,ng(3-2" —, 27“)},

a2l o™/ 2n/3
\/§T2+7‘+1\/§'F2*T+1\/ﬁ3(27ﬂ*1) 4n\/§
Remark 6.7.16. The 2-log-concavity for the partition function has been studied

independently in (82, Theorem 1.6] and [79, Page 128]. Similar to the proofs of

Theorems (p(n))n>1873 1s 2-log-concave also follows directly from Theo-
rem[6.4.8 by choosing w = 11 and with Mathematica, we confirm that (p(n))nso01 is

2-log-concave.

L'p(n—r) ~

) , as n—oo. (6.177)
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We conclude this section with a list of further possible ideas that emerged from
our work.

1. Partition inequalities arising from truncated theta series that has been doc-
umented in [9, [10, 59] among many research works done by Andrews, Guo,
Merca, Yee, Zeng, to name a few. Despite having combinatorial proofs of
such inequalities for p(n), it seems that no such inequalities have been traced
via the analytic approach. Theorem might play a key role in proving
these inequalities. More generally, given non-trivial linear homogeneous par-
tition inequalities considered by Merca and Katriel |83, |108], it would be nice
to develop an algorithm by making an appropriate choice for w and applying
Theorem to decide whether such a given inequality holds or not.

2. Starting from the estimates of Dawsey and Masri [50] on Andrews’ spt function,
one can follow the similar method as worked out in this chapter to settle all
the conjectures on inequalities for spt function pertaining to the invariants of
a quartic binary form given by Chen [36].
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Chapter 7

Inequalities for the partition
function arising from truncated
theta series

Positivity questions related to the partition function arising from classical theta
identities have been studied in the combinatorial and g¢-series framework. Two such
identities that emerge from truncation of Euler’s pentagonal number theorem and
an identity due to Gauss are the predominant ones among others. In this chapter,
we prove the asymptotic growth of coefficients of truncation of theta series directly
from inequalities for the shifted partition function rather than taking a detour to
Wright’s circle method. Recently, Andrews and Merca conjectured that for n odd or
k even,

o
—_

Mi(n) > (—1) 301 (pln — (27 + 1) = p(n — G+ 125 +1))),

ing

where M(n) = (=1)*1 3 (=1 (p(n = j(3] + 1)/2) = pln = j(3j +5)/2 = 1) ). We

N
—_

=]

.

confirm the conjecture for all n > N(k) with explicit information about N(k) by
determining the asymptotic growth of the difference between the alternating sums
presented in the above inequality. This in turn shows that the conjecture of Andrews
and Merca is even true for the excluded case; i.e., n even and k odd with n > N (k).
Moreover we modify the error bound in the asymptotic expansion of My(n), obtained
by Chern. We also present an unified structure to obtain asymptotic growths up to
any order as we please for such alternating sums involving the partition function.

217



7.1 Positivity of alternating sums involving the
partition function

A partition of a positive integer n is a finite non-increasing sequence of positive
integers my, 7o, ..., m, such that > !, m = n. The partition (m,ms,...,m,) will be
denoted by 7, and we shall write 7 = n to denote that 7 is a partition of n. The
partition function p(n) is the number of partitions of n. Due to Euler, the generating

function of p(n) is
1
ZP

T (G0

Here and throughout the rest of thls section, we follow the standard notation for the
g-shifted factorial

(a;q)n = 1:[(1 —ag®) and (a;q)e = [J(1 — ag®).

One of the more well known results in the theory of partitions is Euler’s pentagonal
number theorem [8, Equation (1.3.1)] which states that

(e 9]

(€:0)00 = > (=1)Fg"EFHD2, (7.1)

k=—00

Applying the principle of mathematical induction and ¢-binomial theorem, Andrews
and Merca [9] showed that the truncation of ([7.1)) has nonnegative coefficients.

Theorem 7.1.1. [9, Theorem 1.1] Forn >0, k > 1,

kol
—_

(—D D=1 (pln = (3 + 1)/2) = pln — j(3j +5)/2 = 1)) = My(n), (72)

J

Il
=)

where My(n) is the number of partitions of n in which k is the least integer that is
not a part and there are more parts > k than there are < k.

As a corollary of Theorem they proved that My (n) > 0 with strict inequality
for n > k(3k 4+ 1)/2, see [9, Corollary 1.3]. Yee |154] gave a combinatorial proof of
Theorem [7.1.1] Burnette and Kolitsch [89, [90] gave combinatorial interpretation
for My (n) using partition pairs. In [147], Wang explained M (n) as the difference
between size of two sets of partitions based on its rank enumeration. An asymptotic
estimation for My(n) was given by Chern [40] using Wright’s circle method.
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Theorem 7.1.2. (40, Theorem 1.1] Let € > 0 be arbitrarily small. Then as n — oo,
we have, for k << nl/8=¢,

My(n) = —127[\./51671_3/2627“/5/\/6 + 0 <k3n_7/462”‘/ﬁ/‘/6>. (7.3)

Applying an extended version of Bailey’s transform, Bachraoui |59, Corollary 1
and 2| obtained the following two inequalities for the partition function in the spirit
of Andrews and Merca.

Apart from Euler’s pentagonal number theorem, the following is another classical
theta identity |8, Equation (2.2.13)] due to Gauss (or sometimes Jacobi):

[e.e]

Z iG+D/2. (7.4)

Jj=0

Starting from Rogers-Fine identity, Andrews and Merca [10] retrieved Theorem
and studying the truncated version of ([7.4]), obtained the following result.

Theorem 7.1.3. (10, Theorem 1.9] For n,k > 1,

2k—1

(=4:¢%) Z P2 g (_1>k(—q;q2)k > —q

(@% ¢*)k 4= (q?F+2742; ¢2)

k(27+2k+1 2j+2k+3. 2
g IR (— g% 1 0% oo

(7.5)

Consequently, they proved the following infinite family of inequalities for the
partition function.

Corollary 7.1.4. (10, Corollary 11] If at least one of n and k is odd,

N
—_

Mi(n) = (=11 S (=1) (p(n = (2 + 1)) = p(n = ( + D2 +1))) 2 0. (76)

<.
Il
=)

Ballantine, Merca, Passary, and Yee [12, Theorem 3] gave a combinatorial in-
terpretation for My (n) in term of overpartitions. Andrews and Merca proposed the
following conjecture with regards to My (n) and My (n).

Conjecture 7.1.5. (Andrews-Merca)[10] For n odd or k even,

My, (n) > My(n). (7.7)
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In [108, Theorem 1.2], Merca and Katriel studied a family of non-trivial homo-
geneous partition inequalities from the framework of Prouhet-Tarry-Escott problem
[55, Chapter XXIV]| that arises in Diophantine equations. Using this set up, they
proved that Conjecture [7.1.5]is true for £ odd and for sufficiently large n.

The main motivation of this chapter is to derive asymptotic growth of the afore-
mentioned alternating sums involving the partition function. We construct an unified
framework by employing the infinite family of inequalities obtained by the first au-
thor |16, Theorem 4.5] so as to get the desired asymptotic growth. Of course, the
inequalities presented before are much stronger in the sense that it predicts the exact
threshold,say N (k) for n from which the inequality holds. For example, in context
of Theorem [7.1.1} we already know that My(n) > 0 for all n > k(3k + 1)/2 but
here our goal is to get to the asymptotic growth. Nonetheless, we also derive an
explicit threshold for n which is higher than the optimal one. Studies on truncated
theta series identities already unfolded the combinatorial facets through the jargon
of partitions, whereas in this chapter, we unearth the other facet of such problems
by studying asymptotic analysis for the partition function.

Asymptotic analysis for the partition function had begun with the work of Hardy
and Ramanujan [76] in 1918 that reads:

1 2
my/2n/3
n) ~ e
p(n) ~ 7
Rademacher [123] improved the work of Hardy and Ramanujan by providing a conver-

gent series for p(n) and Lehmer [98] estimated the remainder term of the convergent
series for p(n). The Hardy-Ramanujan-Rademacher formula states that

as n — 0o. (7.8)

VI2 X A(n) ( k i k i
p(n) = > 1— —— etk g (14 2o ek 4 Ry(n, N),
24n — 1= i pi(n) pi(n)
where . ‘ .
,u(n) — 8m7 Ak(n) _ Z e—?mnh/k-ﬁ-ms(h,k)
h mod k
(h,k)=1
with -
o (rp YN[k yhpp 1
S(h’k)_;<k LcJ 2)<k LkJ 2 )
and

T2 N~2/3 N ’ . opu(n) 1 N ’



After Rademacher’s work on the partition function, numerous research papers have
been written on inequalities for the partition function. Recently Paule, Radu, Schnei-
der and the first author [21] obtained a full asymptotic expansion of p(n) along with
estimations of error bounds. Based on their work, an infinite family of inequalities
for shifted partition function p(n — ¢) for £ > 0 is given in |16, Theorem 4.5] which
is the key machinery in proving all of the theorems stated below.

Theorem 7.1.6. Define for all k > 1,

koo 2312 — 21 %
Mi(n) = —= 4 (—36%2 4 21 6) +

_ X
() Vén  144n k2 6912+v/67n3/2
4 3110472 — 27607* 31104 — 1987272 + 168174
12967 + o2 + iz )

Then for all n > 121k*,

eﬂ\/m 1 5]{(16) e’T\/F/3 ) 5(1]<k)
T (Mim) + L) < M(m) < yRe (Mie)+=20).

Explicit expressions for £} (k) and £ (k) are given in (7.31]) and (7.34]) respectively
for k odd and even.

Corollary 7.1.7. For k> 1 and n > 121k*, as n — oo,

memVIS VIS 93n? — 216 )
~ k+ B (2 - 36m).
12203/ 576+/3n2 k
Remark 7.1.8. Rewriting the asymptotic expansion (7.12)) of My(n) in the following
way:
7T67r\/2n/3k 67r\/2n/3
T 19v2n? n?

we observe that the growth of error bound is in indeed the optimal one in comparison

with Theorem [7.1.3.
Remark 7.1.9. From the lower bound in (7.11)), one can retrieve positivity of My(n)

Mj(n) (7.12)

My(n) +O< k3> as n — oo,

1
for n > fi(k) with minimal fi(k) such that Mi(n) + Sz(f) > 0 holds for all n >
fi(k).
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Theorem 7.1.10. Define for all k > 1,
k k3 35m% — 216 k®
Mi(n) = ——=— + —— | —487° + + X
() Von  144n ( k? 69121/67n3/2

4147272 — 54727 31104 — 3024072 + 33857
k2 + k4 ’

(23047r4 +

Then for all n > 169k*,

eﬂ\/m 2 g/%(k) -~ e”\/m ) 5[2](l€)
TG (M) + L) < Mi(m) < TR (Mp)+=22). (1.13)

Explicit expressions for £% (k) and (k) are given in ((7.46)) and (7.49)) respectively
for k£ odd and even.

Corollary 7.1.11. For k > 1 and n > 169k*, as n — oo,
M ( ) ,ﬂ_ew\/2n/3 - 67”/271/3 k3(357.(2 — 216
n) ~
; 12V2n32 " 576/3n2 k2
Remark 7.1.12. Similar to Remark from the lower bound in (7.13)), one can
~ E2(k

prove positiwvity of My(n) for n > fo(k) such that M3z (n) + 2(2 ) > 0 holds for all
n > fo(k).
Theorem 7.1.13. Define for all k > 1,
Mi(n) = Mj(n) = Mi(n)

k3 —k kS

= - 10087 +
12n 6912+/67n3/2 (

- 487r2>. (7.14)

1036872 — 27127* —1036872 + 17047
2 + E ‘

Then for all n > 169k,

67!'\/271/3 gl(k) _ &2 (k?) _
Mi(n) + —L£ 5 U < My (n) — My(n) <
Anv/3 ( " ) (7.15)

VIS L g (k) — ()
T (Mk(n)Jr T )

Proof. Theorems [7.1.6] and [7.1.10] immediately imply (7.15]). O
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Corollary 7.1.14. For k > 1 and n > 169k*, as n — oo,

Iy ]/\}[/ 67“/2”/3
n)— n) ~

k(n) = My(n) ~ = T
Remark 7.1.15. Proving My(n) > My(n) for n > N(k), it is enough to show that

(1) _ €2
M3 (n) + £1(k) n25U(k> > 0 holds for all n > N(k).

(K> — k). (7.16)

Remark 7.1.16. Note that fork =1, Mk(n)—]\A/fk(n) = 0 because My(n) = Mk(n) =
p(n) —p(n—1), whereas for all k > 2, suggests that My, (n) — My(n) is positive
forn > N(k). This observation helps us to relax the condition given in Conjecture
[7.1.0; i.e., instead of restricting to either n odd or k even, we can assume for all n
and k with n > N(k) that subsumes the excluded case k odd and n even. Still it is
worthwhile to point out that whenever we consider n odd or k even, is true for
alln > 1 and k > 1. But when we assume the case k odd and n even, doesn’t

hold for all n,k > 1, in other words, it remains to determine the optimal N (k).

By numerical verification with Mathematica, we listed down the values of (N (k))1<g<20
such that Mogy1(2n) > May1(2n) for all n > N (k).

|k [1]2]3]4[5[6]7|8]09 [10]
| N(k) | 11 [ 28 54 ]88] 129 | 179 [ 237 | 303 | 376 | 458

ok 112|415 1617 [ 18 [ 19 [ 20 |
| N(k) | 548 [ 646 | 752 | 866 | 988 | 1118 | 1256 | 1402 | 1558 | 1719

Based on the above data, a rough estimation predicts that as k£ become larger,

k
fV(k)z:{4k24-7k-\/Elogkﬂ —-{ngzsz(k)
Table of N, (k) is as follows:
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ok 1 [12 ] B 14[15] 16 [ 17 | 18 | 19 [ 20 |

| Ne(k) | 550 | 647 | 753 | 868 | 989 | 1119 | 1258 | 1403 | 1558 | 1720 |

Extending the assumption of Conjecture [7.1.5] we propose the following question:

Problem 7.1.17. For all k > 1 and n > N.(k), does the following inequality

Mop11(2n) > M2k+1(2n)

hold?

(7.17)

The rest of the chapter is organized as follows. In Section [7.2] we give all the
necessary definitions and inequalities for p(n — ¢) for all £ > 0 (see Theorem m
below) so as to ease to follow the later section. Section presents the proofs of

Theorems [7.1.6] and |7.1.101

7.2 Preliminaries

First, we shall recall a few definitions from |16] which will be useful in the estimations

worked out in Section [7.3

Definition 7.2.1. Following [16, Theorem 3.2, for k € Zsa, we define

(k) = o (f;—6 (R + 1>,

kloglog k
where v(k) ::2log6+(210g2)k+2klogk+2kloglogk+5 oglogh

log k
Definition 7.2.2. [16, Definition 3.42] For all k > 1 and ¢ > 0, define

{ (240 + 1) (k+3)(240+ 1) }

no(k,¢) = max TE ol

£>1,0>0

Definition 7.2.3. [10, Equation (3.45)] For all £ >0 and t > 0,

t+1
2

(14 24¢0) t+1\ t+1—k <7T)t—2k 1
t 6 (

9(6:0) = (—4/6) ko( k) ({t+1—2k)1\6 1+ 240)F
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Definition 7.2.4. (16, Definition 4.4] Let g(t,¢) be as in (7.2.1). If w € Z>y with
[w/2] > 1, define

= gg(t,é)(%y—kl;%f) and Uy, ( Zg t,0 ( > U\(/t%’wg).

The explicit expressions for L(w, ¢) and U(w,¢) are given in |16 Definition 4.1].

Theorem 7.2.5. (16, Theorem 4.5] Forw € Z>y with [w/2] > 1 andn > max{g(w)-+
Cno(w, )}, then

e 2n/3

4n\/§ n\/_
7.3 Proof of Theorems [7.1.6H7.1.10|

Proof of Theorem : Let £ > 1 be an odd integer. Following (|7.2), we write

2n/3 e™

Ln(w,l) <p(n—1) <

Uy (w, ). (7.20)

Mapr1(n) = My 1 (n) — Mg, (n), (7.21)
where N
Mg (m) = (pn = 565 +1)) — p(n — (65 +5) ~ 1)
and
Mgeer(m) = 3 (= (27 + 1) +2) = pln = (24 + (3 +4) = 1)).

<.
I
o

Applying Theorem with w = 4, we obtain

2n/3 E 3 e
Mgy (n) < 4n\/_ (ZZ( (t,7(65+1)) (t,j(6j+5)—|—1)> \/1#_'_[]1(2:24‘ 1)>
e (7.22)
and
RN WA e
Mg, (n) > 4n\/_ (ZZ( (t,5(65+1)) g(t,j(6j+5)+1)> \/%ﬁLl(Q:j 1)>,
’ (7.23)
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with

k
L5(2k +1) = > L(4,§(65 + 1)) — U(4, (65 +5) + 1) (7.24)

7=0

and i
Ui (2k+1) =Y U(4,j(6j + 1)) — L(4,5(6j +5) + 1) (7.25)

j=0

Analogously, for Mg, ,(n), we get

Mg Ve
Sha1(n) < WX
k-1 3 0
(ZZ( (27 + 1)(3) +2)) — g(t, (2 + 1)(3j + 4) + 1)) L, Ul(%f D)
=0 t=0 vn n
(7.26)
and
Mg bkl
Ser1(n) > /3 X
k-1 3 o
(Z Z( (27 +1)(35 +2)) — g(t, (25 + 1)(35 +4) + 1)) \/%t + Ll(%ff 1)))
’ (7.27)
with
L2k +1) = i L(4, (2 +1)(35+2) —U(4, (2 + )35 +4) +1)  (7.28)
and
U (2k +1) = y U(4,(2/ +1)(37+2)) — L(4,(2/ + )3 +4) +1).  (7.29)
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Combining ([7.22))-(7.29) and applying to (7.21)), if follows that

EL(2k +1) < Mopia(n)
n? (e“\/ﬁ/lln\/g)

2k

Z yig J(3j +1 /2)—g(tt JBi+5)/2+1) _ 55(2k2+ 1)7
j= t=0 NG n
(7.30)

with
5%(2]{:—1—1) = L{(2k+1)—=U7(2k+1) and 55(2k—|—1) = U7 (2k+1)—Ly(2k+1). (7.31)

Next assume k£ > 1 is even. We split Moy (n) as follows:

Mou(n) = = Mg (n) + My (), (7:32)
with -
My (n) = 3~ (p(n = 3(65 + 1) = p(n — (65 +5) = 1))
and
Mgy(m) = 3 (pln — (23 + 1)(35 +2)  pln — (2 + (3 +4) — ).

Il
=)

J
Applying (7.20]) separately to M, (n) and M$, (n), we get

EL(2k) Moy, (n)
s (e”\/ﬁ/éln\/g) '

2%—1 3 o ) (7.33)
Z ’Zg 735 +1)/2) \/_(tt J(B3j+5)/2+1) _ Sng)’

where
EL(2k) = Lo(2k) — US(2k) and EL(2k) = U°(2k) — L¢(2K), (7.34)
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with
k—1

L5(2k) = ) L(4,j(65 + 1)) — U(4,j(65 +5) + 1)
Uc(2k) = i U(4,5(65 +1)) — L(4, j(6] +5) + 1)

LY(2k) = iL(él, (25+1)(3j+2)—U4,(2j+1)(3j+4) +1)
UY(2k) = iU(él, (27 +1)(3j+2)) — L(4,(2j + 1)(3j +4) + 1).

Define ny (k) := max{g(4) + (k — 1)(3k + 5)/2 + 1, n (4, (k — 1)(3k + 5)/2 + 1) }
Putting (7.30) and ([7.33]) together, for all n > ny(k), it follows that

ENR) M
n? (e”\/m/éln\/g)

233 9(t, (37 +1)/2) — g(t.§(3j +5)/2+1) _ Ep(k)

1

k—
(=Dt (=1)
j=0 t=0 \/ﬁt n?
(7.35)
Following ([7.19)), we get
k—1 3 . . . .
DY Y 9t j(3j +1)/2) —g(t,i(3j +5)/2+ 1)
t
7=0 t=0 \/ﬁ
WL k3 S6n? 4 2312 — 216 N K y
= — —obm
V6n  144n k2 6912+/67n3/2
o . 311047% — 27607* 31104 — 198727% + 16817*
12967 + +
k2 Iz
= Mi(n)
(7.36)

Finally, it is easy to verify that for all £ > 1,
ny (k) < 121k*.
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This finishes the proof of Theorem O
Proof of Theorem Assume k > 1 is odd. Following ([7.6f), rewrite

mﬂme@Hw—Maﬂm (7.37)
where i
Mgy (n) = Y~ (pln = 2j(4j + 1)) = p(n = (2 + 145 + 1))
and
k—1
Mg (m) = 3~ (pln = (25 -+ 1)(4 +3)) — p(n - (25 +2)(45 +3)) ).
Applying Theorem with w = 4, it follows that
ME, . (n) < eVl Zi( £,2j(4j+1))—g(t, (2j+1)(4 '+1))> L U@kt 1)
S (n) < = 2.2 (45 j j N 2
(7.38)
and
. 2n/3 k3 e
Mg, (n) > 4n\/_ (JZtZ( (t, 2j(45+1))—g(t, (2j+1)(4j+1))) \/%t+L2(2:2+ 1))7
(7.39)
with .
L5k +1) => L(4,2j(4j +1)) — U(4,(2j + 1)(4j + 1)) (7.40)
and ;
Us(2k+1) =Y U(4,2j(4j + 1)) — L(4,(2j + 1)(4j + 1)) (7.41)

Similarly for Mgk +1(n), we obtain

2n/3

Mgy (n) < ,f

( (ott.27 +1 @+m—mmm+mw+@nji+waﬁv

n
j: t=0

(7.42)

229



and

N, (n) > AL
4n/3
( (ot 25 13085+ 3) = ott. 3 + 245 +3)) 7 + LT 1)) ,
with
Ly(2k + 1) = %_1 L(4,(25 +1)(45 +3)) —U(4, (2 +2)(45 + 3)) (7.43)
and _
U2k +1) = ¥ U(4,(25 +1)(45 +3)) — L(4, (2 + 2)(4j + 3)). (7.44)

I
<)

J

Applying ([7.38))-(7.44) to (7.37), if follows that

E2(2k + 1) Mopi1(n)
<
n2 (e”‘ /2n/3/4n\/§>

2k

S (cap 3 U2 D) j(_tz U1@ D) k)

J=0 7
(7.45)
with
E2(2k+1) = LS(2k+1)—U2(2k+1) and E2(2k+1) = US(2k+1)—L3(2k+1). (7.46)
Now assume k > 1 is even. Split Mgk(n) as follows:

Moy(n) = —Mg(n) + Mg, (n), (7.47)

with

E
—

My(n) = >~ (p(n = 2(47 + 1)) = pln = (25 + 14 + 1))

<
I
o
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and
k-1

Mg, (n) = 3 (pln — (2] + 1)(4 +3)) = p(n — (2 +2)(4) +3))).

Jj=0

Applying ([7.20) to Mfk(n) and Mg’k(n), it follows that

E2(2k) . Moy(n) N
n? <e”\/m/4n\/§>
1 5 (7.48)
DY g(t,5(25 +1)) - g<t£ U+DE+1) _ 85(316)’
j=0 =0 vn n
where
E2(2k) = Ly(2k) — Us(2k) and EZ(2k) = U(2k) — L5(2k), (7.49)
with
k—1
L5(2k) = Y L(4,2j(4j +1)) = U4, (2j + 1)(4j + 1))
k—1
Us(2k) = > U(4,2j(4j +1)) = L(4,(2j + 1)(4j + 1))
k—1
L3(2k) = Y L(4, (25 + 1)(4j +3)) — U(4, (2j + 2)(4j +3))

Us(2k) = > U(4,(2j +1)(4j +3)) — L(4, (2 + 2)(4j + 3)).

J=0

Define na(k) := max{§(4) + k(2 — 1), ng (4, k(2k — 1)) } Combining (7-45) and
(7.48), for all n > ny(k), it follows that

&) W)
n? <e“\/m/4n\/§>

k—1 3 e . . 9
(1)t ;(—Uj ; g(t,j(25 +1)) —\g/(_;t, G+DE+1) _ 5(;1(21?).

(7.50)
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Following ([7.19)), we have

L 5L gt 7 (25 + 1) £+ 1)(25 +1
(—1)*- ZO ]tzgjj )\g/(ﬁt(J )(27 + 1))

koK 3572 — 216 k®
== <—487r2 ML ) +

X
Vén  144n k2 6912+/67n3/2 (7.51)
o 4147272 — 54727 31104 — 3024072 + 33857
23047" + 2 + 1

We conclude the proof of Theorem [7.1.10] by verifying that for all & > 1, ny(k) <
169k*. [

7.4 Conclusion

We conclude this chapter by noting down a few possible follow ups.

1. Extending the inequality ([7.35) (resp. (7.50)) by letting w — oo, we obtain
the full asymptotic expansion of M (n) (resp. of M (n)).

2. We observe that all of the aforementioned inequalities with regard to the alter-
nating sums for the partition function can be considered under the following

framework:
T T
Z n —+ s Z n -+ n
i=1 -

where s;,r; are non-positive integers for all 1 < ¢ < T'. In order to prove such
inequalities, it is enough to choose the appropriate w in Theorem and

carry out similar work as done in Section For the choice of w, it suffices to
T

take the minimal wy > 1 such that Zg(wo, si) — g(wg,r;) # 0, where g(t, /)

i=1
as in (7.19).

3. Wang and Yee [146, Theorem 1.2] considered the sum representation of (g; ¢)%
due to Hecke and showed positivity of the following alternating sum in the
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2-colored partition function (denoted by pp(n)):

Dy Y (- 1Y (pp(N; —n(20+ 1))~ pp(N; — (n+ )20 + 1)), (752)

n=0 j=—n

where N; = N + j(35 + 1)/2. Recently Bringmann et. al. [32] studied the
asymptotic expansion of k-colored partition function. Setting & = 2, one has
the asymptotic expansion for pp(n) and working out to derive the infinite family
of inequalities for pp(n — ¢) as in Theorem which in turn finally show the
asymptotic growth of ([7.52). Whereas for £ = 3, similar synthesis for the
3-colored partitions can be done to derive the asymptotic growth of

ki 125 +1) <n—j(j+1)/2),

given in [10].
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Chapter 8

Error bounds for the modified
Bessel function of first kind of
non-negative order

Let I,(z) be the modified Bessel function of order v with real argument x. We
present explicit error bounds for the asymptotic expansion of I,,(x) with x > 1. Two
cases, v an integer and v a half-integer are considered separately. In addition, we
present a short discussion on the error analysis for [, (x) where v is any non-negative
real number.

8.1 Asymptotic expansion of [,(x) and scope of its
applications

Consider Bessel’s differential equation over the complex domain,

2y 42y + (22— vy =0, (8.1)
where v is an arbitrary complex parameter. The solutions of this equation are termed
as Bessel functions. In 1824, F. W. Bessel [24] 25] initiated a systematic rigorous
analysis of such functions which was the starting point of a flourishing development
along with a multitude of applications in connection with problems in number theory,
integral transforms, differential equations, etc. The main object of this chapter is
I,(2), a solution of

2y + 2y — (22 + )y =0, (8.2)
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the so-called modified version of (8.1]), with series representation

S %z)u+2m
1(z) = mz::() m!F<(U +m+1) (83)

In 1854 Kirchhoff [86] established an asymptotic expansion of I,(z): for fixed v € C,

e* 42 —1 (2 —1)4r*-9) T
I,(z) ~ \/%<1— " + 2N(82)? —... |, |argz| < 7

Estimates for the error terms of asymptotic expansions of Bessel functions have
been considered by Schléfli [126], Weber [151], Watson [150, p. 209-210], Meijer
[107], Olver |116], Nemes [110], to name a few. For a more extensive study on the
literature of the Bessel functions, we refer to [150].

This chapter focuses on deriving a family of inequalities for I,(x) with v a non-
negative integer or a half-integer, and = a real number > 1. Why it is necessary to
get such inequalities for I,,(x)? We have already mentioned that the theory of Bessel
functions often sprout out in problems related to number theory. For example, I, (x)
with non-negative integral or half-integral order v appears in Hardy-Ramanujan-
Rademacher type series expansions for coefficients of certain classes of Dedekind eta
quotients; see for example |41, Thm. 1.1] or [138, Thm. 1.1]. These coefficients
are quite often entangled with combinatorial features that emerge from the question
whether a real polynomial associated with such sequences has roots all real. For
example, consider the Jensen polynomial of degree d and shift n for a sequence
{a(n)}n>o of real numbers, defined as

Jo () = Xd: (j)oz(n + 7).

J=0

Now, to prove log-concavity (resp. higher order Turdn inequalities) of a(n), it is
equivalent to prove that J2"(x) (resp. J%"(x) for d > 3) has roots all real for all
n > N(d) where N(d) is a positive real number depending on the degree d.

To answer these problems for a sequence, say as(n), arising from the Fourier
expansion of a periodic meromorphic function, say a Dedekind eta quotient f(q),
we would like to estimate as(n) by computing a precise estimation of the associated
Hardy-Ramanujan-Rademacher type series, say Sy. Now, in order to provide such
a precise estimate for the main term obtained after truncating the series Sy to a
finite number of terms, inequalities for I,(f)(x) are needed, where the index v(f)
is depending on f. For instance, Griffin, Ono, Rolen and Zagier [69] proved the
following theorem.
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Theorem 8.1.1. [69, eq. 9] Let {af(n)}n,>0 be a sequence of positive real numbers
arising from the Fourier expansion of a periodic meromorphic function f. Suppose

af(n) = Afn% Iy (4my/mn) + O (ncewm)

as n — oo for some non-zero real constants Ay, m, k, and C, where I,(x) is the
modified Bessel function of the first kind of order v. Then for d > 1, the Jensen
polynomial Jgf"(x) associated to ar(n) has only real roots for all sufficiently large n.

A concrete example with regard to log-concavity is this. In order to prove log-
concavity of the colored partition function pg(n), conjectured by Chern, Fu and Tang
[43, Conjecture 5.3], Bringmann et. al. estimated the error term by truncation of
the asymptotic expansion of I,(x) at N = 3, which plays a key role in their proof of
the conjecture [32, Conjecture 1]:

Theorem 8.1.2. [32, Lemma 2.2 (4)] For v >2 and x > 7s(v + 2)°,

L,(:z:)\/27r:v_1+41/2 -1 (42 — 1) (42 —9)  (4v? — 1)(4v? — 9)(4v* — 25) - 318
er 8x 12822 307223 6zt
(8.4)

Theorems and motivated us to study the inequalities for I, (z) by
extending the truncation point to any positive integer N and estimating an error
bound.

This chapter is organized in the following way. First we will give some basic
notations and definitions which we use throughout the chapter. Section presents
lemmas, useful for the proofs given in later sections, followed by a brief illustration
of the key features they possess. In Sections and we will discuss the method
devised. Section (resp. Section presents the estimation of the error term of
the asymptotic expansion of I,(z) with v € Zsq (resp. v € 5 + Zxg), and derives
Theorem with the Corollary[8.3.10| (resp. Theorem[8.4.6)). Section[3.5]is devoted
to the study of the error analysis for any non-negative real index v. The Appendix,
Section is divided into two subsections: Subsection [8.6.1| presents the proofs of
three lemmas (from Section [8.2) and in Subsection [8.6.2]a Mathematica computation
is presented which is needed for the completion of the proof of Corollary [8.3.10]

Let a® denote the falling factorial,

a— =

L ala—1)...(a—k+1), if k € Z-o
1, ifk=0 '
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and the binomial coefficient is defined by ( ) = 2= In this framework, we restrict

a
m m!

ourselves to a € R. Similarly, the rising factorial is defined by

B ala+1)...(a+k—1), if k € Z-o
a® = ;
1, if k=0

nevertheless, we mostly prefer to use the classical notation (a); = a*. For z € C
with Re(z) > 0, the gamma function is defined by

I'(z) = /000 e 1 dt. (8.5)

For Re(z) < 0, I'(2) is defined by analytic continuation. It is a meromorphic function
with no zeros, and with simple poles of residue (—1)"/n! at z = —n when n € Z>.
Note that (a), = I'(a + n)/T'(a) for a ¢ Z<o. For a brief survey on the gamma
function, readers may consult |2, Ch. 6.1], [115, Ch. 2.1] and [119]. The incomplete
gamma functions y(a, z) and I'(a, z) are defined by

v(a,z) = /e_tt‘l_1 dt, Re(a) >0, (8.6)
0
and

a,2) — / et g (8.7)

moreover,
v(a,z) +T(a,z) =T(a), a¢ Z<o. (8.8)

For our purpose, we need to consider I,(z) only for v € R>y and x € R>y. To this
end, we shall use the following representation of 1,(x) [150, Ch. VII, 7.25],

()" /” 6. 2
e sin* 6 do. 8.9

M) = I

8.2 Preliminary lemmas

This section presents all the preliminary facts needed for the proofs of the lemmas
stated in Sections and 8.5 Lemma helps us to estimate the integrand
in y(a,z) and I'(a,x) for positive real numbers a and z. Using Lemmas and

Q.2.3| identifies the binomial coefficient (”;Z%) with the standard binomial coefficients
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and as a consequence, we obtain an upper bound of the absolute value of (—1)™ (”;n%)
in Lemma [8:2.4] The proofs of Lemmas to are presented in Subsection
Lemmas [8.2.6| and [8.2.7| illustrate the alternation of sign of the sums
and (8.15)) depending on the parity of N for v € Zsq. Similar results are outlined in

Lemmas [8.2.8{ and [8.2.9| for v € § + Z>,.

Lemma 8.2.1. For all (z,y) € Rog X Ry,

el < \/LQ_W I'(y)\/y- (8.10)

Lemma 8.2.2. For (v,m) € Z>g X Z>o,

<,/_%) B = o ifm>v

4m (2u—2m)7 me S 1%

i(—l)m <V7;%) (Z‘) =2 (~1)NFI(NV + 1)<;;%)m(2{) (8.11)

m=k

Lemma 8.2.4. For (v,m) € Z>1 X ZL>1,

_1 1 L fm >
<—1>m(y ) B el A
m %(7’;), ifm<v

Lemma 8.2.5. For a € R>1 and (V, N) S RZO X 2207

i (v;%) (=)™ =2 (=1)NTHN + 1) (;;%) i (Z) 2”(104__—211/)21. (8.12)

m=0 m=0

Proof. For f:=a—1,

m=0 m=0 k=0
N N U 1 m
= > Z(—1)m( 2)( ) k. (8.13)
k=0 m=k m k
From (8.13), using (8.11]), the statement follows. O
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Lemma 8.2.6. For all « € Ryy and (v, N) € Z>o X Z>o with v > N + 1,

N 1
~)¥S (YT ) () >0, 8.14
(7, ) (8.14)
Proof. Multiplying (—1)" on both sides of (8.12) and the fact that v > N + 1
immediately implies (8.14]). O
Lemma 8.2.7. For all « € (0,1] and (v, N) € Z>gy X Z>o withv > N + 1,
NN V=3
— 2 (—p\™
IR ( . )( a)™ < 0. (8.15)
m=N-+1
Proof. Let

S0) = (1% Y (”f)(—cowo.

m=N+1

We prove (8.15)) by induction on v > N + 1. For v = N + 1,

N+1
N+1)=—-a""" 2
S(N +1) a (N+1><0

: N+ 3
by Lemma [8.2.2) with m = v = N 4+ 1 and 2)>0]|.
N+1

Assuming S(T") < 0 for T' > N + 1, we proceed to the case v = T+ 1. Using the
Paule-Schorn [118] package fastZeill} after applying Lemma we obtain

2I'+2\ T

-1 4= (T
S —OéN+1( N 2) _ <_1)T+N+1QT+1M(T)- (816)

S(T+1) = (1-a)S(T) -+ (T]; %> Lpyrevagra 47T (2T>

To see that the right hand side of (8.16)) is strictly less than 0, we consider two
cases depending on parity of 7" and N. If T and N have opposite parity; i.e.,
T+ N = 1(mod 2), then S(T + 1) < 0, since

T_1 4T (2T
S(T+1) < —aVH (1 —2) _gr 0,
(T+1)s-a (N) “arie\r) "

!The package is available at https://combinatorics.risc.jku.at/software.
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Continuing with (8.16)) in the case that 7= N(mod 2), it follows that

_1
S(T+1) < —a*! ((TN 2) _ zT—1+24iT (?)) (as, a € (0,1] and T > N)

N+1 27? JI\; .
= —a <4LN EQT);[Ni B 2T1+ 24%(2T>>

T—
(by Lemma with (m,v) — (N, T))

_ N LT grNTN
B AT\T )\ (2NN 2T +2

() () )

(by (8.91) with n+— T — N)

IN

=

< 0 (since T'> N).
This finishes the proof of (8.15]). O
Lemma 8.2.8. For all o € Roy and (v, N) € Zsy X Z>o withv > N,

DY Y

m=0

(;) (—a)™ > 0. (8.17)

Proof. For v =N,

(1) gj () ar == >0

whereas for v > N, we apply Lemma (8.2.6) with the substitution v — v + % ]

Lemma 8.2.9. For all o« € (0,1] and (v, N) € Z>y X Z>o with v > N,

_1\N S v Y

Y (m)( a)™ < 0. (8.18)
m=N-+1

Proof. Analogous to the proof of Lemma O
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The asymptotic expansion for I, (z) is well documented in the literature; see, for
example, [2] or |27, p. 10.40.1]. Still, we recall it in brevity. Namely, in order to
estimate the error term E(v, N, z) in Lemma the knowledge of both and
the variant is required.

Lemma 8.2.10. ({150, Chapter VII, 7.25]) For v € R>; and v € R, _

¢za 53 mc;ﬁ%/%gﬁwwﬁdt (8.19)

2x m[* V+

[

m:()
Now from (8.19) we can rephrase to the asymptotic expansion of I,(x) in the
following way,

1

\/z?[y(x) = 2 (2(:;)2; éfi )1) < / " etprrmnt gp /2 :O e~trtm=3 dt)
< COPCAE Y, & U [ e
- ;; (22)™ ‘2%@W@é+;[;et s
o ("2 (v +3
r00 n;)(_ )" (gx)m )
Summarizing,
I,(x) o~ \/_Z with a,,(v) = (V’;‘Z))(;:_ i)m. (8.20)

8.3 Inequalities for modified Bessel function of in-
tegral order

In this section, we shall describe how one can obtain an infinite family of inequalities
for I,(z), v € Zso, as stated in Theorem (8.3.9). We first split the infinite series
on the right hand side of . This results in the identity where the left
hand side presents the remainder term obtained from truncation of the asymptotic
series expansion of @[y(x) after extracting its partial sum. In Lemma
8.3.1) we further dissect the remainder term F(v, N, z) depending on v > N + 1 or
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v < N. Lemmas [8.3.2 (resp. Lemmas 8.3.8) deal with the error analysis
for v > N +1 (resp. for v < N).

For v > N + 1, using Lemmas [8.2.6] and [8.2.7, we obtain upper bounds for
the absolute value of F, x(z) and EY; ,(z). In order to compute an upper bound
of |Ef 5(w)|, we first estimate a bound for |47, (¢; x)| using Lemma and then
estimate the sum by Lemma [8.2.4, Combining the upper bounds from Lemmas
8.3.4) we obtain the final bound for |E(v, N, z)|, as given in Lemma [8.3.5]

On the other hand, for ¥ < N, the remainder term E(v, N, x) is divided into two
components, denoted by E, n1(z) and E)%(x). Here we carry out a different method
to obtain an upper bound for |E, y1(x)]|, since ¢4, (t;x) for v < N is different from
the case v > N + 1, see Lemma Using Lemma [8.2.5] we shall finally get an
upper bound for |E, y1(x)|, as given in Lemma . Analogous to the computation
for upper bound of |E¥ 4(x)|, a similar estimation has been done for |E},(z)| to
obtain (8.54)). Lemmas [8.3.6] and [8.3.7 imply Lemma[8.3.8

Finally, we state the main result of this chapter, Theorem [8.3.9, as an immediate
consequence of Lemmas [8.3.5] and [8.3.8] From Theorem [8.3.9] we get an analogous
result to |32, Lemma 2.2 (4)] for N = 3 and v € Zsq, as documented in Corollary
5.0, 10
In this subsection,

am(u): om ’ (A)
as in (|8.20)).
Define )
V(1. _ (_1)m<l/;n§) ~ —t V-i—m—%
V(g — (_1>m(V;§) 2 —t u+m*%
¢m(t’x>(2x)mr<u+é)/o o i (PSD

m=0

ENo(x) = U (t; ), (E2)
m=N+1

Ejslz) = Y vn(tia), (E3)
m=v+1
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and

ENy(2) Z V(). (E0)

m=N+1
Lemma 8.3.1. For x € R>q and (v, N) € Z>y X Z>o,

V2T Y (—1)ma,(v)

I — =
e V(x) rm E(Vv Na Zlf),
m=0
with
14 14 - >
E(v,N,z) = Bua(w) - Epo(0) & Egl), v 2 N1 (8.21)
E,na(2) + E)y(2), ifv <N
Proof. From (8.19)) it follows that
V2rx >
I, Y (t;
L) gjowm( z)
N 00
=Y en(ta)+ Y ()
m=0 m=N+1
N 1/—l 1 N o0
(=)™ ("2 (v + Y . .
SD D D BLACE R W ACEE
m=0 m=0 m=N-+1
Therefore
V2o S (—D)"am(v) | o -
L) — S L om v (t: v (t: ). 29
) - 3 Sonn+ 3 vnn (o2

We split the right hand side of (8.22) according to v > N + 1 and v < N as follows.
For v > N + 1,

\/% N N v ) [e%e) V
Z Z¢ )b Y Uh () > e (ta);
=0 =0 m=N+1 m=v+1
(8.23)
whereas, for v < N,
N [e'e)
\/2
iy Z Zgb (t;x) Z vy (t; o). (8.24)
m=0 m=N+1
The relations (8.23)) and (8.24)) prove (8.21]). O
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Lemma 8.3.2. Forz € R>y and (v, N) € Z>y X Z>1 withv > N + 1,

1
v—a
(N—H) 3
r N+ -2 8.25
[(v+ 3)(2z)N+! v+ N+ 2’ %) (8.25)

| B na(2)] <

where T is the incomplete gamma function from .

Proof. From Lemma [8.3.1] for all z € R>y and (v, N) € Zsy X Z>y withv > N +1
we have

Eynai(z) =— i_ P (tix) = —/h 1“(_y—+_ll)mi: ( ;Ll) (—%)m dt

s Lo v—3 - t
- mz . (=)™ dt where 6 := 7 (8.26)

Let N be even. Applying (8.14)), we get

[\

1

_ (V ;%)QNH < _i (V - 5)(_9)m <0 (by ) (8.27)

m

Now from (8.26) and ([8.27)), by taking the integral, it follows that

N

— P(tsw) < =) dh(tiz) <O0. (8.28)

m=0
Similarly, for N odd,

1

(;;%1) PN+ < _mi:% (V - 5) (—0)™ >0 (by B-14)). (8.29)

m

Using (8.26) and (8.29)), we have

N
0< =) ¢h(tz) < ¢y (tx). (8.30)
m=0
(8-28) and (8.30) together imply (8.25). O
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Lemma 8.3.3. Forz € R>y and (v, N) € Z>y X Z>y withv > N + 1,

1

(3:1) 3
T+ gy 1 TN T 3,20, (8.31)

|EX2(7)] <

where 7y is the incomplete gamma function from .
Proof. For v > N + 1, from Lemma [8.3.1], it follows that
2¢ _—tj—1 v 1
e "tz V—3 t\™
B = 3 o= [ ot 3 (M) () e
m=N+1 P +3) m=N41 \ T 2z

14

20 o—tpr—; v—3 - t

2/ m=N+1

For N even,

1
v N+1 _gym
()< mENjH( SHeor<o oy @) 63
From ({8.32)) and (8.33)), we have
— PRt ) E oy (t; ) : (8.34)

m=N+1

Likewise, for N odd,

0< Z (”;%>(—e)m < (;;%)HN“ (by B15)), (8.35)

m=N+1
and (8.32) and ({8.35|) together imply
0< Y Whtiz) <yl (to). (8.36)
m=N+1
Applying (8.34)) and ({8.36]) concludes the proof. O
Define
2
By = é\/(zzv 5/2)(N +2) (8.37)
and

B, = \/>\/ vil \/V+N+g<\/y_]lv_1—\/Vi1>.(8.38)
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Lemma 8.3.4. Let x € R>y and (v, N) € Z>o X Z>y with v > N + 1. Then with

(8.37) and (8.38)) one has,

an+1(v)
|EXs(@)] < Ef(/,:awa

with
v EX o,  ifv>N+2
Efs=18 27 / . (8.39)
EN—H? ZfV =N-+1
Proof.
|Exs(z)| = ‘ Z %’;(t;x)’ (by Lemma [8.3.1))
m=v-+1
1
OO ’(_1)771 Vr_na) 2x
S / 6—ttl/+m 3 dt
;Fl (2‘T>m]‘_‘<y + %) 0
o0 _ m V*l § § -
_ Z ’( )™("2) 1/+N+2)\/V—|—N—|—2/2 v
m=v—+1 (2$>ml—‘(y + %) vV 27‘(’ 0

(by (z,y) — <t,I/+N+g> in )

- 1 <V+%)N+1\/V+N+%<V_%) i (_1)m(u;%) 1
o N+1 1 —
V2T (2z) N+1) e <N+21) m—N—1
(8.40)

Using Lemmas[8.2.2}18.2.3 and (8.91)) along with the fact that ﬁ < % forall N > k
k

and , /= < Vv +1forall m > v +1, it follows that
v—= v .
‘(—nm( D) o s vzNe2
Pt = , : .
(%) VAV Ty N1
For v > N + 2,
| s ()]
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1 (V+1)(V+N+%) s 1 ans1 (V)
= (ﬂ' 27r(N+1)\/ (v—N-1) mz m3/2(m — N—l)) ZN+1

=v+1
(by (8-40) and (8.41))
1 v+ +N+3) [ 1 an1(v)
= (7? 27T(N+1>\/ (v—N-1) /V t32(t — N —1) dt) lj\fﬂ
_ 1 v+1)w+N+3) [ 1 an+1(v)
_ ( (N+1)\/ i el A e )3/2tdt> vl
— \/7 V—l—l (v+N+3 arcsinh(,/ N1 F (V)
B (v=N-1) VN +1 v+1) N+
I/+1 V+N+ 1 1 ay 1<V)
< \/7\/ (v—N-—-1) (\/V—N—l_\/y+1> x—]’\—f+1

(since arcsinh x < z for all x > 0>. (8.42)

On the other hand, for v = N + 1, it follows that

| EX3(@)]

1 3
< (7'(_\/5<N+1>\/(V+ 1)(V—|—N+§)

[e.e]

1 an+1(v)
Z m3/2(m — N—1)> N+

m=v-+1
(by (8.40) and -
— (W\/_(N + 1)v/(N +2)(2N +5/2) m:ZN+2 T 1_ — 1)) aj;r;;i(l’/)

< (W\/—(N+1)\/(N+2)(2N+5/2) (W+/N"; t3/2(t—1N_1) dt))am(y)

V2 1 arcsinh(v' N + 1) 1 an+1(v)
- _\/(N+2)(2N+5/2)<(N+2>3/2+ NES _‘/N+2) s
\/_

< —\/ 9N +5/2)(N + 2)“N]+V—1+(1).
Finally, (8.42) and (8.43)) imply (8.39 . [
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Lemma 8.3.5. Let x € Ryy and (v,N) € Zzy X Ly with v > N + 1. Then with
(8.37) and (8.38)) one has,

an41(v)
NI

|E(v, N, z)| < B

with
1+ EX fu>N+2
By = { t By vz N4 (8.44)

1+ E%.,, ifv=N+1

Proof. Forv > N +1,

B, N,2)| < |Buva(@) + Byalw) + Exa(2)| (by E21))
(v:2)

(v +3)(2z

3 3
e (F(V—I—N+§,2x) +7(V+N+§,2x)> +

s an1(v)
Efs= - (by B20), EB31) and §:39)

v—1
(N+21) 3 v
I'(v+ 3)(2z)N+! v+ N+ 2) T BN

GN+1(V)
N+1

From (8:39), we get (844). 0

Lemma 8.3.6. For x € R>y and (v, N) € Z>g X Z>1 withv < N,

1y lan (V)] 3
|Eyna(7)| < \/%EM1 N\t N S In(N 1),

E;Vl:(1 (20 +1)(v +2) (2V+1)(1/+2)>.

ant1(v)
o N+1

= (1+ EY3) (8.45)

with

In(N +1) N +2 (8.46)

Proof. From Lemma [8.3.1] for all € Ry and (v, N) € Zs¢ x Z>y with v < N, we

have
o o=ty v—1
e 2 ) (—g)™ dt
o=y (")




o0 _t !1/7 1
< /
2

”% dt
m

Ooett” a N
197774
/ T(v ZQ —2y+1< )

m=0

I
9
=
_|_
H

(by (8 )> (8.47)

where ¥ ;=60 — 1.

Define
al 1 N
Mn0) = mz_2m—2u+1( ) "
and
O 1 (N, @D
Snv) = mz:OQmjLQ(m)9 O 2W(N+1)
Consequently,
M) = Sx(9)|
Sn(9)
1 al 1 N\ ..
= STy mzo (@m 20+ 1)(2m 1 2) (m)ﬁ
1 v+ 1D)r+2) & 1 N\
) 2 2 T DT (m)ﬁ

m=0

1
‘2m—2u—|—1 -

-~

2
i 5 for all integers v, m with 0 <v,m < N >

Q4D +2) (9 + 1N —9(N +2) -1
0+ )N+ — 1 I(N +2)

1 N\ o @+ DN2 (N +2) -1
(becausemz: m+1)(m+2)( )79 T PN+ )(N+2)

(2v+ 1) (v +2) 1+Z£09 —(N+1)
N +2 ON+L — 1
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Therefore,

IN

IN

IN

_|_

where § = L

M)

My(9) = Sx(9) + Sy (9)]
Sw (D)

Mu(9) = Sw(9)
Sn(@) | 1+ E)

1V ( NOE SM)])
14
SN+1) -1 Sn(@)
1 Nt -1 (2v+ 1) (v +2) SN0 -
QN +1) 61 (H N 12 (H 9N+1 ))

1 (2l/—|—1 1/—1—2 2v+1)(v+2)
— 1 0" +
2(N+1)(+ )Z N+1 N+2 Z

1=

Sn(¥) ‘

(8.50)
| Ev v ()]
(|0 s ) [y e
(;1%1) (2VJ;V1ZL(V2+ 2) /Qx _:il szgl —i)0" dt (by (8.47) and (8:50))
(;;%1) 1+ 2V—;V+V2+2)>§m/2:oe—ttu+i—; &t
(JVV;%l) = N)+(V2+2) ;r( ]I_)zzr) /:O e, (8.51)

2x "

In order to estimate the two sums with integrals on the right hand side of (8.51)),
define

_ 2+ D +2)) v 1 il
[1(V,N,£L'> = <1+ N +2 )Zm/;w et dt

=0
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and
N—1

2v+1)(v+2) N —i /OO i)
L(v, N = T2 dt.
2(v N, ) N +2 eru+ )(2)i ’

Applying the substitution (z,y) — (¢, + N + 2) in (8.10), it follows that

Li(v,N,x)
_ [ D) <v+§>N+1mi , /OO L
N+2 vV 27T o (Qx)l 2% tN7i+2
_ [y, @D +2) (H%)Nﬂmi '
= N +2 V21 (22)N+ pa N_—irt1
2 1 2\ (v + 1>N+1\/m
N +2 V2 (2z)N+1
and
L(v, N, z) (2y+1)(1/+2)(V+%)N+1\/mJVZ:1N_Z./OO . )
2 1/7 71: N+2 \V/ 27T 0 (2x)’t 9% tN,i+2
<2u+1><u+2>(v+§>NH\/mN1
(V""%)Nﬂm
< @+1)r+2) | (8.53)

V2 (20)N+
By (851), (B52) and (B53), we obtain

1y lava ()] 3
|Eyva(z)] < \/%E,,,l N \[v N+ (V).

Lemma 8.3.7. For x € Ry and (v, N) € Z>g X Z>1 withv < N,

1 / 3
|E§2(x)| < | V2+ |aN;er(1y)| v+ N+ —. (8.54)
’ Z/—FN—F% zo 2
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Proof. From Lemma [8.3.1} we get

)Eiz(x)(

1

V—*) 2x
) Z / et rm=3 dt‘
Zx mF (v+13)

N+1
/2.I —t.[;l/‘f']\[‘f'l dt _I_ io: ‘(_1>m(y;%) /2'7: —ttV‘f'm—l dt
‘ (m)mr(y O ©

(?V;%><—1>N+l

(22)NHIT (v + 3)

=N+2
a v 1 Ja ("> 1
< gl el v ] 3 LG
7T mN+2 )

3
(by the substitution (z,y) — (t,v + N + 5) in ), (8.55)
and using Lemma [8.2.3 it follows that

(=)™ (%) 2 [N¥1—v (le) . 2 [N+1 o
G oy e <7 (850

N+1 1 N+1
since + < m and < i foralm>N+2].
v l/ 1-= N+1—v
Using (8.55)) and -, we see that

\Ei,z(x)\

% \/_laflml m\/im%;ﬂ\/—m N-1)
< Ll Pl b [ i
L S L)
< ) gl g
2
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]
From (8.46)) and (§8.54]), we have the final estimation for the error term with v < NV,

presented in the following lemma.

Lemma 8.3.8. Let x € Ryy and (v, N) € Zxo X Zzy with v < N. Then with E[,

as in (8.46),
|E(v, N, z)| <ENM,/V+N+§ In(N +1)
Y ) N-‘rl 2 )
with
EN—LENJF; \/§+; (8.58)
v /e v, /e :

Finally from Lemmas [8.3.5[ and [8.3.8] we can bound the error term E(v, N, z),
given in (8.21)), as follows.

Theorem 8.3.9. Let x € Ry and (v, N) € Z>o X Z>1. Then using definitions

E3D-E39 and E39),
\/ 27r95 iv: )™a
=0

)| < iy, v )

rN+1 ’
with
1+ EY o, ifv >N +2
E(w,N)={1+E},, fr=N+1 | (8.59)

EN\/v+ N+3In(N+1), ifv<N

Corollary 8.3.10. For v € Z>y, N =3 and x € R4,

V2rz 2 (=)™ am(v)
‘ - fy(x)—r;) ‘<E(u,3,:c),
with A
SRorT ifv =>4
%, ifv =3
E(v,3,z) = 525, ifr=2 . (8.60)
152:48, ifv=1
\%4’ ifvr=20




Proof. Tt suffices to estimate E(v, N)|ay;1(v)| for N = 3, defined in (8.59)). For
v € {0,1,2,3,4} and N = 3, by numerical checking in Mathematica, we confirm
that

( 8

353 ifv=4
%, ifr=3
E(v,3)|as(v)] < %, ifv=2
i fy=1
(1, ifr=20

8-
382’

see Subsection R.6.2 ]

For the remaining case v > 5 we checked by Mathematica that E(v, 3)|as(v)| < =

8.4 Inequalities for modified Bessel function of half-
integral order

The section establishes inequalities for I,,1/5(x) With v € Z>o and € R>;. Again
we use short hand notations from Section as -, - etc. From (8.19))
we obtain the asymptotic expansion of Y25£], /2( ) in the form ) >*_ (—=1)"a,,(v+

1)/a™. Following a similar treatment as worked out in the proof of Lemma we

truncate the infinite series > -_, u ?(t; ) at some point N > 0 and consequently

obtain two remainder terms, namely,

N v
=P+ D e (), (8.61)
m=0

m=N-+1

see also . Our next step is to obtain an upper bound of the absolute value of

the remainder term by estimating the two finite sums (8.61). Using Lemma m

(resp. [8.2.9), we obtain (8.65) (resp. (8.71)). Lemmas[8.4.4 and [8.4.5] together imply

Theorem [8.4.6] which mtroduces an infinite family of inequalities for ‘/;E],,H s2(z).
Recalling (8.20]), note that

(v +1/2) = <)(Z—m+1)

Lemma 8.4.1. For x € R21 and (l/, N) c ZZQ X ZZI,

\V2mx - i (_1)mam(y + 1/2) i ¢V+1/2 t: {L‘ Z ¢V+1/2 t: ZL’

= Lyy1y2() o
m=0 m=0 m=N+1

(8.62)
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Proof. From (8.19)) it follows that
vV 27r:c

1
o Ii1po(x Z ¢”+l/2 t;x) (by substitution v — v + 5)

= Z M%H/Q(t; x) <as v € Z>9 and (;) = 0 for m > 1/>

_ Z wl/"rl/Q t; QZ Z QXJ,I;;H/Q(t;LE)

m=0 m=N+1
N N
1)™am, (v +1/2 Y Y
:Z( )(2;)m /)_Z¢+1/2tx Zwﬂ/ztx
m=0 m=0 m=N-+1

]

Remark 8.4.2. From (8.62)), it is clear that throughout the rest of the section we
have to consider the case v > N. This is because (]’Q) =0 for v < N as pointed out
in the proof of Lemma|8.4.1).

We present identity (8.63]) which serves for the error analysis for N € Z>;. To this
end, following the Remark we consider v € Z>s.

Lemma 8.4.3. For x € Ry and v € {0, 1},

2 2 1
I ja(x) =1/ Esinhx and  I3j(x) =1/ %(coshx — Esinhx). (8.63)

Proof. 'We observe that

V2rx - 11
— v+1/2(4.
" Iy1)0(z) = mE:O Yyt (L x). (8.64)

For v =0 in ({8.64)), it follows that

2x
er _ 2 .
]1/2(917):\/% i etdt:\/%smhx,
and for v =1,

63; 2x 1 2x
Iyo(z) = ( / et dt — — / e 't dt>
2mx \Jo 2z J,
z 1 1 /2 1
- _° ((1——)—1—6_23”(1—1-—)) = —(coshx——sinhx).
2rx x x T x

;

:
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Lemma 8.4.4. Forz € R21 and (l/, N) € ZZQ X ZZb

1(2) N+

- (v'i0)
=D e )| < T T4 N+ 2,20),

where ' is the incomplete gamma function from .

Proof. From Lemma for all z € Rs; and (v, N) € Z>y X Z>; we have

= v+1/2 ® et o~ (v L™
Soeen == [TTES (1) ()

m=0

=— /OO it ZN: v (—0)™ dt where 0 :=
N 9y V! = \m v T

We first consider the case where IV is an even positive integer. Then

(L B e e

m=0

Now from (8.66]) and (8.67)), it follows that
N

— o) < = 3 ot a) < 0.

m=0

If N is an odd positive integer, it is immediate that

0<— z]i: (;)(—e)m < <NV+ 1)9N+1 (by B-17)).

By (8.66) and ( -, we obtain
0< - Z Ot ) < O (1),

and (8.70)) together imply (8.65) -

Lemma 8.4.5. Forx € R21 and (l/, N) c ZZQ X ZZI,

Z @/)7”71+1/2(t;$)’ < M v(v+ N +2,2z),

v(2z)N+1
m=N+1

where v is the incomplete gamma function from .
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Proof. By Lemma8.4.1] for all z € R>; and (v, N) € Z~; X Z~o, it follows that

v

, 2 oty & t\m
2 w’”ﬂ/z(t;@:/o ~ m_ZN:H (;) (-5,)

m=N+1

2 o=ty (1/) t
= (—0)™ dt where 0 := —.
/0 V! mZN:H m 2x

If N is an even positive integer, then it follows that

(N+1)9N+1< XN:H(N> )™ <0 (by BI8)).

Consequently, from (8.72) and (8.73) it is immediate that

— U Be) < Y e () <o,

m=N-+1

Similarly, if N is an odd positive integer we get

0< Z (]’([)(—9)m<(N”H>9NH (by (B13)).

m=N-+1

Equations (8.72)) and (8.75)) lead to the following inequality

0< D U ) < )

m=N+1

Putting (8.74)) and ({8.76]) together gives (8.71)).

Theorem 8.4.6. For x € R>y and (v, N) € Z>y X Z>q,

’\/27m: i am 1/+1/2)’ _ ani1(v+ %)

v+1 2
/ o N+1

=0

Proof. For v = N, we observe that the (8.62)) of Lemma reduces to

1/+1/2
er
m=0
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From (8.65)), it follows that

N 5 VG Dn | G50 py g g

e Iyg1pa(z) — (22)m Vl(gx N+1
(v70)
< 02 )N+1F(1/+N+2)
_ CLN_H(I/ + 1/2)

o N+1

Whereas for v > N, combining (8.65]) and ( -, we arrive at (| - [

8.5 Conclusion

We have studied the error analysis for I, (z), where v either is a non-negative integer
or a non-negative half integer. Our major results are the inequalities presented in
Theorems [8.3.9] and [8.4.6] The main objective of this section is to carry out similar
considerations as done in Section but for v € Rx.

For v € R>¢, define

N
E,na(z) = =) ¢h(tz),
m=0

V]
Efo(x) = Y dh(ta),

m=N+1

Efy(x) = > n(ta),

m=|v|+1

and

EX(e) = Y wn(to).

m=N+1

Throughout this section, for a given z € R, we follow the standard notation |z]
(resp. {z}) to denote integer part (resp. fractional part) of x. We split E(v, N, x)
depending on whether |v] > N + 1 or |[v] < N, as stated in Lemma In
(879), (8-80) and (8.81)), we obtain upper bounds for E,,,, (), EN2( ), and EN3( )
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when |v| > N + 1. From Lemmas [8.5.2] [8.5.3| and [8.5.4] we get an upper bound for
|E(v, N, )| in Lemma
For |v| < N, we obtain an upper bound for |E(v, N,z)| in Lemma as a
straightforward implication of Lemmas [8.5.6] and [8.5.8]
Lemmas [8.5.5] and [8.5.9] give rise to Theorem for all v € R>. Restricting
v € Lxo (resp. v € 3 + Zxo) in (8.89), we retrieve Theorem m (resp. Theorem
S.4.6).

Lemma 8.5.1. For x € Rsq and (v, N) € Rs¢ X Z>o,

V2T R N

IV - =LK ) Na )
2 =30 SR (v, N.2)
with
~ E, EX EYq(x), iflv]>N+1
E(w,N,z)=1{"= () + ~z]\\f[,2<x) + N,3<$> Zf lv] > N+ 7 (8.78)
E,ni(z) + By (2), if lv]| <N
and a,,(v) be as in (8.20)).
Lemma 8.5.2. For z € R>y and (v, N) € Rsg X Z>q with |v] > N +1,
) 3
E, < Nl I(v+ N+ =, 22), 8.79
| 1N71(x)| F(U + %)(2$)N+1 (V + + 2 J}') ( )

where I' is the incomplete gamma function from .

Proof. Analogous to the proof of Lemma by Lemma [8.2.6, we have

S () a0

m=0

which is also valid for ¥ € R>y. This is due to the fact that Lemma is an
immediate implication of Lemma which holds for all v € Rxy. O

Lemma 8.5.3. For x € R>q and (v, N) € Ryy X Z>y with [v] > N + 1,

_1
(x2)

T(v+ Do)V’

(v+ N+ §,2x), (8.80)

Eu
|Exo(m)] < 5

where v is the incomplete gamma function from .
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Proof. For |v] > N +1,
2x —t y—l LVJ 1
~ e 't"2 V=5 t
EX o(z) = - 2 )(=0)™dt where 0 := —.
o) = [ F<v+%>m§+1< 220 a

Following up the proof of Lemma [8.3.3] we observe that it remains to prove for all
IS RZQ and 0 € (0, 1],

S = (-0 3 (”f)(—e)wo.

m=N+1

Using the Paule-Schorn [118] package fastZeil, we obtain

S(lv) +1) = (1 9)S([w]) — 67+ (”]‘V%) - (e J‘fl)'

The rest of the proof is analogous to the proof of Lemma [8.2.7] O

For the statements of Lemmas|3.5.4 and of Theorem [8.5.10| we use the following
definitions,

E{y = ?\/2]\%ng{u}(\/Niw—1)Lﬁ1<1+—L ) 1)

i=0 VJ_i_ﬁ

and

~, 1 /2 lv|+1 3 1 1
By = %\/; m\/y+N+§<\/LI/J——N \/m>x

lv]—1
{v}
11 <1+ o] —z’—l)'

i=0 2
Lemma 8.5.4. For z € R>y and (v, N) € Rsg X Z>y with |v] > N +1,

T T aN-i‘l(V)
|EN,3(:E)| < EN,3 N+1 )
with

- (8.81)

~ B4, iflv]>N+2
B, iflv]=N+1
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Proof. Similar to (8.40) we get

~, 1 ayu(v
Bro) < =20 s S 3 |

m=v+1

Now,

(—1)"(,2)
(32)
(—1m (W5 [T <1+ P )
G (1 i)

(e I (1 - 0| e (- )
(4) 1 (1+ 54)
(=" ("2) “’“(1 {v} )
g — | (8.83)
< (LJV\A;E) g + lv| —i— 3

Applying (8.41)) with the substitution v — |v], it follows that

%N+ V LVJ N 1m3/2’ if LVJ 2N+2 (884)

b1 = .

(LJ\;-HQ) ) LVJ m3/27 if LVJ =N+1
Substituting (8.83]) and ( into and proceeding analogously as for the
estimation Worked out in (|8 42|i and 1|8 43|b we get - ]

Lemma 8.5.5. For z € Ry and (v, N) € Rsg X Z>y with |v] > N +1,

' v AN 1(]/)
|E(v,N,z)| < E% x;H ,

with

~ 1+ EX flv] >N +2
EK] — { + N+2» Zf LVJ = + (885)

1+ F%,,, ifly]=N+1
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Lemma 8.5.6. For z € R>y and (v, N) € Rs¢ X Z>y with |v] < N,

~ 1 ~N anN41\V 3

|E,na(z)| < \/%EVJ' xjw(l )|\/1/+N+ 5 (N +1),

~N 1 1 2v+ 1)([v] +2)

By = (1 + <ln(N—|— nt N+2> A= 2{])] ) (8.86)

Proof. For all v € Ry with |v] < N and non-negative integers 0 < m < N, it
follows that

with

| < il
2m — 2u—|—1 m+211—-2{v}I’
For the rest, one can follow the same line of arguments as presented in the proof of

Lemma I8.3.0 W

Remark 8.5.7. Observe that on the right hand side of (8.8G), the term |(1—2{v})|
is in the denominator. The factor (1 —2{v}) makes trouble if and only if {v} = 1/2.
But as we have already pointed out in the Remark [8.4.9 that for half-integral order
one has to consider only the case v > N. In short, for the |v] < N case, it is being

understood that {v} € [0,3) U (3,1).

Lemma 8.5.8. For x € R>; and (v, N) € Ry X Z>y with [v] < N,

] )
L508) | 0 Vel [ .3
N-|v] {v} / 3 ) aN+! 2
11 <1—@> V+N+§

B o(2)] < (\/5

i=0
(8.87)
Proof. Analogous to (8.55)), it follows that
a v 1 |a V" 1
gl L o . Z %
aN+1 NoT xN“ | ()N ( V—*) m—N-—1

1
C0"0) | 46 get (BB7). Similar to (E53),

DN¥(3)
HM ( 1 }) '
N—|v ’

2

Therefore, it is sufficient to estimate

we see that

v

‘ (—1)™(“)
(—1)¥+1(53)

N M\H

<[
0¥
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Lemma 8.5.9. For x € Rsq and (v, N) € Rsg X Z>1 with |v] < N,

~ ~ / 3
|E(v, N, )] <E§% v+ N+ In(N+1),
with

lv {v}
- 1 ~ 1 Hi:(] (1 + Z,_l) 1
BN = —EN + —— (\/5 ‘ - + . (8.88)
Nors In(N +1) IS -Y) fren+g
Combining Lemmas [8.5.5] and [8.5.9] we arrive at the following theorem.

Theorem 8.5.10. For x € R>; and (v, N) € Ry X Z>1,

Vorz (D" an()| = lava ()]
o Dl2) - x—m‘ <EW,N)— g
m=0
with
1+ E% s, if lv] > N+2
E(,N)={ 1+ Ef ., if lv]=N+1 . (8.89)

EN\Jv+N+3Im(N+1), if|lv]<N
8.6 Appendix

8.6.1 Proofs of some lemmas presented in Section [8.2]

Proof of Lemma|8.2.1 We define f(z) = Z. Now f'(z) = v’ =2 and f'(z) = 0 at

e(L
r = y. Note that f’(z) = y(yfl)xy_lfyxy_lﬂy and consequently, f(y) = _yz;l <0

for all y € Ryo. So, f(x) attains its maximum at = = y; i.e., f(z) < f(y) = (£).
From [27, eq. 5.6.1], we have

1< (2m)7Y2 21277 ¢* T(z) for o € Rag. (8.90)
By the substitution x — y in (8.90) and using the maximum value of f(x), it follows

that
M) o By > o),

2 e
)
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which implies (8.10)).
Proof of Lemma[8.2.9: For m > v,

<y;1 %) _ (@ -D)(w —2377)1.7.&!(% —2m+1)
L () m el ()0

T ommlov \ 2m—v (m —v)l  4m (m) ’

v

and for m < v,

m 2m m!

@ wem)t 1 ()G
2m m! (2v —2m)! V! 4qm (QV:Qm) :

(y—é) _(v-1)(@2v-3)...(2v-2m+1)

Proof of Lemma |8.2.5

and

21NN + 1) <jy\7;%1> %——;VH (g) _(—1)N (l/ ; %) (V]:[%_—k, k)
(

Proof of Lemma [8.2.4 First, observe that for all n € Z>,
4n 2n 4n
< < . 8.91
2v/n (n) VAT (8.91)
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Now for m > v,

(=3 2 OGS
‘( 1) ( - )‘_4m @ (by L 82.2)
|
§4m\/ﬁ\/m7—() (by (8:91))
1

Y

m/v(m —v) (T)
and for m < v,

J) ()

- 4_(21/ 2m

v—m

1 4 2y/v—m (v
< by (8.0
< mos (1) oy €D

UV —m
< — ( ) since < 1).
1%

(by Lemma [8.2.2)

N
=
3
VR
AN
3 |
N
~~
|
[
—~
[\~
<

]

8.6.2 Mathematica computation for the proof of Corollary

8.9.10.

We complete the proof of Corollary |8.3.10| by checking E(v, 3)as(v) <

Z_ for all

v > 5 with Mathematica using Cylindrical Algebraic Decomposition [44] In order
to do this computation, our input for a,,(v) (resp. for E(v,N) with v > N + 1) is

alv,m] (resp. El[v, N]) in Mathematica.

Binomial[v — 21,, m)] Pochhammer[v + ;, m]

In[16]:= a[v, m] :=

n(17:= E1[v, N] <1+ \/7 V+1 VNS <\/V_ —\/vi1>>a[v,N+1]

In[18]:= CylindricalDecomposition[{@ > El[v,3],v > 5},v]

Out[18]= v > 5
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Chapter 9

Positivity of the second shifted
difference of partitions and
overpartitions

This chapter is devoted to the study of inequalities related to the second shifted
difference of the number of integer partitions p(n) and of overpartitions p(n) by an
elementary combinatorial approach. Recently Gomez, Males, and Rolen proved the
positivity of A%(p(n)) = p(n) — 2p(n — j) + p(n — 2j) by employing the Hardy-
Ramanujan-Rademacher formula for p(n) and Lehmer’s error bound. Our goal is to
prove A%(p(n)) > 0 (resp. A3(p(n)) > 0) by an explicit description of a non-empty
subset, say X?(n, j) of the set of integer partitions P(n) (resp. XZ(n,j) and the set
of overpartitions P(n)) with |X2(n,j)| = A2(p(n)) (resp. |XZ(n,j)| = A2(B(n))) .

9.1 Introduction

A partition of a positive integer n is a finite nonincreasing sequence of positive
integers A = (Ay,...,\) such that 33_ A, = n, denoted by A  n. The set of
partitions of n is denoted by P(n) and |P(n)| = p(n). For A - n, we define /() to
be the total number of parts of A and multy();) to be the multiplicity of the part A; in
A For A\Fnwith A = (A\q,..., ) and p = m with g = (p1, ..., gy ), define the union
AUp F m—+n to be the partition with parts {\;, 1;} arranged in nonincreasing order.
Inequalities for the partition function have been studied in many directions and
proofs of such inequalities were by employing analytic tools as the Hardy-Ramanujan-
Rademacher formula for p(n), see [76, (122, [124] |123], and Lehmer’s error bound [99,
98]. Let A be the backward difference operator defined on a sequence a(n) by
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A(a(n)) := a(n) —a(n — 1) and, for r > 1, A"(a(n)) = A(A“%a(n))) . In 1977,
Good [67] conjectured that A"(p(n)) alternates in sign up to a certain value n = n(r),
and then it stays positive. Using the Hardy-Ramanujan-Rademacher series for p(n),
Gupta [71] proved that for any given r € Zs;, A"(p(n)) > 0 for sufficiently large
n. In 1988, Odlyzko [114] proved the conjecture of Good and obtained the following
asymptotic formula for n(r):

6
n(r) ~ —r’ log?r as r — o0.
7T

For a more detailed study on A(p(n)), we refer to [3]. Recently, Gomez, Males and
Rolen studied the second order j-shifted difference of p(n), defined by

A2(p(n)) = p(n) — 2p(n — j) + p(n — 2j)
and proved the following theorem.

Theorem 9.1.1 (Theorem 1.2, [66]). Let n > 2 and j < \/n — 5. Then we have

that
Ai(p(n)) > 0.

In other words, p(n) satisfies the extended convexity result

p(n) +p(n —2j) = 2p(n — j).

An overpartition of n is a nonincreasing sequence of natural numbers whose sum
is n in which the first occurrence of a number may be overlined. We denote the
number of overpartitions of n by B(n) and the set of overpartitions of n by P(n). For
example, the 4 overpartitions of 2 are 2,2,1+ 1,1+ 1. The Study on overpartitions
dates back to MacMahon [103] but under different nomenclature an extensive study
on the overpartitions began with the work of Corteel and Lovejoy [46]. A Hardy-
Ramanujan-Rademacher type series expansion for p(n) was due to Zuckerman [156].
Recently, Wang, Xie, and Zhang |148] proved that A"(p(n)) > 0 for n > n(r), where
n(r) is a positive integer depending on 7.

The main motivation of this chapter is to prove Theorem [9.1.1|using a combinato-
rial approach rather than the analytic one; i.e., by studying an asymptotic estimate
of I% as in [66, Theorem 1.1]. Moreover, we will show A%(p(n)) > 0 for all n. > 2j,

)
a weaker assumption in comparison to n > max{2, 1652 + 2—14} assumed in Theorem
Moreover, we show A%(p(n)) > 0 with a similar combinatorial approach as
that for p(n). Gomez, Males, and Rolen [66] proved the positivity of A%(p(n)) using
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asymptotic estimate of the quotient p(n — j)/p(n) whereas our main objective is to
show that (A%(p(n)))n>2; (resp. (A_?(}_)(n)))nzgj) can be enumerated by a non-empty
proper subset of P(n) (resp. of P(n)) so as to prove positivity of the respective
sequences.

We organize the chapter in the following way. Below we list all the theorems,
Theorems [9.1.3H9.1.9] with two corollaries Corollaries [9.1.7] and [9.1.10l The proofs
of Theorems [9.1.3 are given in Section [9.2

Definition 9.1.2. For all positive integers n and j, define
Xa(n,j) = An) \ A(n —j) and |X;(n,j)| = Aj(a(n)),
Xa(n,j) = Xa(n, )\ Xg(n = j,5) and |Xi(n,j)| = A(a(n)),
where |A(n)| == a(n).

In our context, A(n) is P(n), resp. P(n); consequently, we will consider X' (n, j) =
X;(n,]), resp. X;(naj) = X}%(”?])

Theorem 9.1.3. For all positive integers n and j with n > 7,
X;(n,j):{/\EP(n):OS)\l—)\ng—l}. (9.1)

Remark 9.1.4. Plugging in j = 1 into Theorem |9.].JL X} (n,j) is described as the
set of non-unitary partitions of n as well as the set of partitions of n — 1 in which
the least part occurs exactly once (154, A002865].

Theorem 9.1.5. For all positive integers n and 7 with n > 27,
X2(n, j) = {)\ € X! (n,7): 0 < multy(1) < j — 1}. (9.2)

Remark 9.1.6. Plugging in j = 1 into Theorem Xg(n,j) 15 described as the
set of partitions of n — 2 with all parts > 1 and with the largest part occurring more

than once (1534, A053445].
Corollary 9.1.7. For all positive integers n and j with n > 27,

A2(p(n)) > 0. (93)

Proof. For j=1andn € {3,5,7}, X2(n,j) = () and so A%(p(n)) = 0 and for n = 2,
A%(p(n)) = 1. Next, if n = 2k with k > 2, then X\ = (k,k) € X}(2k,1), and if
n'= 2%k +1 with k > 4,

A\ = ({%;ﬂ {Zk;ﬂ,(%ﬂ)—z{%;lb € X2(2k+1,1),
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2k +1

as (2k + 1) — 2{ —‘ > 1 for all k > 4. So, A?(p(n)) > 0 for all n > 25 with

j=1.

Finally, for j > 2 and n = 2m > 2j, observe that A = (m,m) € X}(n, j) and for
n=2m+1>2j, A= (m+1,m)e X2(n,j). Therefore, A}(p(n)) > 0 for all n > 2j
with j > 2. 0

Theorem 9.1.8. For all positive integers n and j withn > j,

X%(n,j) :{)\ €Pn):0< A\ — X <j—1and A,y may be overlmed} 0.4
U {)\ €P(n): A\ —Xy=7 and Ny is overlined}. '
Theorem 9.1.9. For all positive integers n and 7 with n > 27,
X2(n, j) = {A € X1(n,5): 0 < multy(1) < j — 1 and 0 < multy(T) < 1}. (9.5)
Corollary 9.1.10. For all positive integers n and j with n > 27,
2 /—
Ai(p(n)) > 0. (9.6)

Proof. For j =1and n =2, A3(p(n)) = 1. For j > 1, n = 2k > 2j with k € Z,,
A = (k,k) € X2(n,j) and when n = 2k + 1 > 2j with k € Zsy, A = (k+1,k) €
X2(n,j). This concludes the proof. O

9.2 Proofs of Theorems [9.1.3H9.1.9

Proof of Theorem |9.1.5 For all positive integers n,j with n > j, we define an
injective map i, : P(n — j) — P(n) by

A= ()‘17 )\Qa s 7)‘7“) = Z1()\) = ()\1 + ja )\Qa s 7)\7“)‘ (97)
It is immediate that 7;(\) € P(n), and the image set can be described as
X(iq) = {7T € P(n):m —my > j}.

Note that 4; is an injective map: for any two partitions, say, for A\,u € P(n — j),
there are two possible cases, either ¢(\) = £(u) or £(N\) # £(p). When £(X) # £(u),

272



0(i1 (X)) # £(i1(p)) and therefore 4 is injective. If (X)) = ¢(u), then i;(N) = iy (p)
immediately implies that \,, = p,, for all 1 <m < ¢()\). Hence,

P(n)\ 11(P(n—j)) = {7r €Pn):0<m —m < j} = X, (n,j).

(]
Proof of Theorem[9.1.5 For all positive integers n, j with n > 2j, we first define
an injective map i : X} (n — j,j) — X, (n,j) by

A= g A) 5 da(A) = (A Ag . A) U (LT, 1), 9.8
(A1, A2 ) = i2(A) = (A1, A ) U ( ) (9.8)
j times
Now 43(\) € X} (n,j) and consequently,
S(ig) = {w € X! (n, j) : mult, (1) > j}.

Clearly, i5 is an injective map, since we adjoin the partition of j with all parts being
1 to any partition A € X, (n — j,j). Therefore,

X (n, ) \ ia(X1(n — j,5)) = {7? € X! (n,j): 0 < mult,(1) < j — 1} = X2(n, j).

0
Proof of Theorem For all positive integers n,j with n > j, we define an
injective map 4; : P(n — j) — P(n) by

A= ()\1,)\2, R 7)\7") — 51(>\) = ()\1 +], )\2, R 7)\7") € F(n) (99)

Here we consider two separate cases depending on whether A\; = Ay or A\; # .
For A\ = Ay, we observe that only the first occurence of A; can be overlined and
the image of 7, is given by

(1) = {7? € P(n):m —m =7 and m, is not overlined}.
For the other case A\; # Ag,

(1) = {7T € P(n):m —m >j and m,m may be overlined}.
Clearly, 7; is an injective map in each of the cases. Therefore

P(n)\ i1(P(n—j)) :{7'(' €P(n):0<m —m<j—1and m,m, may be overlined}

U {7? € P(n):m —m = j and 7y is overlined}
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O
Proof of Theorem For all positive integers n, j with n > 2j, we define an
injective map i, : 7]13(71 -7, — 7;(71,]') by

- <1, .
A= (A Az, A) = ia(A) = (A, Agy - A UL, 1) € X (7). (9.10)
j times
Consequently,
S(ip) = {71' € X, (n,j) : multr(1) > j}.
Note that 75 is an injective map as we adjoin the overpartition of 7 with all parts
being 1 to any overpartition A € Y;(n —4,7). Therefore,
Xy )\ &y = 5,5)) = {7 € X}(n,5) : 0 < mult(1) < j— 1 and 0 < muley(T) <1}
-2, .
= X,(n,J),

since if T is a part of an overpartition, say 7 € P(n), then according to the definition
0 < mult,(1) < 1.
0
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Chapter 10

Parity bias of parts in partitions
and restricted partitions

Let p,(n) (resp. pe(n)) denote the number of partitions of n with more odd parts
(resp. even parts) than even parts (resp. odd parts). Recently, Kim, Kim and
Lovejoy proved that p,(n) > p.(n) for all n > 2 and conjectured that d,(n) > d.(n)
for all n > 19 where d,(n) (resp. d.(n)) denote the number of partitions into distinct
parts having more odd parts (resp. even parts) than even parts (resp. odd parts). In
this chapter we provide combinatorial proofs for both the result and the conjecture
of Kim, Kim and Lovejoy. In addition, we show that if we restrict the smallest part
of the partition to be 2, then the parity bias is reversed. That is, if ¢,(n) (resp.
ge(n)) denote the number of partitions of n with more odd parts (resp. even parts)
than even parts (resp. odd parts) where the smallest part is at least 2, then we have
¢o(n) < ge(n) for all n > 7. We also look at some more parity biases in partitions
with restricted parts.

10.1 Parity on parts of integer partitions

In the theory of partitions, inequalities arising between two classes of partitions have a
long tradition of study, for instance Alder’s conjecture |4] and the Ehrenpreis problem
[6] are the most famous examples in this direction. In recent years there have been
a number of results about partition inequalities. For instance, work in this direction
has been done by McLaughlin |105], Chern, Fu, and Tang [43], Berkovich and Uncu
[23] among others. Very recently, Kim, Kim, and Lovejoy [85] have given interesting
inequalities which show bias in parity of the partition functions. Further results on
parity bias have been found by Kim and Kim [84], Chern [42], and |20]. Proofs of
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such results employ a wide range of techniques ranging from g-series methods, to
combinatorial constructions and maps to classical asymptotic analysis. By parity
bias we mean the tendency of partitions to have more parts of a particular parity
than the other.

Let po(n) (resp. pe(n)) denote the number of partitions of n with more odd parts
(resp. even parts) than even parts (resp. odd parts). Kim, Kim, and Lovejoy [85]
proved that p,(n) > pe(n) and conjectured that d,(n) > d.(n) for all n > 19 where
d,(n) (resp. d¢(n)) denote the number of partitions into distinct parts having more
odd parts (resp. even parts) than even parts (resp. odd parts). The primary goal of
the present chapter is to prove these two inequalities combinatorially.

In fact, our method can be amended to prove other results where biases in parity
are found for restricted partitions. If ¢,(n) (resp. ¢.(n)) denote the number of
partitions of n with more odd parts (resp. even parts) than even parts (resp. odd
parts) where the smallest part is at least 2, then we have g,(n) < g.(n) for n > 7 (see
Theorem below). These parity biases seems to also occur for more restricted
partition functions and we also explore some of these themes towards the end with
a few conjectures.

We define a partition A of a non-negative integer n to be an integer sequence
(A1, ..., A¢) such that Ay > Ay > --- > Ay > 0. We say that A is a partition of n,
denoted by A = n and 3¢, A\; = n. The set of partition of n is denoted by P(n)
and |P(n)| = p(n). For A F n, we define a()\) to be the largest part of A, £/(\) to
be the total number of parts of A and multy();) := m; to be the multiplicity of the
part A; in A. We also use A = (A[" ... \;") as an alternative notation for partition.
For A Fn with A = (A\y,...,\) and p = m with g = (u1, ..., ), define the union
AU p F m+n to be the partition with parts {);, ;} arranged in non-increasing
order. For a partition A F n, we split A into A\, and A, respectively into even and
odd parts; i.e., A = A, U A,. We denote by £.()\) (resp. £,(A\)) to be the number of
even parts (resp. odd parts) of A and £(\) = Le(N\) + £, ().

The following sets of partitions are of interest in this chapter.

Definition 10.1.1.

D(n) = {\€ P(n): multy(N\;) =1 for all i},
P.(n) = {A€P(n): L) > Ll,(\ )}
Fo(n) = {A € P(n): lo(A) > Le(N)},
De(n) = Pe(n)ND(n),
Do(n) = Fo(n) N D(n),
(n)

= (NePm): N A1 for all i},
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Qe(n) = {A€Q(n): Le(A) > l,(N)},
Qo(n) = {AeQn): l,(N) > Ll.(N)},
Qe(n) = Qec(n)N D(n),
(n) = Qo(n)N D(n).

Definition 10.1.2. For all the sets defined above, their cardinalities will be denoted
by the lower case letters. For instance, |P.(n)| = pe(n), |DQ.(n)| = dg.(n) and so
on.

Now, we state formally the main results proved in this chapter.
Theorem 10.1.3 (Theorem 1, [85]). For all positive integers n # 2, we have
Po(n) > pe(n).
Theorem 10.1.4 (Conjectured, [85]). For all positive integers n > 19, we have
do(n) > de(n).
Theorem 10.1.5. For all positive integers n > 7, we have
Go(n) < qe(n).
For a nonempty set S C Zx(, define

PS(n):={\€P.(n): \; ¢S}

e

and P?(n):={\€ P,(n): \; & S}.

Consequently, denote the number of partitions in P%(n) (resp. P7(n)) by p3(n)

€ o

(resp. p>(n)). The above definition leads us to the following results that describes
not only the parity of parts but also its arithmetic by putting a constrain on its
support.

Theorem 10.1.6. For all n > 1 we have

i (n) > p? (n).

Theorem 10.1.7. If S = {1,2}, then for all integers n > 8, we have

po(n) > pi(n).

277



Before we move on further, let us describe the fundamental principle behind
proofs of Theorems Let X and Y be two given sets and our goal is
to prove that Y| > |X|. We choose a subset X, (& X) and define an injective
map f : Xog — Y. Then to prove |Y| > |X]|, it is enough to prove for a suitable
subset Yy G Y\ f(Xo) with |Yp| > | X \ Xo|. Throughout this chapter, we follow the
notation x — y instead of writing f(z) = y when the map f is understood from the
context.

The rest of the chapter is organized as follows: in Section [10.2] we give a com-
binatorial proof of the result of Kim, Kim and Lovejoy [85], in Section we give
a proof of the conjecture of Kim, Kim and Lovejoy [85], in Section we prove
reverse parity bias as stated in Theorem Section [10.5] presents the proofs of
Theorems [10.1.6] and [10.1.7], and finally in Section we present a very short dis-
cussion drawing on Section by proposing further problems. The proofs of two
preliminary lemmas (cf. Lemmas [10.2.1] and [10.2.2)) are given in Section [10.7]

10.2 Proof of p,(n) > p.(n)

We begin by presenting the following two lemmas, used later in the proof of Theorem
10.1.3] For proofs, we refer to Appendix [10.7}

Lemma 10.2.1. For all even positive integer n with n > 14, we have

Ln72J n—=6

6

n=6
;VL_T_QJ s Z {n—ik%—QJ_}_LiJ{n—ik—QJ'

k=1 k=1

Lemma 10.2.2. For all odd positive integer n with n > 11, we have

2zt 1252 125>

R [ 3 [ 5 et

k=1 k=1 k=1
Let
G%n) :={X € P.(n) : L. (\) — £y(N\) =1 and a(\) =0 (mod 2)},
GO(n) = {X € G(n) : Ay = 3},
Gl(n) :={N€ P.(n) : €c(\) — £y(N) = 1 and a(\) =1 (mod 2)},
G%(n) == {N € P.(n) : Lo(N) — £,(\) > 2},
and G.(n) :=Gl(n) U G%(n)
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We split the set G.(n) into the parity of length of partition as G.(n) = Geo(n) U
Ge1(n) with Gep(n) = {)\E Ge(n) : €(A) = 0 (mod 2)}, Gea(n) = {A € Ge(n) :
(A) =1 (mod 2)} and let Ge(n) := Gep(n) U Gei(n) UG2n). Therefore,

P.(n)\ Ge(n) ={A € G%n) : 0 < A3 < 2}. (10.1)

We construct a map f : Ge(n) = P,(n) by defining maps flea, o) = f1, fla..) =
fo and f ]@(n) = f3 such that {f;}1<;<3 are injective with the following properties

o filGeo(n)) N f2(Gea(n)) =0,
o fi(Gep(n)) N f3(GY(n)) =0, and
o fo(Gea(n)) N f3(GUn)) =0,

so as to conclude the map f is injective. Then we will choose a subset P,(n) &
Py(n) \ £(Ge(n)) with [Py(n)] > [Pu(n) \ Ge(n)].

Let A € Gep(n) with A\e = (Aep, .. .5Ae,) and A, = (Ao, ..., Ap,,) Where k +
m = ((X\). Since A € G.p(n), {(\) = 2r for some r € Z-o and k > r because,
k—m >11implies 2k > k4+m +1=2r + 1.

We define f; : G.og(n) — P,(n) by fi(\) := u with

fre = ((Aoy + 1), (Ao, +1))

and
po=(Aer + 1) Ao, +1), ey = 1), (Ao = 1)

Here we note that 4 € P(n) and f; reverses the parity of parts; i.e., for A with &k even
and m odd parts, we get fi(A\) = p with k odd and m even parts and p € P,(n).
Suppose for A" # N (€ Geo(n)) with £(\) = £(\"), we have ' = fi(N) = L(\") =
. Then £,(\) = £.(\") and so, £,(\) = £,(A\"). Now, since A" and A" being distinct,
by the definition of f; we have at least a tuple (i,5) € Zsg X Zsq such that j; # ,u;/.
Next, we consider the case when N # \'(€ Geo(n)) with £(\) # ¢(\") and it is
immediate that £(u') # (i) and therefore, i # p”. So, fi is an injective map.

For A € G.1(n) with A\c = (A¢,, ..., ) and Ay = (Aoy, ..., Ap,,) Where £ +m =
(X\) = 2r + 1 for some r € Z-o. Here we note that, & > r and &k —m > 3 but
k —m = 1 holds only when a()\) is odd, because & = m + 1 and a()) is even
implies that A € GY(n). We exclude the condition k = m + 2 as it contradicts that
k+m=2r+1.

We define fo : G.1(n) = P,(n) with f3(\) := u, where

(Mo +1)s o5 Ao + 1) if a(\) is odd. (10.2)

Om

e = {(()\01 + 1), (X 1)U (A, +2)  if a(N) is even,
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_ (A +1), 0y Qe+ 1), A, = 1), (A, — 1)) if a(\) even,
B N (e + 1) O s 1), Qe — 1) ey — 1)) U (Mg, +2) otherwise.
(10.3)

For a(\) even,

lo(p) —le(p) =k —1—(m+1)=k—m—-22>1
and for a(\) odd,

lo(p) —lo(p) =k +1—(m—=1)=k—m+2>3.

Hence, 1 € P,(n) and by similar argument as give before, one can show that f, is
injective.

Next, for A € G9(n) with A = (A1, ..., \¢), we define f5: G9(n) — P,(n) by
fs(A) == (M +1), A1, M) U (A2 —2), (A —2)) U(2,1).

Independent of whether Ay and A3 are odd or even, we can observe that ¢,(u)—£.(1) =
1 and a(p) = Ay + 1 is odd. By definition, f3 is an injective map. Next, we show
that images of {f;}1<;<3 are mutually disjoint by considering the following cases

1. By definition of the maps given before, f1(Gao(n)) © PO(n) where
P)(n) := {uu € Pp(n) : €(n) =0 (mod 2)}
and fo(G.r(n)) © Pl(n) with
Py(n) = {p € Py(n) : £(n) =1 (mod 2)}.
So, fi(Gepo(n)) N fa(Gea(n)) = 0.

2. For A € Gep(n) with €.(\) — £,(N) > 2, we have f1(\) = u € P,(n) with
lo(p) —Le(p) > 2 and for A € Gep(n) with €.(X) —C,(X) =1, f1(A) = p € P,(n)
with £,(p) — £o(1) = 1 but then a(p) = A\; + 1 is even. Considering A € G9(n),
fs(A) = u € P,(n) with a(u) = py is odd and £,(p) — £(p) = 1. Therefore,

fi(Geo(n)) N f3(Gn)) = 0.

3. Let us consider A € G.1(n) with a()) is even and f.(\) — ,(A) = 3. Then
fo(A) = € P,(n) with a(p) is even and £,(p) — e (1) = 1. For £o(A\)—£,(N) > 4,
we have fo(\) = p with £,(u) — Le(p) > 2. Moreover, if a(A) is odd then it is
immediate that £,(x) — £o(p) > 3 and consequently, fo(Ge1(n)) N f3(G9(n)) =
0. So, the map f : G.(n) — P,(n) is injective.
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For u € P,(n) with its odd component 1, = (foy, - - -, flo, ), We define
P,(n) :={p € P,(n): L(u) =2 and p,, =1 for all 1 <i < s}.

By the definition of f, it is clear that P,(n) ¢ P,(n) \ f(G.(n)). Now, it remains to
show that |P,(n)| > |P.(n) \ Ge(n)|.

For n even and for A € P,(n), we have £,(\) = 2k + 2 for some k € Z-,. Here we
observe that

A € P(n): A + As = m; Ay, Ap both even}| = EJ (10.4)

and

n—3J.

H{A € P(n) : A1 + Aa = n; A\ even, Ay odd and Ay € Zs3}| = L (10.5)

Since, A € P,(n) with n even positive integer and £,()\) = 2k + 2, for each k € Z-,,

then by (10.4),
2k

_ 9k 2
A€ By(n) : A+ Do+ (2k +2) x 1 = n; A, As both even}| = VLTJ (10.6)

n—=6
and 1 < k < 5 because k£ maximizes only when both A; and Ay minimum; i.e.,

-6
only the instance 2 + 2 + (2k + 2) x 1 = n which implies k = nT Therefore we

have,
Lfcs
- n—2k—2
o) =3 = (10.7)
k=1
Similarly, for n odd, we have ¢,(\) = 2k + 1 with 1 < k < "0 and
— —2k—1
HA € P,(n) : M+ X+ (2k+ 1) X 1 =n; A, Ay even}| = VJTJ (10.8)
Consequently,
—|n—2k—1
Z V‘ J (10.9)

k=1
Now for n even we will show that

1252

|[Pe(n) \ Ge(n)] =1+ Z | 6k+2J + ) {%HJ. (10.10)

k=1
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We interpret the set F.(n) \ G.(n) as a disjoint union of its three proper subsets
given by P.(n) \ Ge(n) = A1 U Ay U A3 where,

Ar={A€P(n)\Ge(n) : 0< A3 <1}, Ay = | J Aoy, and Ay = | Asy;
k>1 k>1
with
Ay ={A = (/\1A222k_112k) Fn: A and A\ even},

Asp = {A = (M A2 1 ) s A\ even and Ay odd}.
(10.11)

Next, we explicitly describe the sets and will derive their cardinality by separating
into three cases.

Case 1(E): We observe that |A;| = 1 because we have only one possibility
(A1, A2, A3) = (A,0,0). We reject the other three possibilities; i.e., (A1, Ao, A\3) =
(A1,0,1) as Ao > A3, (A1, A2, A3) = (A1, 1,0) as n even and (A1, A2, A3) = (Mg, 1,1) as
A € P.(n)\ G.(n). Next, we look at the subset of A;, say Aj >y :={\ € A; : \y > 2}
and note that A; >, = 00. This is because for A € A; >o, there are altogether four
possibilities for A3 € {0,1}.

For A3 = 0, the choice (A1, A2, A3) = (A1, A2,0) and As is even is impossible as

A € P.(n)\ G.(n) and if Xy is odd, again an impossible option since n is even.

Whereas for A3 = 1, the choice (A1, A2, A\3) = (A1, A9, 1) and A, is even is impossible

as n is even and if )\, is odd, again an impossible option since A € P.(n) \ G.(n).
Case 2(E): By ([10.4)),

[

and 1 < k < L”T_QJ because k£ maximizes only when both A; and Ay minimum; i.e.,
the instance 2+ 24 (2k — 1) x 2+ (2k) x 1 = n which implies k < [2=2]. By (10.12),

(10.12)

1252 1252
AQ == U Agyk and |A2’ = Z LLMJ (1013)

4
k=1 k=1

Case 3(E): From ((10.5)), it follows that

n—6k+1)—3J _ Ln—Gk;—ZJ

Aal = |2 :

(10.14)

and 1 < k < L”T_GJ because k£ maximizes only when both A; and Ay minimum; i.e.,
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the instance 4+ 34 (2k) x 2+ (2k — 1) x 1 = n which implies k < [2Z%]. By (10.14),

|28 £y
Ay = | Agyand |45 = L%MJ. (10.15)
k=1 k=1

By Case 1(E), (10.13)) and (10.15)) we have ((10.10)).

For all n odd integers greater equal 9, we will show that

1252 125>

P\ Gl =1+ [P0+ D[P PR g

k=1 k=1

Similarly as before, we write P.(n) \ G.(n) as a disjoint union of its four proper
subsets given by P.(n) \ G.(n) = By U By U By U B3 where,

By ={A= (M, A, 1) € P.(n) \ Ge(n) : A > 4},
By ={A€P,(n)\Ge(n):0< Ay <2and 0 < N3 < 1},
By = | J Boyand By = | By;
k>1 k>1 (10.17)
with
Bor={\= (A1 A2%F 12FF1) o Ay and Ay even},
Bsj = {\ = (M A2 1) - n 0 )\ even and )\, odd}.

Case 1(0): For A = (A1, A2,1) € By and n is odd, it follows that both A\; and A,
are even. Therefore minimal choice for n is 9 because otherwise A\; > Ay > 4 with
the constraint that both A\; and Ay even would be an impossibility in such context.
Moreover, we can observe that

(10.18)

n—4J'

|B°|:L 4

Case 2(0): We observe that |B;| = 1 because we have only one possibility
(A, A2, A3) = (A1,2,1). We reject the other three possibilities; i.e., (A, A2, A\3) =
()\1,0,1) as )\2 > )\37 ()\1,)\2,)\3) = ()\1,0,0) and ()\1,)\2,)\3) = ()\1,270) as n Odd,
()\1, )\2, )\3) = ()\1, ]_, O) and (/\17 /\27 /\3) = (/\1, 17 1) as \ € Pe(n) \@(n)

Case 3(0): By (10.4),

n — 6k — 1J

Bl = { 4

(10.19)
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and 1 < k < L”T_5J because k£ maximizes only when both A; and Ay minimum; i.e.,

the instance 2+ 2+ (2k) X 2+ (2k+1) x 1 = n which implies k < [2=2]. By (10.19),

1252 CAI
By= |J Bapand [Bo| = Y [—J (10.20)

4
k=1 k=1

Case 4(0): From ([10.5)), it follows that

n_Gk_Q)_?)J _ VL—Gk—E)J

(
Byl = {
| B3 | 1 1

(10.21)

and 1 < k< L”T_gj because k maximizes only when both A\; and A\ minimum; i.e.,
the instance 4+ 34 (2k+1) x 2+ (2k) x 1 = n which implies ¥ < [2=2]. By (10.21),

1%57] 1%57]

¢ n—6k—>5
By= | Byxand|By| = Y [TJ (10.22)
k=1 k=1

By Case 2(0), (10.18), (10.20])) and ((10.22) we have (10.16]).

Therefore, by Lemmas [10.2.1] and [10.2.2} [P,(n)| > |P.(n) \ G(n)| for all n >
Z>14U{11,13}. To conclude the proof, it remains to check for n € {1, 3,4,5,6,7,8,9, 10,12}
which we did by numerically checking in Mathematica.

10.3 Proof of d,(n) > d.(n)

Following the definitions in Section [10.2] set

HZ(n) := G¢(n) N D(n),
HO(n) = A € HYn) : £,(0) > 1},
and H.(n) := G.(n) N D(n).
We split H.(n) into H. o(n) = Geo(n)ND(n) and He1(n) = Ge1(n)ND(n). Similarly,

define the map f : H.(n) — Do(n) by fla.om) = f1 and flg, () = f2. Since

H.(n) € Ge(n), we conclude that the map f is injective by (10.2)) and (10.3)).
Now we are to show that d,(n) — |f(He(n))| > d.(n) — |He(n)| for all n > 31.
The subset D,(n) \ f(H.(n)) contains different classes of partitions. One of which is

Dy(n) i= {\ € Dy(n) \ f(H.(n)) : £,(\) — £e(\) = 1 and a()) = 1(mod 2)}.
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We note that D,(n) may contain other classes of partitions depending on n is even
or odd.
For a partition A € HO(n), we split A into its even component Ao = (A¢,, Aey, - - - » Nepit)
and A, = (Aoy; Aoyy - - -5 Aoy, ) for some m € Zso. Now, me make a transformation of
A into \* with

A = (es + Aors Aey + Aog) U Ress Aers -2 Aeps) U Aoy Aoss - -3 A ) € Do(n).

Om

We observe that two partitions, say A\, A € Ho(n), where

>/

€9 . e7n+1) ( .
) U )\ e
transform to a same partition, say p € Dy(n) if and only if

Aey — Aoy = Ao, — Aoy = 0(mod 2) or/and A, — Aey, = Ao, — Ao, = 0(mod 2).

If those cases arise we subtract some multiple of 2 from the greatest part of the
resultant partition and add the multiple of 2 to the other even parts which are present
in the partition, and continue this process till we have a repetition among the parts
of the partition. This process is injective by its definition, and we denote it by ¢g. For
example, consider partitions A = (12,10,6,2)U(7,3,1) and A = (10,8,6,2) U (9,5,1)
in H9(41), then both A\ and X maps to the same partition p = (19,13,6,2,1) €
D,(41). Consequently, by the process g, finally A\ — (19,13,6,2,1) whereas \
(17,13,8,2,1). As a trivial remark, H%(n) = () for all positive even integers n < 14,
since 6 +4+ 2+ 3+ 1 = 16 is the least possible option.
Depending on the parity of n, it remains to analyze the left over set

]f-fg(n) ={N € H(n) : L(\) — £,(N) = 1,£,(N) < 1 and a()) = 0(mod 2)}, (10.23)

which is unmapped yet (after applying the map f and g).

For n to be an even positive integer, we observe that H?(n) consists of only one
partition (n). An even integer n can be expressed as a sum of two consecutive odd
integers if and only if n is divisible by 4. If n is divisible by 4, then for some definite
odd integer \,, we get (Ao, Ao, — 2) € D,(n), which is not mapped yet. So we map
(n) to (Ao;, Ao, —2). If n is not divisible by 4, then for some definite odd integer \,,
we get (Ao, Ao, — 2,2) € D,(n), which is not mapped yet. So in this case we map
(n) to (Ao, Aoy — 2,2). Therefore, by some elementary observations we get that the
theorem is true for all even integer n > 6.
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Let n be odd. We rewrite (({10.23)) as

—_~

HO(n) :={A€ H(n) : £,(\) = 2,£,(A\) =1 and a(\) = 0(mod 2)}.

Write a partition A € flg’(n) into its even component A, = (A, Ae,) and odd com-
ponent A, = (A, ). We split H2(n) into following three classes:

1. HY,(n) := {\ € HY(n) : A, = 2},
2. H%(n) := {\ € HO(n) : A, > 6}, and
3. HO4(n) = {\ € H)(n) : A, = 4}.

Now we consider the following three classes of partitions from the set of partitions,
say Dy(n) € D,(n) which have no preimage yet:

1. 5071(71) ={r € DNO(n) :l(m) =4 and 7,, — 7,, = 2},
2. 13072(71) ={r e ﬁ)(n) : ly(m) =3 and 7, — m,, = 2}, and

3. Dos(n) = {m € Dy(n) : Ly(x) — le(r) = 1,a(x) = O(mod 2) and 7., — 7, =
1 or 3}.

Now we construct an injective map from I:Tgl(n) to Dy 1(n). Let A= (Ae,,2)U(N,,) €

ﬁg’l(n). Define a transformation S such that S(A\) = (A,) U (Ao, +1,1). Now define
S* such that

F(S0) = {S()\) if Ay = 0(mod 4),
(Ae; —2)U (Ao, +1,3) if Ae; = 2(mod 4).
Now define S** such that S*™(S*(S(N))) = (Aoy, Aoy — 2) U (Aos) U (As, + 1), where
Aoy + Aoy —2 = A, or Ao, — 2, and A,, = 1 or 3 accordingly. For example: (24,5, 2)
maps to (13,11,6,1) and (22,7,2) maps to (11,9,8,3). This process is injective.
Our next objective is to embed the set H 0o(n) into a subset of D,(n) which is not
mapped till now. Define a transformation U such that U(X) = ((Ae;—3,3) U (Ay,)) U
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(Ney,2) for A € HO ,(n). Associated with U, let us define U* in such a way that

(U(\) if Ao, # 3 and A\, — 3 # Ao,
(Aey — 3,5, 1)U (Ae, — 2,2) if Ay, = 3,
(thls transformation is impossible for n < 17)
(e.g. (10,6,3) — (7,5,4,2,1))
((Ney =3, 00, —2)U (D)) U (Ae, —2,2) it A\ey —3 =2,
(thls transformation is impossible for n < 25)
U(UN) = ¢ (e-g. (12,9,6) — (9,7,5,4,2))
(M =3, 0, —4)U(B)) U (A, —2,4) if Ae, =1 = X5, Ae, # 6,
(thls transformatlon is impossible for n < 29)
(e.g. (12,11,8) + (9,7,6,5,4))
(Ae; — 3 )\01 —4)U(3)) U (6,4) it Ae; —1=X,,, and A\, = 6.
(thls transformation is impossible for n < 23)
(e.g. (10,9,6) — (7,6,5,4,3))

\

Denote the resulting transformation U*U by U. Note that ¢(U(\)) = 5, where the
resulting partitions; i.e., images under U , contains parts from {3,5} and its smallest
even part from {2,4}. For a partition A € H°(n) with £(\) =7, £(g(\)) = 5. Now,
assume [7()\) = g(u) for some partition p with ¢(x) = 7. In the map g, after applying
the first transformation, the other transformations are applied on the even parts only
(if it necessary). If U(X) = g(u), then we remove one of 2, 3, 4, or 5 (which one
exists in g(u)) from g(p) by applying similar transformation.
Now we compare the number of partitions in H, o3(n) with 50’2(71) and 5073(71).

= "7

Let m = (To,, Mo, — 2, Toy) € 5072(71), and 7,, = 2k + 1. Then the least possible
value of k is given by

(2k+1)+ (2k —1) > 2{n — (2k + 1) — (2k — 1)} + 6,

which implies k = [%£3]. So the total number of partitions in D,(n) is at least

{"’44’“} , which is equal to H — ["+3H Any odd integer n is of the form 12/+r, where

r=1,3,5,7,9, or 11. Calculating for all the six cases, we get the total number of
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partitions in this class is

] it £ 12049,
B+ i =120409.

B o if n #120+9
N n-3| 73] 1 ’ — |zl 1. |2 |y,
ow, L 4 J {L{L_QJ +1, 1fn:12€+9 Lﬁj 7L6J7 or LGJ +

It remains to estimate a lower bound of ’ﬁog(n)| Let m = (Mo, Toys Toy) U

(e, Tey) € Dys(n). The greatest odd part m, is the largest possible value if 7
contains 3, 1 and 2. So the largest possible value of 7, is ”T_g or ”7_7 ifn =3
(mod 4) or n =1 (mod 4) respectively. The smallest possible value of 7,, is greater

than \_%J When 7,, is not the largest or the smallest possible value, then for each
possible value of m,,, we get at least 6 partitions. So total number of partitions is

greater than

1 n—9 n n—9 n 9(n — 25)
- I R _h gl AT
6><2><{ 5 ({5J~I— +)}_3><{ 5 3 3} 10

Now, {WJ > L%J + 1 for all odd positive integers n > 31.

This proves the theorem for all n > 31. We can verify the result numerically for
19 <n < 31.

10.4 Proof of ¢,(n) < g.(n): the reverse case
Define
Go(N) = £,(N) = £.(A) for A € Py(n)

and
ge(m) = le(m) — Le(m) for m € P.(n).

Let us split Q,(n) into the following two disjoint subsets, defined by
II(n) == {\ € Qo(n) : g,(A\) = 1 and a(\) = 1(mod 2)}
and
Io(n) == Qo(n) \ I,(n).
Then the map f : I,(n) — Qc(n) defined by the restriction maps fi and f; (cf.

(10.2)-(10.3])) is injective and consequently, f(I,(n)) := I.(n) C Q.(n).
For A = (A1, Ao, A3, ..., \) € I1(n), we split I!(n) into
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L I;,(n):=={Xe€I}(n): A3 > 6}.

2. 135(n) == Uy I, (n), where Iy, (n) := {A € [}(n) : A3 = t}.

Define fg(n) = Q.(n) \ I.(n), and for 7 = (m,m,...,T,) € Zf(n) with its even
component 7, = (e, , Tey, - - . , Te,, ), We consider the following disjoint classes, where
n > 21:

L. El(n) ={r e fg(n) : ge(m) = 1,a(m) = 0(mod 2),and 71 # ma}.

2. EQ(n) ={r e fc( ): ge(m) = 1,a(r) = 0(mod 2),and m = ms}.
Example: (4,4,3,3,3,2,2).

3. I24(n) == {m € I¢(n) : go(7) = 1,a(r) = 1(mod 2),and m — m € {0,1}}.
Example: (5,5,3,2,2,2,2) and (5,4,3,3,2,2,2).

4. ]Nec,4(n> ={r e .7:0( ) : 4(m) = 2r and mult,(2) > r + 1}.
Example: (4,4,3,2,2,2,2,2).

5. .755(71) = {reln

(n) : €(m) = 2r 4+ 1 and mult,(2) > r + 2}.
Example: (7,4,2,2,2,2

,2).

6. I¢g(n) == {m € I¢(n) : ge(m) = 2,£(r) = O(mod 2),and m,, # 7, }.
Example: (13,8,8,7,4,2).

7. Io7(n) = {m € I¢(n) : ge(r)
Example: (13,8,8,7,4, 2 ,2).

3,{(m) = 1(mod 2),and 7., = 7, }.

Now we define a map 11 : I} ,(n) — El(n) For A = (A, A2, As, ..o, Am) € 1) (n),
Pi(A) = (M + 1,0 =403 =4, Ay, A,) U (4,3),

and hence 1 is a well defined injective map.

For the rest of the proof, in a partition A - n, as a part = (resp. y) denotes 3 or 5
(resp. 2 or 4).

Now we construct injective maps on I} ,(n) by considering the following five cases.
Case 1: A€ I),,(n).

This case is satisfied only when n is even. For A = (A1, A2,2) € I} ,,(n), define

Yo(N) == (AN — A2 +2,2,2,...,2) with mult,(2) = Ao.
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For example, (23,5,2) — (20,2,2,2,2,2). One can observe that the map s is
injective and

Va3 5,(n)) = Lo, (n) C I24(n),

where

Il (n) = {me ?4(”) :m > 2and m; =2 forall j > 1} if n = 0(mod 4),
o {re 15,4(71) :m >4 and m; = 2 for all j > 1} if n = 2(mod 4).

Case 2: A€ I}, (n).

Subdivide I, (n) = Ur_, 1L, (n) with

123,t

13,23,1(71) ={\ € [01723 (n) : Ay
];723,2(71) ={\¢€ 13123(71) C Ay
L A2

and I, .(n):={Ael), (n):\

0,233

1(mod 2)},
O(mod 2) and A\ # 5},
0(mod 2) and \; = 5}.

We define the map 43 : I, (n) — I¢(n) by ¢3|I;’23¢(n) =13, for 1 <t < 3.

We take 131 := 15, given above and so,
7-61,23,1 (n) = w?),l (13,2371 (n))
= {7‘(‘ € Zf,4(”) ra(m) = me, > 2 or 4, mult,(3) > 1,and 7, = 2 for j > 1}.

For example, (23,3,3,2,2) s (22,3,2,2,2,2).
We note that for any A € I', (n), A = (A1, A2,3,...,3,2,...,2) with multy(2) = r

0723,2

and multy(3) = r+1 for some r € Zsq. Define 32(\) := 7 = (A —4,3,...,3,2,...,2)
with mult,(3) > 7 + 1 and mult,(2) = 1\, + 2. Consequently,

Il5,,(n) = 2L}, , (n)
= {ﬂ' € U2:41:§7k(n) ca(m) =7, > 3, mult,(3) > 1,and 7., = 2 for i > 1}.

For example, (21,8,3) — (17,3,2,2,2,2,2,2).

Similar as before, observe that for any \ € 101,2373(71), A=(5,4,3,3,...,3,2,2...,2)
with multy(2) = r and mult,(3) = r + 1 for some r € Zs(. Define ¢335(\) == 7 =
(3,3,...,3,2,2,...,2) with mult,(3) = r + 2 and mult,(2) = r + 3. Consequently,

L 200(n) = s5(I5,,())
= {7r € fecg(n) : mult,(3) = multy(3) + 1 and mult,(2) = mult,(2) + 3}.
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For example, (5,4,3,3,2) — (3,3,3,2,2,2,2).
Moreover, (,c;c31a,,(n) = 0, for each i, {12, (n)} NI, (n) = 0; and also

e,23;
{2723’1_(71)}1@33 are mutually disjoint with the images under the maps f and
considered before.
Case 3: A€ I}, (n).
For each pair of (A1, Ag), which exist, we get a unique partition. This is also satisfied
in the above two cases, but we have not considered this in the above two cases to
find different images. Now analyze the disjoint subsets of I (}72 ,(n), depending on Ay
is even or odd, defined as follows

](}724’1(71) ={A eI}, (n): A= 1(mod 2) and (()\) < 5},
1'01724,2(71) :={Ae1},,(n): Ay = 1(mod 2) and ¢(\) > 5},

and ](}724’3(71) ={A eI, (n): A= 0(mod 2)}.
When A\ € I}, (n), then the partitions are of the two forms: A\ = (A1, Ay, 4) or
A= (A, A, 3) U (4,y), where Ay > Ay > 5 are odds.
a) AL > 22X+ 3:

AL+ A —12 A+ Xy — 12

(6%4) U 5 , 5 ,3 | if Ay — X = 0(mod 4),
()\1,)\2,3)U(4ay) & A A\ 14 ) A 14
(63y) U s 22_ , s 22_ ;3 i Ay — Ao = 2(mod 4),
and
M+ d—12 A+ Ay — 12
(6,6,4) U [ 222 At if A; — Ao = 0(mod 4),
(s ) =2 A )\2 14 A AQ 14
(6,6,6) U [ 21T 2 L 2=~ ) if Ay — Ao = 2(mod 4)

b) 2)\2+32)\12>\2+8

(A1, A2, 3) U (4,9) Lay (A1 — A2 —4,4,4) U (A2, A2, 3)
and (A, Aoy 4) 225 (0 — Ao — 4,4,4) U (Ao, Ao).
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c) A2 +8 > Ay: For Ay > 5,

a1

()\17)\274) —> <)\1 - 37 )\2 - 37272727272)7
Ay Aoy 4,4,3) 255 (A — 1A — 1,3,2,2,2,2,2),

and (A, Ao,4,3,2) 2% (0 — 3,0 —3,3,2,2,2,2,2,2).

Whereas for the left over partitions are mapped as follows

(7,5,4,3,2) 2% (5,4,4,4,4),

(9,5,4,3,2) 2% (5,4,4,4,4,2),
and (11,5,4,3,2) 2% (5,4, 4,4, 4, 4).
For A € I,,,,(n), can be written explicitly in the form

A=A 44, 4,3.3,....3,2,...,2),

with A1, Ay both odd, multy(4) = s+ 1, mult,(2) = r, and mult,(3) = r + s for some
r,s € Z>o subject to the condition that r + s > 2. Then

vao | (A1, A2,3,2,...,2) ifr+s=1 (mod 2),
A —
(A, A0,2,...,2) ifr+s=0 (mod 2).

with
2s+2+ 31 +r  ifr4+s=1 (mod2),
25 +2+ 352 41 ifr+s=0 (mod 2).

multy, ,(2) = {

For example (15,7,4,3,3,3,2,2,2) — (15,7,3,2,2,2,2,2,2,2,2). By definition of
the map 14 9, these images are different from all the above images.

For A € 1},,,(n), can be expressed as A = (A1, A2,4,4,...,4,3,3,...,3,2,...,2) with
A1 odd, Ay even, multy(4) = s + 1, multy(2) = r, and mult,(3) = r + s + 2 for some
r,s € Z>o. Then

vas | (A1, 29,3,2,...,2) ifr+s=1 (mod 2),
A=—5
(A, A2,2,...,2) ifr+s=0 (mod 2).
with
25+ 2+ 3t 4 ifr+s=1 (mod 2),
2s+2+ 32 4+ ifr4+s=0 (mod 2).

mu1t¢473(/\) (2) = {
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For example (13,6,4,3,3,3,2) — (13,6, 3,2,2,2,2,2,2). Moreover, the images under
the map 14 3 are different from all the above images.

Case 4: A€ I}, (n).

A=A U, € De(n) with £(X) = 2r = k+m (m = l,(A)), then A, # A, for all
1 <i#j<r—m+1if X has a preimage under the map f (defined by f; and fs).
More precisely, Ae,_,. # Ae,_,.,,- Forexample, (15,12,12,12,8,8,3,3,2,2,2,2,2,2) €
D.(n), but it has no preimage since A, = A, = 8. So, when ¢(\) = (m + 2) + m,
then A., # A, in order to have a preimage under f. As a conclusion, we see that
fgﬁ(n) has no preimage yet.

Similarly as before, we further split [ (}725 (n) depending on ), is even or odd, given by

13725,1(71) ={ e, (n): =1 (mod2)and {(\) > 5},
Lo ,(n) :={A €L (n): Xg=1 (mod 2) and £(\) = 5},
and
Loy, (n) :={X€ L5 (n): X2 =0 (mod 2)}.
For A € I, (n), we want to define a map, say 451 : I,,,(n) — E}G(n). First, we

explicitly write such A as
A=A U = (A, 22,5,2, ..., 2) U Ay, Aegs - - -5 Aey )

where A, € {4,2} for 1 <4 <7 and r € Z>3 along with the property that A, = A,
for some 1 < i # j <r. Now define

) Yo A2y ) U (AU (Ao, + 220+ 225 g if \,=3 (mod 4)
_’> R

Az, ) U (AU (A + 25520 + 2288 2 if \y =1 (mod 4),
where )\, 1= (Aers - h A1 Aeiinsr Aejrs Aejirs - - -5 Ae,. ). For example

(13,9,5,4,3,2,2) — (13,8,8,4,3,2).

The map 151 may not be necessarily one to one. Then by adding and subtracting
some multiples of 2 from the parts of the 5 ;()\) except the part a(¢s1())), we can
map them to different partitions. For example, (9,9,5,3,2,2,2) and (9,5, 5,4,4, 3,2)
both transform into (9,8, 8, 3,2,2). Then for one preimage we can change the image
to (9,7,6,6,2,2).

When A € I, ,(n), then n must be odd. Here partition A is of three form:
(A, A9,5,4,4), (A1, A2,5,4,2), and (A1, Ao, 5,2,2). For each of these partitions, define

(A1 — 5,0 —1,2,2,2,2,2) U (9) if Ay > Ao + 4,

()‘17)‘2757474) M .
()\1—5,/\2—5,2,2,2,272,2,2)U<9) 1f/\1<)\2+4,
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(M =5, —1,2,2,2,2,2) U (7) if A > Ao+ 4,

(M, Ao, 5,4,2) 222 .
()\1—5,)\2—5,2,2,2,2,2,2,2>U<7) if Ay < \o+4,

and

Al =5, —1,2,2,222)U(5 if A1 > X\ +4
()\1’)\2’5,2’2) 5,2 (1 y N2 ) Ly Ly 4y 7) () 1 1= A2+ )

()\1—5,>\2—5,2,2,2,2,2,2,2>U<5) if Ay < Ao+ 4.
For example (13,9,5,4,2) — (8272%) and (11,9,5,4,4) — (9,6,4,2,2,2,2,2,2,2).
Here, A\; —5, A\ —5 > 4 for all n > 31. If a partition A has 3 parts which are greater
then equal to 3, then multy, ,)(2) > 5 so as to belong to the I ,(n); i.e., V5 is an

injective map to I¢,(n), for all n > 31.

Consider A € I}, .(n). Write A = (A, 5,2,...,2) U (X2,y,...,y) with Ay > 7 odd,
A2 > 6 even, and total no. of z = total no. of y = r for some non-negative integer r.
a) If \; > 2X\9 + 3, then

\ Yo (7,5,x,...,z)U %,%,)\Q,y,...,y if Ay =3 (mod 4),
AR

5,5,2,...,x) U (2=2 M8 A 0y if \y=1 (mod 4).
2 2

b) I 200 +3 > A > Ao+ 5, then A 2% (M — Ao —5,5,9, .. .,9)U(has has 2, ., 2, 2).
c) If Ay =X+ 5, or Ag + 3, then define

Lt [Qe— L5 a)U <(/\2—2)U(6,y,...,y,2)> if A1 = g + 5,
()\2—1,5,$,...,$)U()\2—2,4,y,...,y,2) lf)\lz)\2+3

Here we exclude the partitions A of the form (13,5,z,...,2) U (8,y,...,y), since
(13,8,5) maps to (7,6,6,5,2), and from (b) we see that (15,6,5) also maps to
(7,6,6,5,2).

d) It remains to consider the two left-over classes of partitions, given by

A= (13,5,z,...,2)U(8,y,...,y)
and A= (A,5,z,...,2)U (A, y...,y) with Ay = Ao+ 1.

For these two classes of A, define

(13,5,2,...,2) U(8,4,...,y) = (x,...,2) U (12,12,y,...,y,2)
and Ao+ 1,5,2,...,2) U Do,y .., y) —> (z,...,2) U (A2, Ao, 6,5, ..., y).



If in two partitions of the form (A + 1,5,2,...,2) U (As,y,...,y) the part Ay is
different, then the partitions are not equal. Again, when A; is equal in two such
partitions, then the partitions are different if and only if the combination of x’s and
y’s are different. The same is true for the partitions of the form (13,5,z,...,2) U
(8,9,...,y). So the map gives us different images, which are in the subset E7(n)
By similar argument to the partitions of the 176076(71), we observe that f§7(n) have also
no preimage under f.

Case 5: The partition A = (n).

If n is odd, then the partition A € Q,(n), which has not mapped yet. Let

m=(4,4,...,4,3) or (4,4,...,4,3,2).

Then 7 € Q.(n), and it has no preimage yet. So we map (n) to .
Now listing the partitions of n for n < 20 and n = 21, 23,25, 27,29, we get the
inequality is true for all even numbers, and for all odd numbers greater than 7.

10.5 Proofs of p’(n) > p2(n) with S = {2} and S =
{1,2}
Proof of Theorem[T0.1.6: Throughout this proof, S := {2}. Define
Pr(n):=={A€ P2(n): {(\)=0 (mod 2)}

and
PS(n):={A€P’(n): ((\)=1 (mod 2)}.

We split P?(n) into the following five disjoint classes.

1. Pgl n) :={\ € P2,(n): A\ # 1 for all i},

n

2. P, n

€,

{\e P

€,0

a(A) even, lo(N) — lo(A) > 2,and \; # 1 for all i},

e, e,e

4. P3,(n) :={ e P}

o\

(n) e (1)
(n) = (n) :
3. P5(n) == {\ € P5,(n): \; =1 for some j},
(n) (n) : \; = 1 for some j}, and
oo

5. P(n) :=={X € PS,(n) : a(\) even, Le(X) = £o(A) +1,and \; # 1 for all i}.
We apply the injective map f on P72 (n) and P2, (n). For the sets P25(n) and P2, (n),
we apply f in a slightly different way. For a partition \ € P§3(n) U PeSA(n), we first

295



split it as A = AU (1,1,...,1), where A has no parts equal to 1. Then we define
FN) == f(A)U(1,...,1). For example, (8,8,7,6,4,4,1,1) — (9,9,8,5,3,3,1,1), and
(8,8,7,6,4,1,1) — (10,8,7,5,3,1,1).

Now, we dissect the set PJ;(n) into two disjoint classes. For A\ € P2(n) with

its even component (resp. odd component) Ae = (Aey, Aeyy .-, Ae,yy) (TeSp. Ay =
(Noys Aoy« -+ Ao, )), define
(5a) P25(n) = {A € PS,(n) : Ay # Ao, and A, > 6}, and

—=S,c —=S
(5b) Pcs(n) := P25(n) \ Ps(n).
Define a map, say ¢ : ﬁif)(n) — P¥(n) by ¢(\) := 7, U m,, where

To=XU(L1,...;1,1) and me=(Ae; =4, Aey — 2,0, Ay — 2).

? 7er41

By definition of ¢, for A € ?55(n) with £,(\) = r it follows that

S(P>5(n)) = Pos(n) == {r € PS(n) : £u(w) = r + 1, 4o () = r and mult(1) = 2r + 4},

where ¢,1(\) denote the number of odd parts of A - n which are greater than 1.
Therefore, ﬁfﬁ(n) is disjoint with an image of any partition belongs to |J;_, P2 (n)
under the map f or f Since the odd parts of A are not altered, so the map is
injective.

Next, we further split ?j; (n) into four disjoint subsets.

(5b1) P25 (n) :={\ € Pos(n): A # 3},
(5b2) Pos (n) :={\ € Pos(n): €(\) # 3 and mult,(3) = 1},

(5b3) Poe (n) :={\ € Pos(n): €(\) # 5 and mult,(3) > 2}, and

S,c
€,54,k

(5b4) PC% (n) =2, PO, (n), with

—Sc

Ps, (n) ={r € P.5(n): £(\) = 2k + 1 and mult,(3) = k}.

We construct a map p : Ff; (n) — PY(n) by defining

for 1 <t <3, w’ﬁi’;t(n) = py.
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—S,c
Case 1: Let A = (Aejs Aeys -+ Ay ) U Aoy, Aoy - -5 Ao,) € Py

» Yer41

(n). For 1 <t <3,

PN =AU Moy — 2,00 — 2,00 Ao, —2,1,1,...,1)

? Y

with mult, (1) = 2(r — t) + 31—y Ao, and consequently for 1 <t < 2,

Or—k
—S,c —S,c
pr(Pes,(n)) = P,5,(n)
t—1

= {m € PJ(n): mult,(1) =2(r —t) + ZAorflﬂee(ﬂ-) =r+ 1,0 (m)=r—t};
k=0

whereas for t = 3,
—S,c —=S,c

p3(Pesy(n)) = Pos,(n)

= {m e PJ(n) :multy(1) =2(r — ) + Y Ao, Le(m) =1+ 1, L,y (7) <7 —3}.

k=0
So for each t we have,
t—1
{(m)
2T—2t+kz_o/\or_k > T+ 1.

For example,

(10,9,7,7,6,4,4) 2 (10,7,6,5,4,4,1,...,1),
(10,9,7,6,4,4,3) 25 (10,7,6,4,4,1,...,1),
(10,9,6,4,4,3,3) £ (10,6,4,4,1,...,1),
(10,9,8,7,6,6,4,4,4,3,3,3,3) 2 (10,8,7,6,6,5,4,4,4,1,...,1).

S,c —_—
€,54,2 (n) - P

ff”;’z (n) is of the form (A¢,, Aey, Aes )U(3,3). Define py(N) := 7 = (A, +3, Ae, +3, Aes)
so that {,(m) — f.(m) = 1 and a(nw) is odd. One can observe that p4(Fi’§4’2(n)) is
disjoint from the sets which have already a preimage either by the map f, f , ¢ or by

{pihi<i<s.
Similarly, if n is odd, then we consider P

partitions A = (Ae;, Ae, ) U(3) € P

e,54,1

S,c

Case 2: For n even, we have to consider P 54

(n) as any partition A €

S,c
€,54,1

(n) C ?j;(n) We compare the

(n) with the partitions of the form ((7,,, 7, ) U
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(3)) U (4,4) € P¥(n) where m,, > 5, and ((7,,,70,) U (3)) U (6,4) € P¥(n) where
To, > 7, for all n > 23. The total number of such partitions is

(=)= (7))

—=S,c n—3
‘Pe,54’1(n)’ - \‘ 4 J - 1

Since n is odd, it is of the form 4s 4+ 1 or 4s 4+ 3. For any form of n we get,

n—9 n—11 n—3
()= (7)) -5
We note that the set Fi}ll(n) # () for n = 11,13,...,23. In these cases A =
(Aers Aey )U(3) maps to ,05()‘)7:: T=(Aey =1, Aey =1, YU(Ae, = Ay +4). Lo(m) —Le(T) =
2 and the two greatest odd parts are equal. So it was not an image in the above
cases. For example, (14,6, 3) maps to (12,5,5,1).
Now, we observe that P?(n) has more classes of partitions for all n, which are not

mapped yet. For example, the partition where all parts are 1. Hence pgg}(n) >

piz}(n) for all n > 1. This completes the proof. O
Proof of Theorem For A\ € pJ(n), it is immediate that A\, > 4, where
Ae = (AFAR2 . X\E) is the even component of A. So we can apply the injective map f

(cf. Sectioni10.2|) on G.(n) C P.(n). Consequently for A = (A" \J"2 ... A7) € GY(n),
divide the subset G?(n) into two disjoint classes given as follows

Gg(n) = G2,1(”) U Gg,Z(n)v

and

with
Ggl(n) ={\ € Gg(n) : A3 > 6}

and
GS’Q(n) ={A e G%n): N3 €T}, where T = {3,4,5,6}.

By a similar method to the proof of Theorem [10.1.5| this result can be proved. We
leave this as an exercise to the readers. O]

10.6 Concluding remarks

In continuation with the study on parity of parts, as discussed in the previous section
(cf. Section , we conclude this chapter by presenting a somewhat more general
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discussion on the prospect towards further study.
First, by allowing only distinct partitions in Q.(n) and @,(n) into Theorem [10.1.5
we propose the following problem.

Problem 10.6.1. For all m > 6 we have
dgo(2m) > dge(2m),

and
dgo(2m + 1) < dge(2m +1).

Remark 10.6.2. In fact, dg,(2m + 1) < dg.(2m + 1) for m = 4,5 as well.

Whereas, Theorems|[10.1.6|and [10.1.7]suggest a more general family of inequalities
in the following sense.

Problem 10.6.3. For all k > 2 we have pgk}(n) > pif (n) and pil’k}(n) > pil’k}(n),
for all n > N(k), for some constant N(k), depending on k.
Moreover, it would be worthwhile to understand the threshold N (k) asymptotically.

10.7 Appendix: Proofs of Lemmas|(10.2.1/and [10.2.2
Proof of Lemma [10.2.1 Take n = 2m with m € Zs7. So, we have to show

[=5=] [=52]

m—3
m—k—1 m — 3k +1 m — 3k —1
e X e X ) w
L 2 J >1+ 3 + 5 (10.24)
=1 =1 =1
Note that
m—3 m—4 m—4
— k-1 k 4+ 2 k42
P L F ) (e
=1 P k=0
_(m—4)(m—-3) m®—Tm+ 12
N 4 N 4 ’
and
skt S osk—1 mPe3m—3
1+ LTJ + L . J < - (10.25)
=1 =1
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27 12 24+3m -3
Now, m mt > meom for m € Z>46. We finish the proof by checking

4 6
the inequality (10.24) for 7 < m < 25 numerically in Mathematica. [

Proof of Lemma |10.2.2; The proof is exactly similar to the proof of Lemma
1021 O
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In this final part of the thesis, we address a few problems that arose in Chapters
which so far remained unanswered.
In Chapter |3| we proposed the Conjecture [3.1.2] on the asymptotic growth of the
cubic partition function a(n). Using Sussman’s theorem [138, Theorem 1.1], we ob-
tain a Hardy-Ramanujan-Rademacher type expansion for a(n). The next task would
be to estimate the absolute value of the exponential sum Ag(n) and apply Theorem
to get inequalities for I5(x) so that one can finally arrive at the inequalities for
a(n) similar to Theorem Then we can follow the proof strategy as done for
Theorem so as to verify the conjecture for a(n). This is work in progress.
In Chapter 4, the full asymptotic expansion for (—1)""*A"log p(n) is given in Theo-
rem[£.4.7 As we have already mentioned, a full asymptotic expansion merely depicts
the growth of a sequence whereas computation of error bounds is essential in order
to get an infinite family of inequalities for the sequence. Therefore, after Theorem
our next goal would be to obtain a lower and upper bound for the error term

E(r,n) := (=1)""'A"log p(n) — _zw: Gu<%)u,

where w > 2r — 1, r > 2, for all u > 1,

Gou = [(_;)u {:f} + uig% (U__kk) {“ - k}] (=171 for all u > r,
k=1

and for all u > r — 1,

2/ 1/2\ [u+1] <= —k—1/2\ (u—k
Gouir = - —1)" iyl
= [T S (U
The main result of Chapter@ is the infinite family of inequalities for p(n—¢) with ¢ €
Z stated in Theorem [6.4.5] A similar result for p(n + ¢) would be highly desirable
because then we can directly apply both inequalities for p(n+¢) and p(n—¢) without

making any shifts to a given problem on inequalities for the partition function. From
Section [6.7, we propose the following problems.

e Using T heorem and by choosing the cut-off w(m) approximately 5m for all
m > 12, then in order to confirm that (p(n)),>wny@m) satisfies the higher order
Laguerre inequalities of order m, what would be the growth of Ng(m) as m
getting larger? Moreover, how far Ng(m) would be away from the real cut-off
N (m)? Is it possible to choose the sequence of truncation points (w(m))m,>12,
so that Ng(m)/N(m) — C as m — oo for some C' > 07 This would be a nice
extension of Theorem [6.7.1]
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e Similar to the problem of computing bounds of E(r,n) for (—1)""'A"log p(n),
we ask for an explicit error bound for A%(p(n)) followed by Theorem

Concerning Chapter 8] we now focus only on Lemma [8.3.8] The reason behind this
is the bound on the absolute value of the error term E(v, N, z) with v < N. Roughly
speaking, |E (v, N, z)| is bounded by |ay41(v)| (the absolute value of the next term of
the asymptotic expansion of I,(x), see equation (8.20])) multiplied by a “bad” term
of the form v/N log N. Immediately, a question appears: (i) does V/Nlog N actually
appear or is there some overestimation done in the proofs? (ii) if VN log N appears
at all, then for which value of z, | E(v, N, z)| attains |ay1(v)|v/N log N? W proved
that for # = O(N/2), E(v, N,z) ~ ay41(v)V/Nlog N as N — oo for arbitrary but
fixed z € R>;. Therefore, the next question which springs up is: for which interval
of z,is |E(v, N, z)| bounded by |ayy1(v)| and what is the range of 2 when the bad
factor /N log N appears? In short, what is the asymptotic growth of |E(v, N, z)|?

Finally, we trace back to the real rootedness of the Jensen polynomial Jg’”(x)
of degree d and shift n associated with (p(n)),>o. Griffin, Ono, Rolen, and Zagier
proved that Jg’”(:t) has all real and distinct roots for sufficiently large n from the
following limit formula

~ _d —_
lim J&"(x) := lim (5" J;“‘((S”m 1)) = Hy(x), (10.26)

n—00 n—00 p(n) eAn

with

2 24 127 288
A= o=t a1 ™ T G2 T @1
In order to verify their conjecture for the cut-off N(d) is approximately 10d*log d or
at least to get close to it; i.e., approximating N(d) by a polynomial in d, we need to
demystify . To do so, first we need to compute an effective error bound for the
absolute value of the difference between the normalized Jensen polynomial :];g’”(x)
and the Hermite polynomial H,(z) for each d > 2. Larson and Wagner [95] took the
approach following Hermite’s criteria to show J}‘f’”(x) has all real and distinct roots
for n > N(d) but their estimation of N(d) is roughly of the form (3d)'¢(50d)3*

which is approximately the exponential of the conjectured real cut-off; i.e., ed*logd
This motivates us to study ((10.26)) in the future through the lens of inequalities.

!This work is in progress (jointly with Silviu Radu)
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